CHUONG NAM
DAY VA CHUOI SO THUC

PE xay dyng mot rao ngin khin
gid tran vao san thi ddu béng d4,
ta can tinh chu vi p cla mot hinh
nhu bén canh. Hinh ndy gom hai
cung tron va hai doan thing, mdi
cung 12 mot phan tu cia mot
dudng tron c¢6 ban kinh 60 mét.

Dung cac cong thitc don gian ta tinh dugc
p = (607 +120+/2) mét
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Néu ban hoc todn dé€ dat huy chuong Field, thi cong
thitc trén qué tdt. Nhung khi dua vao cdc dé 4n thi cong
thyc t€, ching ta phdi ding mot trong cdc gia tri cia p
nhu sau

p= 60x3,14 + 120 x1,41 ;
p = 60x3,141 + 120 x1,414 ;
p = 60x3,1416 + 120 x1,4142 .

Nhu vay trong thuc t€, mot sO sO thuc thudng dugc thay
th€ bing cdc gid tri x4p xi clia ching.

Thi du , ngudi thudng dong nhat © v6i mot trong cac sO
{3,14;3,141; 3,1416}, va /2 vGi mdt trong cac sO
(1.41: 1,414: 1,4142)
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Nay ta xem cach mo hinh y tudng trén cua cac nha toan
hoc .

Dinh nghia. Cho f 1a m6t anhxatw N vao R, dat
a = fin) v6imoin € N, tandi {a } 12 mot diy so thuc.

Thidu 1. {sin(n’+ 2n)} 12 moOtday soO thuc

Thi du 2. Pt a,=3,14, a,=3,141, a,= 3,1415
a,=3,14159 , a;=3,141592 , a, = 3,1415926 ,

a,=3,14159265 , ay=3,141592653 , a,= 3,1415926535 |

. DPay la diy so gitp ching ta chon cdc gid tri gan
ding ctia s6 x theo cdc sai s6 cho phép trong cdc tinh
toan cu thé .



Ta xem md hinh todn hoc ctia y tudng dong nhat mot s6
thuc a véi mot day cdc gid tri xap xi cua nd nhu sau

Pinh nghia . Cho {x } 1a m{tday so thuc va mot so
thuc a.
Tanéi diy {x } hoituvé a n€uva chinéu

Ve>0 dN(e) e ¥ saocho

lx -al < g Vn > N(g)
X
x3 X5 xN(8)+mx 1 xN(8)+1 N(e)+k 'x37 X4 'X2
| | | | |
] —_— | | |
o a a+e
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Bai toan 18. Chirng minh {n'!'} hditu vé O .
Ching ta nén md hinh todn hoc nhu sau : ditx, =n'! véi

moi s6 nguyén duong, va ching minh {x_} hoitu vé 0.
Ve>0 dN(e) € N saocho

lx -al < ¢ vV n > N(g)
Chomot €>0 timmoOt N(¢) € N saocho

lx -al < g vV n > N(g)

1 | ,

N(e)+k N(e)+l 4
H—FF%H |
-& 0 c ‘

. W
NP




Chomot €>0 timmoOt N(¢) € N saocho

lx -al < g VvV n > N(¢)
Chomot €>0 timmot N(¢) € N saocho

ln! -0 < ¢ V n > N(g)
Chomoét €>0 timmoOt N(¢) € N saocho

nl<eg V n > N(g)
Chomoét €>0 timmot N(¢) € N saocho
gl <n vV n > N(g)
1 I ,

N(e)+k N(e)+1 4

L W

—— N

- 8 0 8




Chomoét €>0 timmoOt N(¢) € N saocho
cl < n vV n > N(g)

(R18) (Tinh chdt Archimede) Néux >0 va 0 <y, lic
d6 c6 moOt s6 nguyén ducdng N sao cho

y < Nx . (hay Ny < x )
y=¢ ! vax=1

C6 mot sO nguyén duong N(e) : &1 < N(¢g) .1

el <NE.l<n V n > N(g)
Chomot €¢>0 c6 N(¢) € N saocho
el < n V n > N(g)
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Bai toan 19. Cho {x } 1a motday so thuc sao cho c6
mot sd thuc duong C d€ cho
Ix | <= n!C Vne N.
Ching minh {x } hoitu vé 0.

Chomoét €>0 timmoOt N(¢) € N saocho

lx -01 < ¢ vV n > N(¢)
Chomoét €>0 timmot N(¢) € N saocho
lx | < € vV n > N(¢)

Chomoét €>0 timmot N(¢) € N saocho
n'C < ¢ V n > N(g)

Chomét €>0 timmot N(¢) € N saocho
elC <n Vn > N(g



Bai todn 20. Ching minh {2"} hditu vé 0.

