
Proposition de stage de MASTER 2 par Luc Molinet (LMPT) :
“Scattering for the H1-critical Schrödinger equation ”.

The aim of this stage is the study of the paper ”Global well-posedness, scattering and
blow-up for the energy, focussing, nonlinear Schrödinger equation in the radial case” by
C. Kenig and F. Merle. The strategy developed in this paper is in the heart of a lot new
researches in this field.

In this paper the author are interesting in the H1-critical focussing nonlinear Schrödinger
equation in RN , N = 3, 4, 5 :

(NLS)

{
i∂tu +4u + |u|

4
N−2 u = 0

u(0) = u0 ∈ Ḣ1(RN)

This equation is hamiltonian and thus has got a conserved energy :

E(v) :=
1

2

∫
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2N

∫
RN
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2N

N−2 .

From well-posedness theory it is known that solutions with small Ḣ1(RN) initial data exist
for all time and scatter at +∞ and -∞, i.e. there exist u0,+, u0,− in Ḣ1 such that

lim
t→+∞

‖u(t)− eit∆u0,+‖Ḣ1 = 0, and lim
t→−∞

‖u(t)− eit∆u0,−‖Ḣ1 = 0

Note that the smallness assumption in Ḣ1(RN) forces the energy to be positive by Sobolev
embedding. On the other hand from a classical virial identity it is well-known that some
solution emanating from initial data with a negative energy must break down in finite time.
Moreover,

W (x) = W (x, t) =
(

1 +
|x|2

N(N − 2)

) 2−N
2

is in Ḣ1(RN) and is a stationary solution of (NLS). Therefore, scattering cannot always
occur even for global in time solutions.

The aim of this paper is to initiate the detailed classification of the solutions to
(NLS) by proving that any solutions with initial data u0 satisfying : E(u0) < E(W )
and ‖u0‖Ḣ1 < ‖W‖Ḣ1 are global in time and scatter at +∞ and −∞ .

This paper is mainly self-contained but a mininum background in PDE’s is required.
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