MO HINH HOA GIAI TiCH sO

Tém luge bai gidng cia GS. Alain Pham Ngoc Dinh

BAlI TOAN DUNG PAN HOI TUYEN TiNH

l. Bai toan
Cho Q bi chiin, md trong B3, T = 9Q. Goi f = (f1, f2, f3) 12 luc thé tich trén Q.
Ta tim u(x) = (ug, ug,u3), z € Q, 1a sy doi chd thda

> Loy + =0, )

j=1,2,3 77
trong dé
e 0;; 1a luat doi chd cho bdi
1 auk auh

= 2, cumen(®). eawlu) =55 + 500

VOi ijnr = ajink = agni; € L®(Q), va thda diéu kién khang tu

da >0, Z €;j0;j = Q Z |€ij|2>

4,5=1,2,3 4,5=1,2,3

hay

Z ijhk€ij€nk = Z leij]2.

t,5,h,k=1,2,3 ,j=1,2,3
e Didu kién bieén
U; = UZ', on Fl,

3
Zaij(u)nj = F;, on I'y,
j=1

trong d6 7’ 1a phap tuy&€n ngoai va F = (F;) la tng suft.
Trong trudng hgp khong chia bién thi diéu kién bién Ia Zj=17273 oij(u)n; = F;
trén I



Il. Lap cong thiic bién phan
Cong thic Green. Ta dit

(A = = Y o (oy(w)
a(u,v) = Z /Uij(u)eij(v)dx.
Khi (u,v) € (D(Q))? thi

alwe) = Y / Uz-j(u)g—;};dx

4,7=1,2,3 0
= — E oij(w)vidr + E oij(w)vin,;do
o 0; - r
4,j=1,2,3 ,j=1,2,3

a(u,v) = (Au,v)—l—'z /Faij(u)vmjdé,
(Au,v) = Z /Q(Au)ividx.

B6 dé 2. Cho u € (D(Q))%,v € (H' ()% Thi 3 0imn; € (HY/*(I))? trong d6
H~Y2(T") 1a khong gian d6i ngdu cta HY?(T') = 4o(H(2)), v6i 7o 1a anh xa vét.
B6 dé 3. Cho u,v € (H'(Q))>. N&u

Z aaij(u) c LZ(Q)

. 8xj
j=1,2,3

thi oij(u)n; € (H7Y/2(Q))3 va ta c6 cong thic Green t6ng quét

a(u,v) = Y oy(u)ey(v)

ij=1,2,3
= < Au,v > + E < E 05N, YoUs >H*1/2,H1/2 .

¢ J

Il. Lap cong thic bi€n phan clia bai toan (1)-(2)
Nhan (v; — u;) vao (1) va lay tich phan tliing phan, ta c6

S aij(u)a(%i;jmﬁ $ /Faz-j(vi—ui)nj—l—;/in(vi—ui):0

4,5=1,2,3 4,5=1,2,3



Gia st u; = v; trén I'; thi
a(u,v—u) = /fz v; dx—l—Z/ v; — u;)d

Khung canh phiém ham
Ta gid st F' = (F;) € (L*(T2))? va dat

Uw = {ueViu,=U(I)},

8zﬁz
(u,v); = E/umdx—l—g /az 8;}
i O

B6 dé 4. U,y 16i, d6ng trong V = (H'(Q))>.
Muc dich. Ta cin tim u € U,q sao cho

a(u, v —u) = (f,v—u) —I—Z/ vV — W) (3)

ip,

Ta d& dang ching minh bai todn (3) tuong duong véi bai toan cuc ti€u

inf J(u) 4

u€Uqq

() = ;a(u ) Z/Fu

Hon nia, ta ¢6
Pinh ly. Bai todn (3) hay (4) tuong duong véi bai todn (1)-(2).

D€ ching minh bai toan (3) hay (4) c6 nghiém duy nhat, diéu quan trong la
ching minh tinh khing ti cta todn ti a.