Chung ta mo6 hinh todn hoc nhu sau : dat
x, =27 Vne N.
Ching minh {x, } hoé1tu vé 0.

Ching minh c¢6 mot s6 thuc C sao cho

lx | < n! V ne N .
Pins 20V neN (20 =pl; 26ns2bp )
Pl: I < 21=2 dl’lng

P, diang : n s@
Pn+1: n +1 S@

n+l=(n)+1=<2"+1=<2"+2"< 2.2" =2l




Ve>0dN(e)eNNsaocho 7 Ve>0dN(e)eN sao cho
lx -al<e Vn>N(E) <« lx-al<e Vn > N(g)

Ve>03 N(e)eN saocho 7 vg'>0,3 M(g’)eN sao cho
lx -al<e Vn>N(eg) @Ixn—alsa’ VvV n >M(E)

Ve>03N(e)eN saocho — veg’>03 M(e’)eN sao cho
lx,-al<e Vn>N() <k -al=e Vn >ME)

Ve>0dN(g)e/N sao cho Ve’>0 3 M(g’)eN sao cho
lx -al<e Vn>N(eg) — x -al<ge Vn >M(E)



Ve >0 dN(e)eN sao cho

lx -al<e Vn>N(eg)

—

vVe'>0 d M(e’)eN sao cho

x -al<€e Vn >M(E)

Chomot € >0 tacdéo mot M(e’) € N

lx - a |
n

Cho mot ¢ >0

IA

b

e

tim N(¢) € N

lx -al < ¢
n

sao cho
vV n >M(E)
sao cho

vV n > N(g)
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ChomoOt ¢ >0 taco mot M(e’) € ¥ saocho

b

lx -al| = ¢ V n> M(g)

Chomot ¢ >0 tim N(¢) € N saocho

lx -al < € V n > N(¢

<n © < 37

Chomot ¢ >0 tim N(¢) € N saocho

lx, -al < 56 ¥V n> N()

Cho ¢, dat ¢ = % e ,tacoM(g’), dat

N(e) = M(¢') = M(% £ )



Ve>0dN(e)eNNsaocho 7D Ve>0dN(e)eWN sao cho
lx -al<e Vn>N(E) <« lx-al<e Vn 2 N(g)

Ve>03N(e)eN saocho ? weg'>03 M(g)e sao cho

lx -al<e Vin>N(g) <= x -al<e Vin 2M(E)

n>NE) < n=> N(e)+1
Baitap tu lam
Ve>0dN(e)eNN saocho 9D Ve>0dN(e)eN sao cho

lx -al<e Vn>N(E) < lx-al<e Vn 2 N(g)
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Pinh nghia. Cho ¢ 1a mdt 4nh xa tu tdp hdp cdc sO
nguyén ducng & vao N . DBait

n, = g(k) V k eN.

Ta dung {n, } thay cho {x } vi ta thuGng ky hi€u céc
sO nguyén dudng 1a n

glk)=12 V k e N n, =12 V k ehN
gk)=k YV keN n =k V k eN

gk)=3k ¥V k e N n, =3k YV kel

glk)=k-8k+100Vke N n =k*-8k+100V ke N
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Cho ¢ la mot

anh xa to /Y vao
AN va f la mot
anh xa tor & vao
R. bat
x =f(n) vVonelN «|”

b, =fog(k) ¥V kelN
Ta thdy fog ciling 12 moté4nhxa tr & vaoR.
vay {x } va {b} 1a cdcdiy so thuc.




Cho { x } la mdtdidysd thuc va mot sb thuc a.
Tanéi ddy { x } hoituvé a néuva chinéu

Ve>0 dN(e) e ¥ saocho

lx -al<e vV n > N(e)

Cho g laméOtanhxa tr Y vao/N va [ la mOt anh xa
tr & vaoR. Dbat

x = f(n) V. n eN.
b, = fog(k) V k eN.
bk =Xg(k) YV kK N

kK =< g(k) V k eN



Né&u g ting e
Ilgh iém cich thi N /’ 4\‘\ | N
k<gk) VkeN e

Ta no1 {b,} la . / f

mot day con cua fog "\ N .7
tang nghi€ém |/
cach. Luc do ta
ky hiéu R

(b, = fog(n) =b, = f(g(n))= fln) )



Néu g(n) = 2n ta ky hiéu Xnk la x,,

Néu g(n) = 2n+1 taky hiéu X , la x, .,
k

Néu g(n) = 5n+3 taky hiéu X la x5 . ;
k
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Bai todn 21. Cho mot diy so6 thuc {a,} . Ching minh
ba di€u sau day tuong duong

(1) {a,} hoi tu vé a trong R.
(2) {a,-a} hoi tu vé O trong R.
3){la,-al} hoi tu vé O trong R .

