BAI TAP GIAI TICH 1

1.5.2.6. Cho A va B la hai tap con cia tdp E. Ching minh E\ (AN B) = (E\ A)U (E\ B).

Giai.

Ta c6

o ENA={tcE:t¢gA}.

e E\B={ueE:u¢B}

e (EN\A)U(E\B)={r€E:z€ E\ Ahoicz € E\ B}

={r e E:x ¢ Ahoicx ¢ B}. (1)

e E\(ANB)={se€FE:s¢ AnB}.

bit Pla “se€ ANB” hay “s€ Avase B’,tacé~ Pla “s¢ Ahoics ¢ B”. Tudé ta céd

E\(ANB)={s€ E:s¢ Ahoic s ¢ B}. (2)

Ti (1) va (2) ta c6 diéu phai chiing minh.

1.5.3.9. Tim pht dinh cia ménh dé sau: “z < a v8i moi v € A” va “a < b néu x < b v6i
moi x € A”.

Giai.

Dit P=“cx<avéimoiz € A7, va g = “a <bnéux <bvéimoizxzec A”. Vaiy ménh dé
cho sdn c6 dang “P va @Q” va phu dinh cliané 1a “ ~ P hodc ~ Q”. Ta c6

o “~P’:“codxe€ Asaochox>a”.

e Q: “a<bVbe{fc:x<cVzeA}l

o ~Q:“Ibe{c:x<cVzxeA}saochdoa>1D".

e “~ Phoic~Q": “céx € Asaochox > a” hoic “Dbsaochox <bVr e Avaa>"b".

1.5.3.14. Chiing minh khong c6 hai s6 nguyén duong m va n sao cho % =2

Giai.

Gia st ¢6 hai nguyén duong m va n sao cho % = v/2. Goi d la uéc s6 chung 16n nhat cda
m va n, lic d6 cé hai nguyén duong p va ¢ sao cho m = dp va n = dq. Ta c6 b _ V2 va p va
q c6 ubc s6 chung 16n nhat [a 1. !

Tu dé p—z = 2. Vay p? = 2¢>% Tu d6 p? chia chin cho 2. Suy ra p chia chin cho 2. Diéu
nay lai dﬁnqdé'n p? = 2¢? chia chin cho 4. Vay ¢? chia chin cho 2. Suy ra ¢ chia chin cho 2.

Vay 2 1a mot uSe s6 chung ctia p va ¢ : mau thuin . Do d6 khong c6 hai s6 nguyén duong
mvénsaocho%:\/ﬁ

2.5.2.1.(iv) Cho f 1a mot 4nh xa ti tap X vao tAp Y, cho A va B 1a hai tdp con cia X.
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Ching minh f(ANB) C f(A) N f(B).

Giai.

e f(ANB) ={y:3z € AN B sao cho y = f(x)}

o f(A) ={u:3s € Asaochou= f(s)}

e f(B) ={v:3t € Bsaochov=f(t)}

Ta phéi ching minh :

e cho y € f(AN B) ching minh y € f(A)N f(B)

e “yc F(ANB) = “y € F(A)N f(B)

e “c6x € ANBsao choy = f(x)” = “c6 s € A sao choy = f(s), va ¢ t € B sao cho
y=f@)

Dits=xzvat=xtacéy= f(s) = f(¢).

2.5.2.2. Cho f [a mot danh xa ti tAp X vao tap Y, cho A va B 1a hai tip con ctia X. Ching
minh f(4)\ f(B) C f(A\ B).

Giai.

Cho mot y trong f(A) \ f(B), ching minh y thuoc f(A\ B).

o f(A) ={u:3s € Asaochou= f(s)}

e f(B) ={v:3t € Bsaochov=f(t)}

eye f(A)\ f(B): c6 s € Asaochoy = f(s) nhung khdong cé ¢t € B sao choy = f(t). (1)

e f(A\B) ={y:3x € AnBsaochoy= f(z)}

eyc f(A\ B): c6 x trong A nhung = khong trong B sao cho y = f(z). (2)

Chon = = s trong (1), ta thiy z thod (2) : dpcm.