IV. Bat dang thiic Korn
Véi v e V, dit

Il = (X [ lesste)t+ 3 [ oy

Ta cé
B4t dang thiic Korn Tdn tai hiing s¢ ¢ > 0 sao cho

v]||? > E|vl|E, YweV.
Diéu nay tuong duong véi

Dinh ly. Chu#n |||.]|| tuong duong véi chudn thong thudong trén V. Tu d6, ta dé
dang chiing minh ké&t qui sau



Bo dé. Anh xa u — Y a(u,u) 16i ngit trén Uy
Dinh ly. Tdn tai ¢;, ¢y > 0 sao cho

a(v,0) = el — e vEV.

Tu d6 ta c6 ngay
B6 dé 5. Phi€m ham

J(v) = %a(v,v) —L(v), Vv & Uy,

thda man

ttic J khang tu.

V. Giai bai toan (1)-(2)
Nhic lai 13 bai todn (1)-(2) tuong duong véi bai toan (3) hay bai toan cuc ti€u héa
(4). Xem (1)-(2) nhu 1a (3), ta c6
Pinh ly 6. Bai todn (3) c6 mot 10i gidi duy nhdt u € Uy,
Xem (1)-(2) nhu 1a (4), ta s& lap cong thiic d6i ngiu cta (4).
Lap cong thiic déi ngau.

Vi
045 = E az’jhkehk(u)
hk=1,2,3
vOi
2
> ey =a Y eyl
4,j=1,2,3 4,j=1,2,3
hay
2
E ijhk€ij€nk = E l€ij] .
1,5,h,k=1,2,3 ,j=1,2,3

@
=
=N
~<\
&
=)

&u A 1a ma tran d6i xting va xac dinh duong thi A kha nghich. Do d6 ta

Enk = Z Aijhkaij(u)-

ij=1,2,3
Tu d6 ta c6 thé viét bai todn d6i nghu, trong d6 cdc hé s6 A;jnx thda man tinh chat
déi xdng, khang t, va déu, giéng nhu a;jpy.

Dinh ly 7. Né&u u la 161 gidi cta (1)-(2), thi 0 = (0y(u)) 1a 16i gidi duy nhét cda
phi€m ham L(7), trong d6

1
L(z) = 2 Z/ AijhkTiThe — Z/ Uitijnjds,
Q i I

ijhk



vGi cdc rang budc
( 2
Tij = Tji € L7,

0
;a—%(ﬂ'j) +fi=0,

E TNy = F’i, on Fg.

\ J

Trong thuc t&, thudng ta s& gidi bai toan ddi ngiu trudc.

BAI TOAN MOT PHIA TRONG DAN HOI TUYEN TiNH

. Bai toan

Ta cAn xac dinh trudng doi chd u(z) = (u;(x)) trong mot trudng rang budc

(0ij(u)) sao cho
> G () fi=0, wen,

trong dé

aij(u) = Zaijhkehk(u)a Eij(u)

hk
thda tinh khang tu (elliptic)

2 os(we() 2 a3 lei(w)l,

va cac didu kién bién
g; .= E O'Z'jnj = E
J

trén I'; va
orT = 0, Fg,

UNSO, Fg,
UN:0:>0'N§0,
uN<0:>0N:0,

trén Iy, trong d6 u(z) = uyn + ur-
Ta ciing gid thi€t f; € L*(Q), F; € L*(T'y).

an
al‘i

)

()

Y nghia. Bai toan xét mot ¢§ thé nim trén mot gia dd, ma bien I' ¢6 thé sit tai
diém khong bi€t. Bai todn nay 13 mot bai todn md, & ddy minh xét trong 1 trudng

hgp don gidn.