Ve>0 dN(e) € ¥ saocho

lx -al<ce vV n > N(¢)
Ve>0 dM(E) € ¥ saocho
[(x -a)-0l<ce Vm > M(g)

Ve’>0 dK(E”) € N saocho
[lx, - al-0l< ¢ vV k >K(”)



Ve>0 dN(e) € ¥ saocho

lx -al<e vV n > N(g)
Ve>0 dM(E) € Y saocho

l(x -a)-0l<ce Vm > M(g)
Ve?’>0 dK(E”) € N saocho

[lx, -al-0l< ¢ Vk >K(E”)
Ve>0 dN(e) € ¥ saocho

lx -al<e vV n > N(g)
Ve>0 dM(E) € ¥ saocho
| (x, -a)l=1x -al<e Vm > M(g)

Ve?’>0 dK(E”) € N saocho
X, -all =1x, -al <ce V k >K(e”)



PE tinh s=7++/2 ching ta thudng 1am nhu sau
s= 3,14 + 1,41 hoic
s = 3,141 + 1,414 hoac
s= 3,1416 + 1,4142 . ..

Ta tht m6 hinh toan hoc cho viéc lam thong thuGng nay
nhu sau.

Pita, = 3,14, a,=3,141, a, = 3,1415 , a, = 3,14159 ,
a.=3,141592 , a, = 3,1415926 , a, = 3,14159265 ,
ag = 3,141592653 , a, = 3,1415926535 ,

b= 141, b,= 1414, b, = 1.4142 , b, = 1.41421 .
b.=1.414213 , b, = 1. 4142135 b, =1.41421356,

by = 1.414213562 , by = 1.4142135623 ,
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Ta thdy cdac day sO {a,} va {b } l1an lugt 1a cdc day cac
s6 x4p xi m va V2, hay {a } va {b }1an lugt hoi tu vav2

Nay ta dat

s, =a,;+ b,
S,=a,+b,,
Sy =d;+ bs,
s,=a,+b,,
Ss =ds + bs

Theo cdch lam thong thuGng, ching ta chdp nhin {s, } la
day sO thuc x4p xi cho s6 s=7++/2. Ching ta s& chifng
minh viéc chdp nhdn nay 14 ding theo bai todn sau.
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Bai toan 22. Cho hai s thuc a va b va hai day sO
thuc {a,} va {b, } . Gia st {a,} hditu vé a va {b,}
hoitu v€ b.Dit c=a+b vic,=a,+b, v6i moi sO
nguyén duong n . Chitng minh {c, } hoitu vé c.

Chomoét ¢>0 ta cO0 N(e) € N sao cho

la, - al<ce vV n > N(g)
Chomot ¢ >0 ta c6 M(¢’) € N saocho
b, - al< € Vm > M(g”)
Chomot €7>0 tim K(¢”) € N sao cho

lc, -cll< g” Vk > K(E”)

Chomot €7>0 tim K(e”) € N sao cho
| (g, +b,) — (a+b)l< €” Vk > K(”)
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Chomot e>0 ta c60 N(¢) € N saocho

la - al<e

vV n > N(g)

Chomot € >0 ta c6 M(¢’) € N saocho

b - bk g

Vm > M(g)

Chomét ¢”7>0 tim K(¢”7) € N  sao cho

[(a,+b) - (a+b)l< €7 Vk > KE”)

(a,+b) - (a+b) = (aq,-a) + (b, -b)

(a,+b,) — (a+b)
(a,+b,) — (a+b)

(a,+b,) — (a+b)l

< la,-al +1b,-b]
< g+ Vk> N(e)va k> M(g)
< g+¢& V k> max {N(g), M(¢’) }



Chomét ¢7>0 tim K(¢”7) € N saocho

| (a,+ b)) - (a+b)l< €7 Vk > K(”)

I(a,+b,) — (a+b )l <|e+ € |V k> max { N(g), M(¢g’)

Cho mot €7 >0, chon

e=¢=1¢" va K" =max { N(g), M) }
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Bai toan 23. Cho hai so6 thuc a va b va hai day sO
thuc {a,} va {b, } . Gia st {a,} hditu vé a va {b,}
hoitu vé b.DPiat c=ab vac,=a.b, v6i moi sO
nguyén duong n . Chitng minh {c¢,} hoitu vé c.