3.7.3.1. Chiing minh 111+ 212+ +nln = (n+1)1—1  (0)

Giai
en=1:11=1va2!—1=1. Vay (0) ding véi n = 1.
e Gid st (0) ding v6in — k. Ta co

M+ 224+ klk=G(k+1I—1  (0).

Ta chiing minh (0) ding v6in =k + 1. Ta co

m+22+- -+ kk+k+DI(E+1)=111+224 -+ kK] +(k+D(E+1) (0).

(k+1)! =1+ Fk+DN(E+1)=(k+1)(k+2)—1=(k+2)! -1
Vay (0) véi n =k + 1. Ap dung qui nap toan hoc ta ¢6 (0) ding véi moi s6 nguyén n.
4.2.3.1. Cho A la mot tap con khac trédng va bi chin trén cia R, cho ¢ [ mot chin trén

cia A. Gid st moi s6 thuc duong ¢ déu c6 mot x trong A sao cho ¢ — ¢ < z. Chiing minh



¢ = sup A.

Giai .
c—sup A

Gid stt ¢ > sup A. Dite = . Ta thay

— A A
c—e=c—° s2up :c—l—s2up > sup A (1)
dr € Asasochoz >c—¢. (2).

Tu (1) va (2), ta c6 mot x trong A sao cho z > sup A. Mau thuidn nay cho thay ¢ < sup A4,
vay ¢ = sup A.

4.2.3.4. Cho A la mot tap con khic tréng va bi chin trén cia R. Pit —A = {—x: x € A}
Chiing minh

(1) —A bi chin du6i.

(i1) inf —A = —sup A.

Giai .

(i) bat B=—-A = {—xz:2 € A}. Ta phdi ching minh
y>—supA Vye B hay

y>—supA Vy=—-x,x €A hay

—xr > —supA VxeA hay

r<supd VaeA

Dong sau cung hién nhién ding .
(i1) Do (i), ta c6 inf —A > —sup A. Ta chi con phéi ching minh inf —A < —sup A hay
sup A < —inf —A. Ta phai chiing minh

z< —inf—A VaxeA  hay
—x >inf—A VaxeA  hay
—x > inf —A V—-—ze—-A

Dong sau cuing hién nhién ding .

4.2.3.3. Cho A va B la hai tap con khac tréng ctia R sao cho A C B. Chiing minh

(1) Né&u B bi chin trén thi sup A < sup B.

(7i) N&u B bi chin du6i thi inf A > inf B.

Giai .

(i) bat M = sup B. Ta phai chiing minh x < M v&i moi z trong A. Cho x trong A, ta cé
2 thudc B (vi A C B), vay z < M.

(i) bat M' = inf B. Ta phai chiing minh = > M’ véi moi z trong A. Cho z trong A, ta cé
x thudec B (vi A C B), vay © > M.



5.6.2.4. Cho {ax} la mot day s6 thuc Cauchy. Ching minh c6 hai thyc b va ¢ sao cho
b<ap<cvdimoike IN.

Giai.

Ta chi cAn tim mot s8 thyc M sao cho |ag| < M v6i moi k € IN.

Cho mot e > 0, ta tim dugc mot s& nguyén N(e) sao cho

|am —an| <€ V'm>n2> N(e).

Vay

lam| < lam — an| + |an] < e+ |an] V' m>mn> N(e).
Do d6

lam| < lan| +1 Vm>n2>N(1).

lam| < lan@yl +1 V'm > N(1) (1).

bat M = max{la1|, -, lan)l; [an@)| + 1}

Tu (1) ta cé

lak| < M véi moi k € IN.

5.6.2.9.Cho A 1a moét trong céc khodng sau : [a, b], [a, 00), (—o0, b] hay (—o0, 00). Cho g la
mot dnh xa ti A vao A sao cho c6 mot s6 thuc ¢ € (0,1) d€ cho

l9(z) = g(y)| < ¢z —y| Va,yeA

Lic d6 ta néi g 1a mdt 4nh xa co trén A . Cho ag € A. Dit ay = g(ag), a2 = g(aq), - -,
ant+1 = g(ay) v6i moi n € IN. Ching minh

(1) |an+1 — an] < "ar — ag| VnelN.

(i7) Day {a,} hoi tu vé& mot s6 thuc b € A.

(i4i) Gi6i han b cta day {a,} chinh 12 mot diém bat dong ctia g, nghia la g(b) = b.