Il. Lap cong thiic bién phan



1.Tinh toan hinh thdc
Tu phuong trinh

J

0
Z%%( u) + fi =0,
j

14y tich phan tiing phan ta c6

_Z/aZJ ewv—ualx%—/ZfZ i—uzda?%—/Zaw u;)n;ds = 0.

bt

a(u,v) = Z/QEij('U)UZ’j(u)d:E

e N&u u la 15i gidi cta (1) — (3) thi u thda

a(u,v —u) /.fz v — U dx—Z/ v; — U —/ onunds
Fl F2

v6i moi v € (H'(Q))3.
e Tase timue H', uy <0 va

a(u,v —u) = (f,v—u) — (F,v— U>(L2(r1))3 >0

v6i moi v € (H')?, vy <0 trén Iy

2. Lap cong thiic bi€n phan tuong duong
bat V= (HY(Q))?, Uw={veV vy <0trén Iy}

B6 dé 1. U, 1a mot hinh nén 18i déng chaa 0.

B6 dé 2: Bai todn (1) — (3) tuong duong véi bai todn dusi day:
Tim v € U,y sao cho

a(u,v —u) — L(v—u) >0, Yv & Uy,

:/va—l—/rva.

é: {'U € V|5ij('U) = O,Vi,j},
R*:{p€é|p]\/§00nrz}.

trong dé

Il. Gidi. Dzt

Diéu kién can d€ ton tai nghiém la

a(u,p) =0,(f,p) +(F,p)r, <0

v6i moi p € R*.

(4)

Dé chiing minh sy ton tai nghiém, minh 4p dung mot dinh 1y cta Lions-

Stampachia.



Cho khong gian Hilbert (V. ||.]]), ||v|| = po(z) + p1(z). Gid si
e 1o 12 chudn tién Hilbert, p; 13 nta chuin trén V.
e Y ={v e V|pi(v) =0} hitu han chiéu.
e dc; >0, ;gﬁf/po(v +y) <api(v), YveV.

e a(u,v) song tuyén tinh, lién tuc trén V x V' va nilia lién tuc dudi y&u, tic [a
Jee >0, a(v,v) > cp?(v), Yv e V.
e K 16i déng trong V, chta 0, va f € V' théa man
(£,9)vy <0, VyeYn(K\{0}).
Thi tdn tai u € K 1a 16i gidi bai todn
a(u,v —u) — (f,v—u)y >0, VvekK.
IV. Tinh duy nhat
Chiing ta c¢6 tinh duy nhét theo nghia ctia trudng bi€n dang va trudng rang budc,
tdc 13 truong dsi chd w ¢6 thé chénh nhau bdi R.
Dinh ly. Duéi gid thiet f € L*(Q), F € L*(T';) va
(fip) + (F,p) <0, VpeR"
Thi bai todn bi€n phan (4)
a(u,v —u) — L(v —u) >0, Yov & Uy

c6 nghiém duy nhat u € U,q theo nghia chénh nhau R.

BAI TAP

Cho ©Q 14 tap md3, bi chin trong R", bién I" déu. Xét hé phuong trinh

{ —pAT — (A + pgrad(div) = f on ©, (1)

u|1" = 0,
v6i g1, A 1a cac hiing s& duong.

Cau 1. Viét cong thiic bi€n phan cho bai toan (1). Chiing minh bai toin (1) tuong
duong véi cuyc ti€u héa clia phi€m ham

J(v) = %/ <)\ (dive)? + Q;LZ»S?J»(U)) dx — /fvdx

Q
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véi v € (H})", trong d6

ov; ~ Ov;
eij(v) = (8% * 8%») ’

> [aw=cx |5
8xj
v6i mot hiing s6 C doc lap véi v € (H)™. Tu do suy ra tich vo huéng

(o) =3 [ etwesto

x4c dinh mot chuén tuong duong véi chuén thong thuong cda (H})™.
Ap dung d€ ching minh sy tdn tai duy nhéit nghiém cia bai todn bi€n phan.

Cau 2. Chiing minh

Cau 3. Pit A =1, e >0, ¢ — 0. V6i mdi ¢, goi u. la I5i gidi cda bai toan
tuong Gng. Chiing minh ring khi ¢ — 07 thi u. — u (theo nghia thich hgp), trong
d6 w 1a 161 gidi bai todn

ulr = 0,dive = 0.