Chomoét ¢>0 ta cO0 N(e) € N sao cho

la, - al<ce vV n > N(g)
Chomot ¢ >0 ta c6 M(¢’) € N saocho
b, - al< € Vm > M(g”)
Chomot €7>0 tim K(¢”) € N sao cho

lc, -cll< g” Vk > K(E”)

Chomot €7>0 tim K(e”) € N sao cho
|Clk.bk T Cl.b | < 8” \V/ k > K(S”)
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Chomot e>0 ta c60 N(¢) € N saocho

la, - al<ce vV n > N(g)
Chomot € >0 ta c6 M(¢’) € N saocho

b, - bl< g Vm > M(g)
Chomét ¢”7>0 tim K(¢”7) € N  sao cho

la,.b, — abl< ¢g” Vk > K(E”)

a,.b.-a.b= (a.,-a)b, + alb,-b)

la, .b, —a.bl =< la.-allb| +lallb, -b]

la, .b, —a.bl < ¢lb |+ lale’ YV k> N(¢)va k> M(g)
Xuly bl b )I<Ib, -bl+1bl<e +1bl ¥k > M(g)

la, .b,— a.bl<eg +elbl+ lale” YV k> N(g)va k> M(g)



Chomot e>0 ta c60 N(¢) € N saocho

la, - al<ce vV n > N(g)
Chomot € >0 ta c6 M(¢’) € N saocho

b, - bl< g Vm > M(g)
Chomét ¢”7>0 tim K(¢”7) € N  sao cho

la,.b, — abl< ¢g” Vk > K(E”)

la, .b,— a.bl<eg +elbl+ lale” YV k> N(g)va k> M(g)
Giai phuong trinh x? + (1bl+ lal)x =¢”

\/(Ial+lbl)2+4g"—lal—lbl>
2

la,.b,— a.bl <¢g” V k> K(e”) = max{N(e),M(¢’)}

0

it e=¢'=x=



Bai toan 23b. Cho s6 thuc a khdc khong va day so
thuc {a,} sao cho a, khéc khong v61i moi n . Gia su
{a,} hoitu v€ a. Dit ¢,=a, v6i moi sO nguyén
duong n . Ching minh {c¢,} hoitu vé a’!.

Choe>0,co N(e) e Nsaochola -al<e Vn > N(g)

Cho &’ >0, tim M(¢’)e Nsaocholc -a'll<e’Vm

1 1 a-a 1o
c —a = = m Xuly —  pyy ,7:@
a a ada a,d 2

m

CoONM) eN saocho la,-al<m V n> N(n)

lal= lal-1a-a, | > |a|
al-n =24l ~ p=lalm + lal+n

v n> N(n) 0 a| lal




Choe>0,co N(e) e Nsaochola -al<e Vn > N(g)

Cho ¢’ >0, tim M(¢’)e Nsaocholc, -a'll<eV m
1 1 a-—-a w1 L
c —a ' = = m Xuly — Baitry:M

" a a aa a,a 2

m

CoN(Mm) eN saocho la,-al<n V n> N(n)
lal> lal-la-a,| >lal-n =2"'al V n> N(n)

a—ada 2la—a | &

-1

Icm—a | = | m| < 2” < :
a da | al la |

m

Vm > max{N(g),N(n))}
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Bai toan 24. Cho motsd thuc a va ba day sO thuc

{a}, {b}va{x}.Gi st

(i) a < x. < b, v6i moi s0 nguyén ducng 7 .

(i) {a,} va {b,} hoitu vé a .

Chung minh {x } hdi tu vé a.

Chomot e>0 ta c60 N(¢) € N saocho
la, - al<ce VvV n > N(¢)

Chomot € >0 ta c6 M(¢’) € N saocho
b -al<ég Vm > M(g”)

Chomét ¢7>0 tim K(¢”7) € N  saocho
lx, —a |l < ¢€” Vk > K(E”)
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Chomot e>0 ta c60 N(¢) € N saocho

la, - al< ¢ VvV n > N(¢)
Chomot ¢ >0 ta c6 M(¢’) € N saocho
b, - al< € Vm > M(g”)
Chomét ¢”7>0 tim K(¢”7) € N  sao cho
lx, —a | < g Vk>K(E”
X, —al =lx, —a, + a, -al <=lx,-a/l + la - al

a, Xn bn

x,—al <lb-al+la-al<|b-al+la-al+la -al

x, —al < &+ 2¢ Vk > N(e) va kK > M(¢g")



Bai toan 25. Cho hai tAp con khéc trong A va B trong
R. Gia su X <y VxeA,VYyeB.

Chung minh supA < intf B
Chung minh X < mtB VYVxeA
¥V x e A , chitng minh X <Yy VYyeB.
Bai todn 26. Cho hai day so thuc {a,}va{b, }sao cho
la,,b,] C [a,,b,] VYm,neN, m =< n.