(iv) g chi c6 mot di€m bat dong trong A.

Giai.

() Dung Qui nap todn hoc. Dat P, 1a “|ay1 — ant1| < ¢™la; — ap|”. Khi n=], do tinh co
g tacd

lag — a1| = |g(a1) — g(ao)| < clar — aol

Vay P; dung. Gid st Py ding, ta c6

lags1 — ag| < cFlay — ag| (1).

Ta ching minh Pyy; cing ding. Ta ¢6

k141 — apsa| = [9(art1) — glaw)| < clagtr — ax

< ccflay — ag| = F Y ay — ag|



Vay Pi41 ding. Theo qui nap todn hoc ta ¢ P, diing v4i moi n € IN.

(7i) Cho mot € > 0, tim mot s& nguyén N (e) sao cho

|am —an| <€ V'm>mn> N(e). (2)
Ta c6
|am - an| = |an - am| < |an —Gpt+1 tApy1 — Gpg2 + -+ Appm—n—1 — A

< |an - an+1| + |an+1 - an+2| +---+ |an+m—n—1 - an|
< "lay — agl + "Hay —ag| + -+ -+ ¢ Hay — agl

=[]+ 4+ Ylay —ao| < [1 4+t ™) |ag — ag
7

SC”[ZiiockHal—ad < 1_C|a1—a0|- (3)
T
Vi {1C la; — ap|} hoi tu vé 0, nén cho &’ > 0, ta tim dugc mot s§ nguyén M (g') sao cho
c" - cl
lar — ao| = | lay —ag| — 0] <€ Vn>M(). (4)

1-c 1-c
Nay cho e > 0, dit &’ = ¢, ta c6 M(¢'), dat N(e) = M(¢'), ta ¢6 (2). Vay {a,} la mot day

Cauchy va né hoi ty vé mot s6 thuc b.
(¢i7) Ta phdi ching minh g(b) = b. Ta cé
l9(b) = b] < [g(b) = ant1| + |ans1 — b] = [g(b) — g(an)| + lant1 — b]
<clb— an| + |ans1 — bl (5).

Suy ra

19(6) — bl < 1im [elb — a| + [anss — bl) = 0.

(iv) Gid st ¢6 u va v trong A sao cho g(u) = u va g(v) = v, ta cé

lu—v[=lg(u) = g(v)| < clu—vl.

Vay0 < (1—¢)jlu—v|<0,vi0<ec< 1 Tathdy (1—¢) >0, nén |u=v=0.

5.6.3.2. Cho e [a mot s§ thuc va {a,} 1a mot day sd thuc sao cho {a, } khong hoi tu vé e .
Chiing minh ¢6 s6 thuc duong € va mot day con {a,, } cda {a,} sao cho |a,, —e| > ¢ v6i moi
ke IN.

Giai.

Vi {a,} khong hoi tu vé e, nén c6 mdt s6 thyc duong € sao cho v6i moi s¢ nguyén N ta lai
c6 mot s6 nguyén n(N) >N dé€ cho |a,n) — €| > e Vay tap J = {m : |ay — €| > e} 1a mot
tap vO6 han. Diung qui nap todn hoc dat

e 11 = inf J,

e ng =inf J \ [1,ny].

e ni+1 = inf J\ [1, ngl.

Ta thay {an, } 1a mot ddy con cAn tim cda {a,} .
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5.6.4.4. Cho e la mot s§ thyc va {ai} 1a mot day s§ thyc sao cho limsupa, < e . Ching
n—oo
minh ¢6 mdt s nguyén N sao cho a,, < e v6i moi n > N.
Giai.

bit A, = {ax : K > m}, by, = sup A,,. Lidc 46 limsupa,, = lim b,. Dit o = lim b,, ta
n—oo

n—0o0 n—00
e—
cda<e Détsz?‘ Ta cé
eate<e (1).

e Ta cé mot s& nguyén NN sao cho

b, —af <€ V'n>N. (2)
Tu (2) ta c6
b, <a+e V'n>N. (3)

Vay sup Ay < a+ ¢, do d6, theo (1) ta cé

anp <supAy <at+e<e ¥V n>N.