{ —pAT — grad(p) =  on @,

BAI TOAN NAVIER STOKES (N=2)
Cho Q C R% T = 99 déu. Xét bai todn tim (u, p) sao cho
ZQ; Au+;uzDu+gradp fin Q=(0,T) x Q,
div u =0, )
uloq = 0,

L u(z,0) = uo(z),

trong d6 f,ug cho trude.

I. So bo
Ki hiéu. Dit

v ={p € (CX) divp =0},
V= W(H(%)Q = {'U S (H&)z,dz’vv = 0}, H= 7@2)2,

a(u,v) = Z/Din.Di'Ujdx = Z/Vuj.ijdx,
i % i 9
b(u,v,w) = Z/Ui(Din)Udex.
A



1. (u,v,w) — b(u,v, w) ]2 mdt dang tam tuy&n tinh lien tyc trén (H})3.
2. V6i moi u,v € V thi

b(u,v,u) = —b(u, u,v).

Dinh ly (Lions) (chdp nhan) Cho céc khong gian Banach Xy € X C X; véi cdc phép
nhing lién tuc, trong d6 Xy, X; phin xa, Xy C X v&Si phép nhing compact. Cho
cic s0 thuc duong T, o, a1. Dit

0
W= {v e L*(0, T, X0)|a—7t’ e Lo (0, T, Xl)} :
[0l = vl Leo + 0]l gos -
Thi W Banach va W € L*(0,T, Xy) v6i phép nhing compact.

Il. Lap cong thiic bién phan
Xét ¢ € 7, ta cod

AUl‘l‘ZUzDUl‘F% =f
1

0
= (U}, 1) 2 — (Auy, 1) + <ZuzD U17S01> <ap 901> = (f1. 1)

dip1
= (ul, 1) 2 + (Vus, Veor) + > (wi(Diw)pr) — <P> 8—Sa0:1> = (f1,1) -

J
Tuong ty véi uy va cOng lai
<u/7 SO>(L2)2 + a(”) SO) + b(”? Uu, SO) = <.f7 SO> .
Cong thic trén ding véi moi ¢ € 7, nén cing ding v6i moi p € V.

Vay néu (u,p) 1a 10i gidi (kha déu) cta (1) thi

jt(u V) (p2)2 + au,v) + b(u, u,v) = (f,v) Vv €V,

u|t:0 = Uo,

(2)

trong d6 f € L*(0,T,V"),uo € L%
Nguge lai, n€u u 13 151 gidi ctia (2) thi véi moi ¢ € v, di nguge lai cac bi€n ddi

trén ta cé
<§ = (u'—Au—l—ZuiDiu—f),g0> = 0.
J (L2)2
Suy ra £ € 72, Ta ¢6 dinh 1y sau (s&¢ ching minh & cudi bai)
—

Pinh Iy. N&u ¢ € 42 thi ton tai p sao cho & = gradp. Khi d6 (u, p) chinh 1a 15

9



gidi cta (1).

II. Gidi bai toan bién phan (2)
B6 dé 3. Cho Q C R?,v € H}(Q), thi

ol < 27 ol 9ol
B6 dé 4. Cho u € L?(0,7,V) va Bu xac dinh bai
(Bu,v) = b(u,u,v),Yv e V.

Thi Bu € L'(0, T, V).
Bay gid nhic lai a(u,v) = Y (Vu;, Vu;) song tuyén tinh, lién tuc. Do d6 Vu €

J

V,dAu € V sao cho
a(u,v) = (Au,v) Yo € V.
Tacé Ae L(V,V') va A: L*(0,T,V) — L*0,T,V").
V6i cac toan ti A, B, ta viét lai bai todn
<u/> 'U>(L2)2 + a(”a 'U) + b(”a u, 'U) = <.f> 'U> ,V’U € V>
& (u' 4+ Au+ Bu,v) = (f,v),Yv eV,
tic la ' = —Au — Bu+ f trong D'(0,7,V").