Ching minh sup a, = 1nt b
neN nelN
Chung minh a =< b Ym,nelN

n m
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Chung minh a < b Ym,nelN

n m

la,,b, ] C la,,b, ] YVm,nelN, m=n.
la,,b,] C la,,b,] Vr,selN, r < s.
e m<n : r=mvas=n |a ,b ] C [a,6,b,]
| | | |
a. an bn bm

a€la ,b,] = a,ela,,b,]. Viy a, < b,

nvas=m J|a,6 ,b, 1 C la,,b,]

=
[ I I I
an am bm bn

b,ela,,b,] = b,6€la,,b,]. Vay a, = b,

¢ n=m




Bai todn 27. Cho hai day so thuc {a,}va{b, }sao cho
la,,b,] C [a,,b,] VYm,neN, m =< n.

Ching minh [ sup a,, 1t b |c ﬂ la,,b, ]
neN nelN oy

Chiang minh [ sup a, inf b ] < [a,.,b] VkeN
neN nelN

(?

xelsup a , inf b] = xela,b] VkeN
nelN nelN

sup a, <x < int b, = q <x<b  VkeN
neN nelN



Bai todn 28. Cho hai day so thuc {a,}va{b, } saocho
(1) la,,b,] C la,,b,] VYm,nelN,m =< n.
(m) lm, (b, -a )= 0.

Chitng minh nSzI;\I U = nlng Z
—
R4 infb b,
O< it _nb, - SUP,cnG, = b.-a, YkeN
Chomot e>0 ta c6 N(¢) € N saocho
b, -a, - 0] < g vV n > N(e)
O< mf__nbD, - SUP,cN G, = € Ve>0
NéuO<inf__nb, - sup, . @, ,ddt e=infb, —supa,

meN meN



Bai todn 29. Cho hai day s6 thuc {a,} va{b, }sao cho
v la,,b,] c la,,b,] VYm,nelN, m < n.

i)  lim__ (b, -a,) = 0

Chong minh lim, , a, =lim,_, b, =sup,_n @,

B e B
a, supa inf b, b

keN reN
Chomot e>0 ta c6 N(e) € N saocho
b, -a, - 0| < g Vn > N(g)

Chomot ¢ >0 tim M(¢’) € N  sao cho
la, -sup, . 4, <€ Vn > M)

n

la, -~sup ,.n a,| <lb,-a, | <& Vn> N(g



Bai todn 30. Cho ba day so6 thuc {a,}, {b,} va{x }sao
cho

1 la,,b,] c la,,b,] Vm,nelN,m =< n,
(11) lm, , (b, -a,) = 0,

(m) x,ela, ,b, ] Vv nelN.

Ching minh {x, } la mét day ho1 tu.

lim, ., a, =lm,_ b, =sup, _na, (baitoan?29)

a < x, < b, Y nelN.
a, < X, <}
SUp a, / GIAI TICH 1 - CHUONG 5 207
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Cho {x,} 1a mot day s6 thyc. Cho J 1a mot tdp con
trong N va J ¢6 vo han phan ti .

Dung qui nap toan hoc ta dat

n, = minJ
n, = mmJ\ [0, n]
n;, = min J \ [0, n,]

n.,, = mmn J\ [0, n] V ke N
Ta thdy {n, } 12 motday don diéu ting trong N

Vay {Xﬂk} la mdt day con cua day {x }
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Bai toan 31. Chométdnh xa f tuNvaotip {1,2,..,9}
bit x = f(n) v6i moi s6 nguyén ducng n. Tim mot day

con {X”k} cua {x,} sao cho {X”k} hoi tu .

bat I ={neN:x = m}véimoime {1,2,..,9}.
[LJr,U---Ui, =N

Cére{l?2, ..,9}saocho I 1atdp cé vO han phan t@
biat J= I, va lapday 1X, } tuong Gng v6iJ.

VinmelJ=1 ,x =r véimoi s6nguyénduongk.
k

Cho €>0, ta thdy : |xnk—7”| =0 < ¢ V k2l

hm X =7r GIAI TICH 1 - CHUONG 5 209
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Cho {x,} 1a mdt diy s6 thuc. Cho {J } 1a mdt ho
dém dugc cdc tip con trong N . Gid st J ¢6 vO han
phantt va J _, cJ vdi moisd nguyén duong n .

