Subject: Uniform controllability of controlled partial differential equa-
tions.

Consider an infinite dimensional linear control system

y(t) = Ay(t) + Bu(t), y(0) = o, (1)

where the state y(t) belongs to a Hilbert space X, the control u(t) belongs to a Hilbert space U,
A : D(A) — X is an operator, and B is a control operator (in general, unbounded) on U. Discretizing
this partial differential equation, using for instance a finite difference, or a finite element scheme,
leads to a family of finite dimensional linear control systems

Un(t) = Apyn(t) + Burun(t), yn(0) = Yon, (2)

where y,,(t) € X, and uy,(t) € Uy, for 0 < h < hy.

Let y; € X; if the control system (1) is controllable in time 7', then there exists a solution y(-)
of (1), associated with a control u, such that y(7') = y;. The following question arises naturally: is
it possible to find controls uy, for 0 < h < hg, converging to the control u as the mesh size h of the
discretization process tends to zero, and such that the associated trajectories y(-), solutions of (2),
converge to y(-)? Moreover, does there exist an efficient algorithmic way to determine the controls
Uh?

For controllable linear control systems of the type (1), we have available many methods in order
to realize the controllability. A well known method, adapted to numerical implementations, is the
Hilbert Uniqueness Method (HUM), introduced in [7], which consists in minimizing a cost function,
namely, the L? norm of the control. We can investigate the above question in the case where
controllability of (1) is achieved using the HUM method, and the objective is to establish conditions
ensuring a uniform controllability property of the family of discretized control systems (2), and to
establish a computationally feasible approximation method for realizing controllability.

The question of uniform controllability and/or observability of the family of approximation control
systems (2) has been investigated by E. Zuazua and collaborators in a series of articles [1, 4, 10, 11, 12],
for different discretization processes, on different examples. When the observability constant of the
finite dimensional approximation systems does not depend on h, one says that the property of uniform
observability holds. For classical finite difference schemes, a uniform boundary observability property
does not hold for 1-D wave equations [4]. It is actually well known that discretization processes
generate high frequency spurious solutions that do not exist in the continuous problem, and that
may lead, in the exact controllability problem, to the divergence of the control approximations.

In the parabolic case, the strong dissipative properties induced by the analyticity of the semigroup
totally damp out these spurious high frequencies in 1-D but do not suffice however in general in the
multi-dimensional case; a general uniform controllability property of the discretized models (2) was
established in [5] in the case where the operator A generates an analytic semigroup, under standard
assumptions on the discretization process. A minimization procedure to compute the approximation
controls was provided, and an important fact in view of the numerical implementation is that the
uniform property implies a uniform conditioning of the gradient method.

In the hyperbolic case, where there is no such strong damping, the divergence phenomenon of
controls may be drastic (see [4, 12]). Recent results [2] show that a general answer must take into
account the choice of a discretization scheme.

The objective of this subject is to investigate the problem of uniform controllability for controlled
PDE’s. The main references are [5, 12].
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