Xem s6 hang bén phai, do u € L?(0,T,V) nén theo BS dé 4 thi Bu € L'(0,T,V").
Suy ra v € LY0,7,V’). Theo mot dinh 1§ cta Lions ta ¢6 t — u(t) lién tuc
[0, 7] — V. Néi riéng, cho t — 0 suy ra up € V (diéu kien dé€ diéu kién dau c6
nghia).

Tuy nhién, ta s& mudn ding thic ' = —Au — Bu + f x3y ra trong L?(0,T, V")
cht khong phai la LY(0, T, V).

B6 dé 5. N&u u € L*(0,T,V) N L>(0,T, L?) thi Bu € L*(0,T,V").

Tu do, ta c6

Dinh ly 1. N&u u 1a 1oi gidi clia bai todn (2) tGng v6i f € L2(0,T,V’) va up € V thi
v = —Au — Bu + f trong L*(0,T,V").

Dit H =7;.. Cha y 1a H # L2 Diéu kién ug € V ¢6 thé néi rong thanh ug € H
(chd ¥ 12 néu chi c6 ug € L? thi khong da).
B6 dé 6. N&u u € L*(0,T,V) N L>®(0,T, H) thi u € L*0,T, LY.
Sy ton tai loi giai
e Loi gidi xap xI.
Chia ¥ 1a V C H compact. Do d6 bai toan phd
(u,v), = AM(u,v)y,Yv €V,

c6 day céc tri riéng va vector riéng la (A;, w;);, trong d6 A; > 0, [|lw;],, = 1.
Ta sé dung {w;} nhu mot co s& dic biet cho bai toan x4p xi, tic 1a ta sé& tim

ualt) = 3 gny (05 (a)

10



la 151 gidi ctia bai todn trong khong gian V,, =< w;|j = 1,2....,n >,

9t 0 + A(ttmy 0) + Dty iy 0) = (f0) V0 € Vi,

dt (3)
un(0) = ugp,
hay
d
pm (Un, V1) + a(Up, vp) + b(Up, U, v) = (f,vp) ,Vh=1,2,...,n, )

un (0) = uon,
trong dé ug, € V,, dugc chon sao cho wg, — ug trong H.
Ta thdy (4) 1a mot hé vi phan phi tuyén véi bién s6 t +— g,;(t), c6 dang

aX(t)
T F(t, X(t)),

X(O) = X0>
trong d6 F(t, ) lién tuc. Theo dinh Iy Cauchy-Ascoli, bai todn nay ¢ mot 10i gidi
cuc dai, tic 1a tdn tai T, € [0, T] 16n nh4t sao cho bai toan (4) c6 16i gidi u,(t) vé6i
t €[0,7,].
e Dung dénh gia tién nghiém, ta chiing t6 T,, = T.
Trong (3) chon v = u,, ta suy ra

sup ess ||u, ()| ; < Cr.
te[0,T7)

Diéu nay cho phép néi dai 151 gidi d€ dat duge T, = T.
Hon nia, ta ¢6
B6 dé 7. w, bi chin trong L*(0,T,V) N L>(0,T, H), tic la

T
lun () + / lun(®) 2 < Cr
0

B6 dé 8. «/ (t) bi chin trong L*(0,T,V").
e Qua gidi han.
Ta dung dinh Iy nhing compact cia Lions véi

aw=a1=2,Xg=V,X =H X, = V'
suy ra ton tai mot day con {u,} C {u,} sao cho
( weak

u, — uin L*(0,T,V),

weak*

u, — win L*=(0,T, H),
u, 4 in L*0,T,V"), )

u, — uin L*(0,T, H),

WE

[, (0) “2* w(0) in H.