Dung qui nap toan hoc ta dat

n, = minlJ,
n, = mmJ, \ [0, n]
n; = min J; \ [0, n,]

n.,, = min J_, \ [0, n] YV ke N

Ta thdy {n, } 12 motday don diéu ting trong N

210

Vay{x, } 1a motday con ctia day {x,}



Pinh 1y 6.1 (Bolzano- Weierstrass) Cho a va b la hai s6
thuc va {x } la mét day s6 thuc.Gid st a < bva

x, € [a,b] vdi moi s6 nguyén n. Liic dé c6 mot ddy con

{Xnk} cua day {x } sao cho {Xnk} hoi tu vée x € [a, b].
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Pinh Iy (Bolzano- Weierstrass) Cho a va b la hai s6
thuc va {x } la mét day s6 thuc.Gid st a < bva
x, € [a, b] vdi moi s6 nguyén n € N . Liic dé c6 mot

day con {Xnk} cua day {x,} sao cho {Xnk} hoi tu vé x

trong |a, b].
e ——
a b
Jr =1 neN:XnE—} J)={ neN:X € —j

Vi J', UJ”,=N.Nén mdt trong hai tdp J’, va J”, phai
¢6 v han phan tr. Ta gid st J°, ¢6 vO han phan tf .
bit [a,,b]= = tacd [a,b,] < [a,b] va (b,- a)=2(b-a)



J; ={ neNwx e —1} J"={ neN:x € —}

S, ={ neJ,: x € =} J7 ={ neJ :x € —]

Vi J,uJ”,=J",. Nén mot trong hai tap J', va J”,
phéi c6 v han phan tir. Ta gid sit J”, ¢6 vO han phan tf .
VadatJ,=J",.
bat[a,.b,] = —

Tacé:J,cJ,,la,.b,] cla,.b],va (b, -a,)=272(b-a)
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J,={ neJ,: x € =} J7 ={ neJ :x € —j

J, =(nel”: X, =} J”={neJ”:xe —}
Vi J,0J”;=J",. Nén mot trong hai tap J'; va J 7,

phai c6 vo han phan t. Ta gid st J”; c6 vO han phan tir .
VaditJ,=J";.

bat [a,,b,| =
Taco:J,cJ,cJy, la;,b;] Cla, ,b,] Cla,.b], va

(by — a;) =27 (b- a)




J, ={ne ) : xe =} J,” ={ne J,”: x,¢ —}
J) ={neJ”: x,€ Z=}]” ={ne ). x€ —}
Vi J,uJ”,=J";. Nén mot trong haitap J', va J”,

phéi ¢6 vd han phan tr. Ta gid sit J°, ¢6 vO han phan tif .
VadatJ,=J", .

Dét [Cl4,b4] — m—
Taco: Jy,cJ,cJ,cJ,,

la, ,b,] < la; ,b5] < [a, ,b,] [a,,b;], va
(b, — a,) = 2*(b- a)



x, € [a, bl vdi moi s6 nguyén n € N . Liic dé c6 mot
day con {x, } cua day {x,} sao cho {Xnk} hoi tu vé x
trong |a, b].
Dung qui nap todn hoc, ta tim dugc cédc so thuc a,, . ..
a ,...,b,,...,b, ,...sao0cho a, <b, VneNva

¢ [a,b] Dla,,b,] Dla,.b,] D> ...Dla,.b,]>D...

e (b,—a,)= 2"(b-a) VneN,

e NéuditJ ={neN:x e[a,,b ]}, thiJ c6vo han
phantt va J,oJ,oJ, o ...oJ D....

Lacdé lima =Ilimb =x=sup{a, :neN}

N—00 N—00

Chon ddy con{X, } cua {x,}saochon, € J;,V keN.
Taco & <X, <b. _ vay limx, =X

kK —o0



Pinh nghia . Cho { x } 1a motday so thuc . Ta néi day
{x } 1a mot ddy Cauchy né€u va chi néu
Ve>0 dN(e) e XY saocho
lx -x |I<eg Vn>m > N(g)
Bai toan 32. Cho { x } 1a motddy so thuc hoitu vé
a. Ching minh { x } 1la m§tday Cauchy .

Ve>0 dN(e) e ¥ saocho

lx -al<e vV n > N(g)
Ve>0 dN(e) e ¥ saocho
lx -x |I<eg Vn>m > N(¢)

Ve>0 4 M) e N saocho
lx -x I< €& Vn>m > M(g)



Cho { x } la mdtday s thuc hditu vé a. Ching

minh { x } la mdtday Cauchy .
Ve>0 dN(e) e N saocho

lx -al<eg vV n > N(¢)
Ve >0 dM(e) €e N saocho
lx -x I< € Vn>m > M(g)

Chomot e>0 ta co0 N(e¢) € N saocho
lx -al<eg vV n > N(¢)

Chomot ¢ >0 tim M(e’) € N saocho
lx -x I< € Vn>m > M(g)
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Chomot e>0 ta co0 N(e¢) € ¥ saocho
lx -al<ce vV n > N(¢)

