FALL 2008 Analysis Qualifying Examination

PART A: Do all four problems. Justify your steps briefly.
1. Suppose F,, : [a,b] - R, n=1,2,3,- - - is a sequence of absolutely continuous
functions. Let g : [a,b] - R be integrable and | £F,| < g, n=1,2,3,- -
Suppose < F, - f a.e. and F,(a) - A. Prove that {F,,} converges to F Vx € [a,b],
and F is absolutely continuous on [a,5].
2. Let (X, F) be a measure space. Let u, v be finite measures on & such that v < p.
Let 77 = pu+v. If v(E) = [_fdm, prove that 0 < f < 1 a.e. with respect to the measure .
3. Let / be Lebesgue integrable on the real line and let f > 0, f € L!((0,%)).Prove that
the function
e(t) = -[(o }f(x)exp( —-tx)dx, 0 <t <
is differentiable and give dg/dt. Is g differentiable infinitely often on (0, ©)?
4.1f(X,p)isa ﬁnite measure space show that
(i) p(f.g) = jX Lel d;.z is @ metric on the space of complex-valued measurable

functions on X. :
(if) Convergence in the metric p IS the same as convergence in measure, i.e.,
show that

= *—.[X e W@Wf&tﬁﬁ&ﬁﬁﬂf& -

PART B: Do three problems. Justify your steps briefly.
5. Let ||-]|; and [|-||, be norms on a vector space X such that X1 = (X, I-1,) and
X> = (X,||-1|,) are complete. Suppose (||x.|, - 0) always implies (||x.|, - 0).
Show that
(i) convergence in X; implies convergence in X, and conversely.
(#7) there exist a > 0 and b > 0 such that Vx € X, allx|l; < lx|, < blix|},.
6.letS=I+T*T : H- H, where T is a linear and bounded on the complex Hilbert
space H. Show that S! : S(H) - Hexists. Is S(H) = H?
7. Let X be a normed space and let {x,} < X. Suppose {x,} converges to y. Verify that
Y € Span{x1,X3,X3,+ *}.
8. Let X and Y be Banach spaces and T : X — Y an injective bounded linear operator.
Show that 7! : R(7) — Xis bounded if and only if R(T) is closed in Y.
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II

Suppose A(t), t > 0, is a continuous N x N matrix valued function on [0, c0) and consider the
homogeneous linear system

y.(t) = A(t)y.(t), t>0, y.(0)=2z¢€ RV (1)

Let Y(t), t > 0, be the matrix solution to (1) such that Y (0) = I (I is the N x N identity
matrix). Recall that for each z € R™, the (unique) solution y, to (1) is given by y.(t) = Y (t)z,
vt > 0.

(1)
(2)

Show that Y'(¢) is invertible for all ¢ > 0.

Suppose that b : [0,00) — R is continuous and consider the nonhomogeneous problem
u,(t) = A(t)u.(t) +b(t), t>0, u.(0)= -z (2)

Use variation of constants to show that if

1) Y)Y (s)~Y| < Ke=*(t=9) vt > s >0 where K > 1 and a > 0; and
(i) Time oo [B()] = 0

then lim; .. ||u(t)|| =0, Vz € RV.

Consider the system
¢ = —x—2*+zy, x(0)= o,
= 3y—y’—ay, y(0) =y,

t > 0. Using a separate graph for each critical point, sketch a phase plot locally about
the two critical points

(a) (0,3)
(b) (1,2)
Indicate the direction of flow (as ¢ increases) and the slope of appropriate tangent lines.

Consider the system

= —y3 z(0) =,
= z—y°, y(0) =y,

t>0.

(a) Show that the linearization about the critical point (0,0) is not stable.

(b) Use a Lyapunov function of the form V[z,y] = 2™ 4 by" to show that (0,0) is a stable
critical point for the nonlinear system.

(c) Is (0,0) asymptotically stable for the nonlinear system? Justify your assertion.

Consider the system

/

¢ = y+a(l—22-2%), z(0) =z,
y o= —ety(l-a® =2y, y(0) =,
t > 0. Use the function V[z,y] = 2% + y? and the Poincaré-Bendixson Theorem to show

that every nontrivial solution z(t), y(¢) is either periodic or spirals to a periodic solution
as t — oo.



IIT Suppose f : RN — RV is €' and that the solutions u. to
u, = f(us), ws(0)=z 20 (3)

exist (and are unique since f is C') on [0,00) for all z € RN. Let S(t)z = u,(t), ¥t > 0,
z € RN and recall the semigroup S is jointly continuous in ¢ and z and satisfies S(0)z = z and
S(t+s)z = S(t)S(s)z, Vt,s > 0 and z € RN,

(1) If the solution u,(t) = S(t)z is bounded on [0, c0), show that the omega limit set w(z) is
nonempty, closed and (plus) invariant.
(2) Suppose V : RY — [0,00) is C! (hence locally Lipschitz) and
(V1) V is positive definite
(V2) V(lx) [z] <0, Vz € RN (recall V(/I) [z] = VV(x) e f(2) in the C! case)
(V3) V[z] — o0 as ||z]| — oo.
Show that

(a) each solution to (3) is bounded on [0, c0), and
(b) w(z) C {x € RN : V[, [z] = 0}, Vz € RV,
(3) Suppose m [z, f(x)] < —alz| + B, Vo € RY where «,3 > 0 are constants (recall
m [, y) = limy, g, Lethul=lel
(a) Show IM > 0 such that ||z|| < M = ||S(t)z]| < M, Vt > 0.
(b) Show (3) has a 7 periodic solution u,_where ||z-|| < M for each 7 > 0.
(c) Show 3w € RN, ||w|| < M, such that f(w) = 6.
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Solve any four of the following five problems. If you are quoting a major
theorem, check that the assumptions are satisfied.

. Let A be a collection of subsets of €2. A is said to be a 7-system if A is closed under finite
intersections. A is said to be a A-system if:

a) Qe A,

) A is closed under finite disjoint unions,

yifAe A, Be A, and BC A, then A— Be A(A— B=ANB°), and
)

if {A,,} is an increasing sequence of sets in A, then lim A, € A.
n—oo

Prove that A is a o-algebra if and only if A is both a 7-system and a A-system.

b
c
d

. For random variable X, k > 1 and positive a, show that E[X] = 0 and E[|X|*] < oo imply

lim na(k_l)E[Xlﬂx‘Sna)] = 0.

n—oo

. (i) State Fubini’s theorem and Jensen’s inequality.
(ii) Use Fubini’s theorem and Jensen’s inequality to show, if random variables X and Y are
independent, E[|X|P] < oo for some p > 1, and E[Y] = 0, then E[| X +Y|?] > E[|X|?].

. Let f be a continuous function on [0, 1]. Use the Strong Law of Large Numbers to show
that for any = € [0, 1]

nlggog)f (S) (Z) (1 — ) = f(a).

. (i) Give the definition of conditional expectation.
(ii) Suppose for random variables X and Y with finite second moments E[X|Y] =Y a.s.
and F]Y|X] = X a.s. Show that X =Y a.s.