11



Chi ¢ 1a ta da c6 u,(0) = ug, — up trong H, nén su hoi tu cudi cung trong (5) sé
din t6i u(0) = ug. D& ching minh u thda ddng thic bi€n phan, ta ciAn
B6 dé 9. Ta c6 (u,)i(u,); gk wu; in L*(0,T, L?).
Tu d6, v6i mbi m, chuyén qua giéi han ta dugc
(u', w) + a(u, w) + b(u,u,w) = (f,w) in L*(0,T),

v6i moi w € V,,. Vay didu nay ding véi moi w € V.

IV. Tinh duy nhat
B dé Gronwall. Cho cic ham s6 w € LY0,T),w >0, m >0, ¢ lien tuc va C la
mot hiing s6 khong am. Gid st

p(t) <C+ /m(a)gp(a)da, vt € [0,7].

Thi

o(t) < Cexp /m(a)da ,Vt € [0,77.

Bay gid gid st uy, uo 12 hai 10i gidi ctia bai todn bi€n phan

(', w) + (Au, w) + (Bu,w) = (f,w) ,Yw € V,
u(0) = up.

Pit @ = u; — o, thi % thda man bai toan

(W, w) + (Aw, w) + (Bu; — Bug,w) = 0,YVw €V,
u(0) = 0.

Chon w =wsuy raw = 0. Vay ta cé
Dinh ly. Véiug € H, f € L*(0,7,V") thi bai toan bi€n phan (2) c6 1 i gidi duy
nhat

uw € L*0,T,V)NL>(0,T, H)

sao cho v’ € L*(0,T,V").
V. Bd tic

Cho Q € R34 T = 0Q déu, E(Q) = {u € (L*(Q))?| divu € L*(Q)}.
Cong thic Stokes Véi u € E(Q),v € H' thi

% .
<u,gmdv>L2 + (divu, v) ;. = (qyu,70v>H,1/27H1/2(F) .

Chi ¥ ring v 1 anh xa v&t, va yu = W. 7 = Y wuwy, v6i U = (11, 12) 1a phap
i=1
tuyén ngoai.



Nhic lai ki hiéu

v = {u € (D())?| divu = 0},
V= W(H&)Q = {'U € (H&)2| diV'U = 0} s H = 7([/2)2.
Thi ta ¢6 dinh 1y sau, khing dinh ring tdn ham s& p 13 15 gidi clia bai todn Navier-
Stokes.
Dinh ly. Cho ©Q mé bi chin trong R?, T = 9Q déu. Thi
H = {ue (L*)*| divu = 0,7,u =0},
—
Ht = {u €(L** 3Ipe H u= gradp} .

AP DUNG PHUGNG PHAP PHAN TU HUU HAN
Cho Q C R?, T = 99 déu. Xét bai todn

—
—Au+gradp = f,  trong Q,
divu = 0, trong €2, 1)

ulr = 0.
1. Neuu € V = {v e (H})?| divo =0} 1a 15i gidi cda (1) thi
a(u,v) = (f,v),Yv € V. (2)
2. Néu (u,p) € V x L? 1a 1oi gidi cta (1) thi
a(u,v) — {p, divv) = (f,v),Vv € (Hy)>. (3)
3. Cho W), C (H})?, Qn C L? chiéu hitu han. Ta dit
Vi, = {vn, € Wi (qn, divep) = 0,¥Yq, € Qr}.
Chd ¥ ring V3, khong chita trong V va tdn tai duy nhat uy, € Vj, sao cho
a(up,vy) = (f,vn) , Yo, € Vj,. (4)

4. Goi u la 1o gidi cda (1) va uy, nhu trén, thi
o= wnllyy <€ ( jnf, =l + i o= anle).

5. Gia st Q m3, bo da gidc K. Bing phuong phap phan t hiu han, ta ¢ thé xay
dung Vi, Qn va cic anh xa 7, : (H?)?2NV — Vj, Sy : HY — @y, sao cho

|mhv — v, < Chlvle, Yo € H* NV,
||Shq - qHL2 S Ch’|q|17vq € H17

13



trong d6 C 1 hiing s¢ khong phu thudc h, |.| 12 k¥ hiéu nta chudn.
6. Ta c6 xap xi
lu—unlly < Ch([ul2 + |pl1)-