Chomot ¢ >0 tim M(e¢’) € N saocho

lx -x I<¢€e | | Vn>m>M($)

lx -x |1 <lx -a+a-x 1< lx -al + la-x |
n m n m n m

lx -x | <& +¢ Vn,m>N(8)§

n m |

________________________________

£ +& =2 g || M(e’) = N(g) |

Chomot ¢ > 0, ta chon ¢ =%8’ va M(g’) =N(e)

Ixn -xml < Ixn -al + Ia-xml
<g+e=¢ Vn>m > M()



Bai toan 33. Cho { x } 1a mot day s6 thuc Cauchy .
Ching minh A={x : n eN} bi chin trong R

Tim mot sO thwe M saocho Ix | <M ¥Yn &N

-M < x, =M Yn €N
Ve>0 dN(e) € ¥ saocho
lx -x | < & Vn>m =z N(g)

Tim mot sO thue M saocho Ix, | <=M VYn eN

lx,l <= lx -x | +lx | <e+lx | Vn>m = N(g)

e=1, m=N): Ix, | <1+ Ilxyqy!l Vn>Na)

bat :M=max {lIx I,1x,|,..., [xyg !, I+lxyqp!?




Bai toan 34. Cho {x } 1a mdt day so thuc Cauchy va a
la mot sO thuc. Gid st {x } c6 mot day con {Xx, }h01 tu
vé€ a. Ching minh {x } h01 tu vé a.

Chomot e>0 ta c6 N(¢) € N saocho
lx -x <€ VvV n>m> N(¢)

Chomot € >0ta c6 K(¢’) € N sao cho

IXnk—aI< g Vk > K()

Chomot €7>0 tim M(e”) € N sao cho

lx -al<g” Vn > M)
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Chomot e>0 ta c6 N(¢) € N saocho

lx -x |I< € V nz=mz=N(e)
Chomot ¢ >0ta c60 K(¢’) € N sao cho
IXnk -al< € Vk > K()
Chomot €7>0 tim M(e”) € N sao cho
lx - al< g” Vm > M(g”)

lx ~al<lx -x |l+lx -al<e+lx -al V n=m=N(¢)
m m n n n

lx -al < e+ X, -al YV m = N(g)
m

lx -al<e+e V m=N(),m > K()
Chomot €7 >0 . Dbat
e=¢ =¢7/2 va M) = max {N(¢g), K(&) }



Bai toan 35. Cho {x }1a mot day so thuc Cauchy.
Chiéng minh {x_ } hoi tu.

C6 mot so thuc duong M sao cho
lx | = M Vne N

C6 mot so thuc dudng M sao cho
xne[—M,M] Vne N

{ x } c6 motday con {Xnk} hoi tu vé a.

{ x } hoity Ve a.
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Bai todan 36. Cho n 1a mot sO6 nguyén ducng . Dit
X = CH '+ @Yt +©6)'+...+ CnD)!' Vne N.
Ching minh {x } hoitu .

Ching minh {x } la mot day Cauchy

Chomét ¢e>0 tim N(e) € N saocho
lx -x |I<eg Vn>m > N(¢)

x -x,=[2) '+ ... +Cm)T+ Cm+ D)+ ..+ (2nl)! ]
-2 4. +Cm) ) = C(m+ D)D)+ .. +(2n))!

lx -x |< pom-lp 42 ngp 4 < 2Mm Np>m

Chomot € >0 tim N(e)eN saocho 2™ < ¢V n> m> N(g)



In[l]:=N[Sum[1/((2*1)!), {1, 1, 11}]]
Out[1]=0.543081

In[2] :=N[Sum[1/((2*1)!), {1,1,0}], 13]
Out [2]= 0.543081

In[4] :=N[Sum[1l/((2*1)!),{1,1,o}], 140]

Out [4]=0.5430806348152437784779056
2075706168260152911236586370473740
22147107690630492236989642647726435
54303558704685860
442352756503219469470958629076



In[4d] :=N[Sum[1l/((2*1)!),{1,1,Infin1
tytl, 25]
Out [4]=0.5430806348152437784779056

=Sum[1l/((2*1)!), {1, 1, o}]
|={(Sgrt[2/n]-2 ESqgrt[2/ n] +
B4 Sgrt[2/ n]) Sgrt(n/2]}/ (2E)

In(3]:=Simplify [ (Sgrt[2/n] -
2E Sgrt|[2/nm]+
E?Sqgrt[2/n])Sqgrt(a/2]1}/ (2E) ]
Oout[3]=[2(-1 +E)]/ 2E
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Bai toan 37. Cho {a,} la mot ddy so6 thuc don diéu
tang va bi chgn trén . Pit A={a,:ne N }.