6.3.2.2. Cho hai khodng mé (a,b) va (¢,d), A = (a,b) U (¢,d), va f 12 mot ham s6 thuyc
tréen A. Dit g(t) = f(t) v6i moi t € (a,b) va h(s) = f(s) v6i moi s € (¢, d). Gid st g lién tuc
trén (a,b), va h lién tuc trén (¢, d). Ching minh f lién tuc trén A.

Giai.

Cho mot x trong A va mdt s6 thuc duong €, ta tim mdt sd thuc duong §(z, ) sao cho

fly) = fl@)| <e VyeAly—z|<d(ze). (1)

Ta co x € (a,b) hodc z € (¢,d). Tru6c hét ta xét trudng hop x € (a,b). Lic d6 vi tinh lién
tuc cda g, véi mot s§ thyc duong ¢/, ta tim mot sd thyc duong v(z, €’) sao cho

lg(u) — g(z)| < & Vue(ab),lu—z| <vize).

Vi f(t) = g(t) v6i moi t € (a,b), ta c6

|f(u) — f(x)] <e Vue(ab),lu—z| <vize). (2)

Piat p = min{z—a,b—2z},tacé t € (a,b) néu |t—z| < p. Choe, dite’ = ¢, tacé v(z,e’). Dit
d(z,e) = min{u, v(x,e’)}. Tathdy “y € (a,b), |lu—z| < v(z,e')” néu “y € A, |ly—z| < d(x,e)”.
Do d6, theo (2) ta ¢6 (1).

6.3.2.4. Cho A la mot tap con clia R, va f 1a mdot ham s6 lién tyuc tréen A. Chiing minh
|/| 12 mot ham s6 lién tuc trén A.

Giai.

Cho mot x trong A va mdt s6 thuc duong €, ta tim mdt sd thuc duong §(z, ) sao cho

1f[(y) = fI(=)| <€ VyeAly—z|<d(ze). (1)

Do tinh lién tuc cda f, v6i mot s§ thuyc duong ¢, ta tim mot sd thyc duong v(z, €’) sao cho



If(u) = f(x)] <€ VueA |u—z| <v(ze). (2)

Ta cé

1) = [f1(@)] < [f(y) = f(2)]-

Vay theo (2) ta c6

Lf1(y) = LfI(@)] < [f(y) = fl2)] <€ VueA |lu—z| <v(ze). (3)

Cho ¢, dit &’ = ¢, ta ¢6 v(z,€'). Dit §(z,e) = v(z,e’). Tu (3) ta c6 (1).

6.3.2.5. Cho f 1a mot ham s6 lién tuc tit khodng déng [a, b] vao [a, b]. Ching minh ¢6 mot
x trong [a, b] sao cho f(z) = =.

Giai.

Dit g(s) = s — f(s) v6i moi s trong [a,b]. Ta thiy g 1a mot ham s6 lién tyuc trén [a, b],
9(a) < 0 < g(b). Vi g([a, b)) 1a mot khodng dong, nén [g(a), g(b)] C g([a, b)). Vi 0 € [g(a), g(b)
nén 0 € g([a, b]). Vay ¢6 = trong [a, b] sao cho g(z) = 0. Lic d6 f(x) = x.

6.3.4.7. Cho A la mot tp con khac trong trong R. DPit A, = {|lz —y| : y € A} va
f(z) =inf A, v6i moi z € R.

Chiing minh f 13 mot ham s6 lién tuc déu trén R.

Giai.

Cho u va v trong IR va y trong A, ta ¢

flu) <lu—yl <lu—v[+[v—y| hay

fu) = u—v] < |v—yl VyeA hay

flu)—ju—v|<s VseA,.

Vay f(u) — |u — v| 1a mot chin duéi cia A,. Do d6

f(u) —|u—v| <inf A, = f(v) hay

flu) = f(v) < Ju—wl. (1)

Tuong ty ta ciing c6

f0) = f(u) < |v—u|l=|u—v] (2)
Tu (1) va (2), ta cé

[f() = fw)] < |v—ul. (3)

Nay choe > 0, dit § =¢,do (3) ta c6

|f(v) = f(u)|<e VuveR,|u—ov| <9I

Vay f lién tuc déu trén R.