BAI TAP

Cho € 1a tap md, lién thong, bi chin trong R? ¢6 bien I' = 00 dd tron.
Cau 1. Véiv € H' dit

vl = /}vm%m+- /vm:

Q Q

Ching minh riing ||.||,, 12 1 chudn tuong duong v6i chudn thong thudong clia H'.
Ciu 2. ChoV = {v e HY(Q)| [v(z)dx = 0} va f € L*(Q). Xét bai toan bi€n phan
Q

/Vu(x).Vv(a?)dx: /f(a:)v(a:)dx,b’v eV.

a) Chiing minh bai todn bi€n phan trén c6 1 16 gidi duy nhat u.
b) Chiing minh tdn tai duy nhat A € R sao cho

/Vu(a?).Vv(x)dx = / (f(x) — Nv(z)dz,Yv € H(Q).
0 0
c) Tu d6 lien hé véi bai todn

“Au=f—Ain Q,

ou

%zoonﬁﬂ.

Cau 3. Gia st Q 1a tap mdé bi chin trong R? ¢6 bién I' = 9 13 mot da gide. Dat
(Th)n 12 mot ho céc tam gidc chinh quy ctia Q. Ta x4p xi H'(Q) bdi

Wy, = {'Uh € CO(Q),’UMK € Pl,VK € Th} ,

va xap xi V bdi Vj, = V N W,,. Ching minh ring tdn tai duy nhat u;, € V;, 1a 15i gidi
ctia bai toan x4p xi

/Vuh(x).Vvh(a?)dx = /f(x)vh(x)dx, Yoy, € V.
0 0
Cau 4. Chi ra mot anh xa Ay, : VN C%Q) — V}, sao cho
Ao — v, < Chljv|,, Yve H.
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Cau 5. Gid st u € V N H?, ching t4

lun = ully < Chlull, .

Vi DU VE BAI TOAN KHONG CHINH VA SU CHiNH QUY HOA

Xét bai todn nhiét ngugc thoi gian

Up — Ugy = 0, 0
u(z,T) = ¢(x),
vGit e (0,T),x €R.
1. Bai toan khong chinh
Xét
U (z,t) = Le(mW)Q(T_t) !

— sin(mnx), om(z) = — sin(mmzx).

1a 1 gidi cda (1), ¢6
lemll: = 0, lluml| > — oo
Diéu nay c6 nghia la mot sai s6 nhd cda dit lieu ¢6 thé din t6i mot sai s6 16n cia
151 gidi.
2. Chinh quy héa
Ta s& xét bai todn

v(e,T) = s(c), @

trong d6 s 1a di ligu thda man ||¢s — omll;2 < 0, va p 1a tham s8 s& duge chon
thich hgp.

Bi¢n déi Fourier bai toan (1) ta duge

{ UVt — Ugy = UUzxt,

d
aa ‘l‘ 52'&\ - 0,
u(T) = o,

suy ra
Iy 2(T_p) ~
e, t) = e TIB(E).
Tuong ty, bi€n d8i Fourier cta bai toan (2) suy ra

2 o
(e, 1) = e TI55(e).

St dung déng thiic Parseval

~

[u ) =v( Dl e = lul,8) =0(, D)l 2,
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ta danh gia dugc sai s6 gitta u va v.
Pinh ly 1. Gid st |ju(.,0)|;. < E. Chon

T
o= )
In (%)
ta cO CIE
luert) — o )2 < SDE 4 B1-t5t i e (0,7,
In (§)
trong dé
o= (2) o1
- \et '

Chi y ring danh gid trong Dinh 1y 1 chi c6 hiéu luc khi ¢ > 0. Trong trudng hgp
t =0 ta c6 két qua sau.
Dinh ly 2. Gid st ||u(.,0)| 5 < E. Chon

M:

ta co
(., 0) = v (., 0)|| 2 < e1(d),

trong d6 £1(8) — 0 khi 6 — 0.