7.7.4.7. Cho hai khodng m& (a,b) va ¢ € (a,b), A = (a,c) U (¢,b), vd f 12 mdt ham s&

thyc lién tyc trén (a,b) va kha vi trén A. Gid st %im f(t) = d. Ching minh f kha vi tai ¢ va
—c



f'(c) =d.
Giai.
Ta phéi ching minh
flets) = flo)

lin% =d hay

S— S

Cho mot s6 thyc duong e, tim mot s§ thyc duong () sao cho
|ﬂii%:ifl—a<a V5,0 < |s| < 8(c) (1)

Cho s 1a mot s§ thuc duong kha nhd, dung dinh 1y gia tri trung binh, ta c6 mot z(s) € (¢, c+s)
sao cho

Flets) = f() = f/(a(s)) e+ 5 —c) = /(as))s  hay
HexD =IO _ (o)) )

s
Cho s la mot s§ thuc am v6i [s|lkha nhd, dung dinh 1y gid tri trung binh, ta c6 mot

z(s) € (c+ s, ¢) sao cho

fle+s)— f(c
L 0) Q
K&t hop (1) va (3) ta chi cAn chiing minh diéu sau day : cho mot s6 thyc duong €, tim mot

s0 thuc duong 6(g) sao cho

|f(x(s)) —d| <e Vs, 0<[s| <d(e) (4)
Vi %im f'(t) = d, ta ¢6 : cho mot sd thyc duong €/, ¢6 mot s6 thuc duong v(e’) sao cho
|f'(t) —d| <& Vi0<|t—c|l<v(e) (5)

Vi |z(s) — ¢| < |s|, nén v6i mot g, dit &’ = ¢, ta ¢6 v(e'), ddt §(e) = v(e), ti (5) ta ¢ (4).
7.7.4.8. Cho f [a mot ham s8 thuc kha vi trén (a,b), va 2 € (a,b). Gid st ¢6 mot day {x,}

trong (a,b) \ {z} sao cho {z,} hoi tu vé z va f(z,) = f(x) v6i moi n trong IN. Chiing minh

7(2) =0,
Giai.
Ta cé ]llirr(l) fla+ h})L — /(@) = f'(z), hay : cho mot e > 0, ta ¢c6 mdt d(¢) > 0 sao cho
|ﬂx+2_f“)—ﬂun<g W h,0 < |B] < 6(e). (1)

biat hy, =2, — z, ta c6 x, = v+ hy. Vi f(x,) = f(x) va ti (1), ta ¢6 : cho mot e > 0, ta

c6 mot d(g) > 0 sao cho

flz+hn) = f(2)

|f(z)| = | Y — (@) <e Vn,0 < |hn| < 6(e). (2)
Vi {x,} hoi tu vé z, ta c6 dicu sau day : cho mot &’ > 0, ta c6 mot N(e') € IV sao cho
|hn| = | — ] < & Vn>N(). (3)

Véyvéimois>0,d£1t5’:5,tacéNs’.Apdung 2) cho hpy (e, ta ¢6 :
(¢

[f'(@)] <e



Vay [f'(z)| = 0.

7.7.6.1. Cho f(z) = anz™ 4+ ap_12" ' + - + a1z + ag 1a mot da thic trén R véi ay, # 0.
Cho ¢; < g <+ < ey sao cho f(cg) =0 v8imoi k € {1,2,---,m}. Chiing minh m <n.

Giai.

Ta ding qui nap todn hoc theo n. Ta thay bai todn ding v6i n = 1, vi lic d6 m = 1. Gid
st bai toan ding v6i n = N. Xét da thic g(z) = by +byaN + -+ bz + by 1a mot da
thic trén R v8i by # 0, va dy < ds < -+ < dps sao cho g(di) =0 véimoi k € {1,2,---, M}
Ta s& ching minh M < N + 1. Pat ay = (k + 1)bg41 va

f(x) = apz™ + ap_12™ L -+ a1z + ag

Ta c6 bac cia f nhd hon hoic bing N. Ap dung dinh 1y gia tri trung binh ta tim dugc cac
ck € (dg, dg+1) v6imoi k € {1,2,---, M — 1} sao cho

0= g(dk+1 — g(di) = ¢'(ck) (brs1 — bk) Vke{l,2,---,M—1}.