PE THI CUOI KHOA THANG 11 NAM 2007
Cho Q = (0,1). Ta nhic lai H}(Q) = {v e HY(Q),v(0) =v(1) = 0} v6i chudn

1/2
2
ol = (f o dx) .
Q

1. Chidng minh riing tap con V = L*(Q) xéc dinh bdi

V= {v € L'(Q):3g € L*(Q), /v(x)gp”(x)dx = /g(x)gp(x)dx,Vgp € D(Q)}

Q Q

trang véi H*(Q).
Hudng dan: Ta c6 thé xét ham sd

U(x) = / [w@) —0(¢) / s0(77)d77] 0, ,0€ D)

0



2. Cho phi€fm ham J : R™ — R lién tuc sao cho lim J(v) = +oo. Ching

[lv]| grn —o0
minh ring

Juy, € R™ 2 J(uy,) = inf J(v).

veER™

3. Cho ham f:[0,1] x R — R lién tyc va bi chin.
a// Ching minh ring tap {¢i},o10.. VL @; = V2sin(jrz) 1a mot co & cha
1/2

1
H} () N H?*(Q) =V v6i chuin |jul|,, = {f (|u’|2 + |u”|2) dx}
0

b// Cho V,, 1a khong gian con m chiéu sinh bsi {1, s, ..., o). Ching minh
rang Ju,, € V,, sao cho

1

/u;n(x)gpg(x)dx = /f(x,um(a?))gpj(x)dx,j =1,2,...,m. (1)

0
Huéng dan: Ta c6 thé xét phi€m ham J x4c dinh bai

1 1 v(z)
1
J(v):§/|v’|2d:r—/dx/f(x,t)dt.
0 0 0

¢// Tt d6 hay suy ra Ju € C(Q) sao cho

- / u(z)p (2)dz = / F (. u(@))p(z)dz, Y € D(),

va cudi cing ching minh ring v 1a nghiém cta bai toan (P)

u € C*(Q),
(P) —u'(z) = f(z,u(z)),
u(0) =u(1) = 0.

4. Bay gid gid st ring f(z,0) > 0, Vz € Q,Vo € R. Chiing minh ring moi nghiém
cta bai todn (P) 1a nghiém duong.

5. Ta gid st ring (f(z,01) — f(z,02)) (01 — 02) <0, Vo € Q,Vo1,00 € R.
a// Chiing minh ring (P) c¢6 mot nghiém duy nhAat.
b// Ching minh ring diy {u,,} hoi tu d&€n u trong H?*(2) manh.

6. Bay gid ta quan tAm d&n gidi sd cda bai toan (P) bing phin ti hitu han cap mot.
Ta xét s6 db tuyén tinh héa dusi day:

e Cho trusc v € C?(Q). Tim nghiém «™ cia bai todn
{ — (™) (@) = f(z,u" D (2)),

(%) u™(0) = u™(1) = 0.
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e Cho h = 1/N, N la s6 nguyén > 1. Goi

Wi, = {uh : Q — R, up, lién tyc va 13 ham afin trén mdi khodng
jh<z<(G+Dh j=1,2..N—1, up(0) = up(1) = 0}.

Ta nhic lai mot co s& chinh tdc ctia W), sinh ra bdi cdc ham wy,; sao cho wy,; (hk) = by,
trong d6 J; 1a ky higu Kronecker.

a// Tinh chiéu cta W,

b// Xét phuong trinh bi€n phan (P}) lien hé véi (P') trong W, va ti d6 tinh
todn ma trin cling Ay clia he xap xi (P)) caa (P').
Chd y: Ta khong cAn ching minh sy hoi tu cda day {ugn)} dén nghiém wu cta bai
toan (P).

7

HET
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