Suyracy <co<---<ecpy—1va f(eg) =9¢'(er) =0 v6imoi k € {1,2,---, M —1}. Theo gid
thi€t qui nap todn hoc M —1 < N, suy ra M < N + 1. Vay bai toan ding v4i moi sd nguyén n.

7.7.6.9. Chiing minh c6 duy nh&t mot z trong (0, 00) sao cho v/z ++vz +1—4=0.

Giai.

bit f(z) = Vo + Vr +1—4 véi moi z € [0,00). Ta thdy f lién tuc trén [0, 00) va khi
trén (0, 00). Ta ¢c6

1 1
fl(z) = 7 + T >0

Nay cho u va v trong [0, 00) sao cho u < v. Diung Dinh 1y gid tri trung binh ta ¢cé mot s €

vV x € (0,00).

(u,v) sao cho
fv) = flu) = f'(s)(v —u) > 0.

Vay f la mot don anh trén [0, 00). Ta cé f(0) = —3 va f(15) = v/15. Vay [-3,/15] chita
trong f([0,15]). Vay ¢6 x trong [0, 15] sao cho f(z) = 0. Do tinh don 4dnh cda f, nghiém nay
duy nhat.

22 +1
9.5.4.3. it f(x) = / (sint® +t)dt v6i moi s6 thyc x. Ching minh f kha vi tréen R
2

va tinh dao ham cia f.

0
bit g(y) = / (sint? + t)dt v6i moi s6 thuc y, u(s) = s> va v(s) = s> + 1. Ta thdy

Yy
f(z) = g(v(x)) — g(u(x) v6i moi s6 thyc x, hay f = gov —gowv. Vig, u vd v déu kh3 nén f
khé va véi moi z trong R, ta ¢6 ¢'(z) = sinx? + z, o/ (z) = 2z, v'(z) = 2z, va

f'(@) = ¢'(v()).v'(x) = g (u(z)).v'(x)



= sin(v())%.2z + v(z) — sin(u(z))?.22 — u(z) = sin(z* + 222 + 1) — sin(2?) + 1.
9.5.4.7. Cho f la mot ham s6 kha n lan trén mot khodng (c, d), va [a, b] chda trong (c, d)

b
sao cho / f(z)dz =0 va f"(a) = f7(b) = 0 v6i moi r trong {0,1,---,n}. Cho g la mot da
a

thic bac bé hon n. Ching minh /b 0 (2)g(z)dz = 0.

Giai. -

Ta chi cAn chiing minh / 2* f(x)dz = 0 v6i moi k trong {0,1,---,n}. Ta qui nap theo
n. Hién nhién k&t qua nay dfﬁlg vG6in = 0. Gid st bai todn ding v6i n = N, ta s& ching minh

né didng v6i n = N + 1. Tru6c hét vi bai todn ding v6i n = N, 4p dung bai toan cho f’ vaf,

ta cé
b b
/ xkf(NH)(x)da::/ 2F fMN) (z)dz = 0 Vke{0,1,---,N} (1)
a a
Dung phuong phap tich phan tiing phan ta c6
b b
/ N—I—lf(N—l—l ( )d.ﬂ?_[bN_Hf(N( ) N—|—1f(N N—I—l / wa(N .23_0

9. 5 5.3. Cho f l1a mot ham s6 thyc duong lién tuc trén R. Gid st f x+y) = f(z)f(y) véi

moi s thyc z va y. Ching minh f kha trén R.

Giai.

bit e = ( / f(t)dt)™L. Cho z trong R, ta ¢

/ Fo+ t)dt = / f@ f(x)/ F()dt hay

0
= c/ flz+t)d (1)

Pit h(t) = x4+t véi moi ¢t € R, ta cé ' (t) = 1 véi moi t € R. Ap dung cong thic ddi bin
ta c6 h1) .

/ flo+t)dt = / Foh(t)dt = / F(s)ds = / F(s)ds. @)

h(0) .
Tu (1) va (2) ta co
z+1

Flz) = / F(s)ds VreR (3)

bt g(t) / f(s)ds,u(t) =tvaov(t)=t+1véimoit € R. Tacéd g, u va v kha vi trén
Rva f(z) = (z)) — g(u(x)] véi moi z € R. Vay f =c[gov — gou|,do d6 f kha vi R.
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