Lic dé {a,} sé hoi tu vé a= supA

a < a Y m,neN, m =< n a = sup A

m n

Chomét ¢e>0 tim N(¢) € & saocho
la -al< g Vn > N(g

Chomét ¢e>0 tim N(¢) € N saocho
0<a-a <ce¢ V' n > N(g)

Chomét ¢e>0 tim N(¢) € N saocho
a-¢ < a Vn > N(¢
I . g I
a, a, d; d, ds d, Oy,
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a < a Y m,neN, m =< n a = sup A

m n

Chomoét ¢e>0 tim N(¢) € & saocho

a-g < a Vn > N(¢
Chomoét ¢e>0 tim N(¢) € N saocho
I I B N B
a, a, d; d, is Uye A,
Gia su a < a-g Ym e N
a-& a

a -¢ la mOtchintréncua A



Bai toan 38. Cho {a,} la mot ddy s6 thuc don diéu
tang va khong bi chan trén . Lic do i{a,} sé hoi
u Vé oo

IA

n

m n

a =< a Ym,neN, 6 m
YVMeR taco mot neN saocho a, 2 M
YVM>0 tatimmot NeN saochoa,2M VY m= N.
Bai toan 39. Cho {a,} la mot ddy so6 thuc don diéu
giam va bi chgn duoi . Pit A={a,:ne N }.

Lic dé {a} sé hoi tu vé a= infA

Bai toan 40. Cho {a,} la mot ddy so6 thuc don diéu

giam va khong bi chdn dudi . Luc do {a,} sé hoi
u vé - o0 .



limsup
Cho mot diy s6 thuc {a,}. Dt
A = {a,: m2=2n |
ADA DA, VYm,neN, nz m

B Néu A, khong bi chin trén . Dat

limsup a,, = o

N — o0
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Cho mot diy s6 thuc {a,}. Dt
A = {a,: m2=2n |
A DA DA, VYV m,neN, nz m
B Néu A, bichin trén . Dat
b, =sup A,

b= b, =>0b Ym,neN, n>2 m

m n

e Néu {b, } khong bi chin dudi , dat

limsupa, = —oo

Nn— oo



Cho mot diy s6 thuc {a,}. Dt
A = {a,: m2=2n |
A DA, DA, YVm,neN, nz m
B Néu A, bichin trén . Dit
b, =sup A,

b,=2b,2b, Vm,neN, n=z m

o N&u {b, } bi chin dudi , dit

limsupa, =limb,  (=lim(supa,) )



Choa,=(-1)"n v6imoin eN..

A ={a,: m=2n} = {C1)"m: mz=2n}
A={C1)m: m=2n }>{2k:keN, k= n}

A, khong b1 chédn trén = limsup a,, = o

N— o0

Choa,=-n vBimoin eN .
A ={a,: m=2n}={-m:m2=2n }c(-0,0]

A, bichéan trén
b, =supA =sup{-k: k= n}=-n Vne N

n

{b,} ={-m:m eN} khdng b1 chdn duéi
— limsupa, = -

N— 0



Choa,=(-1)" v6imoin eN.
A={a, . m=2n}={CD"m=2n}={1,-1}
A, bichéan trén
b, =supA, = sup{l,-1} =1
{b, } bichindusi =  limsupa, =limb, =1
Ta thiy {a, } khong hdi tu nhung van c6
limsupa, =1

N— o0
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limint
Cho mot diy s6 thuc {a,}. Dt
A = {a.: k=2 n}
xeA < dk =2 nsaocho x=gq

nz m: xeA, < 3Jk 2n=>m saocho x =g
ik 2m saocho x=aq, & xe€A,

ADA DA, YVm,neN, nz m

B Néu A, khong bi chin duéi . Bit

liminf a, = —oo

Nn— oo



Cho mot diy s6 thuc {a,}. Dt
A = {a.: k=2 n}

A DA, DA, YVm,neN, Z6 n=>2 m
B Néu A, bichindudi.bat
c, =Int A

c,<a, Vk2m nz2m:c,<a, Vk=zm c, =mnftA,
c,<c,<c, Ym,neN | nz=2 m

e Néu {c, } khong bi chin trén , dit
liminf a, = o

N— o0
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Cho mot diy s6 thuc {a,}. Dt
A= {ag:m= n |
A DA, DA, Ym,neN , n=>2 m
B Néu A, bichin dudi. Dit
c, =1ntA_

¢, < ¢, <c YVm,neN, n>2 m

e Néu {c, } bi chin trén , dit

liminfa, =limc, (=lim(infa,) )

Nn— o0 N— oo nN—o>oo N2>2m



Choa,=(-1)"n v6imoin eN..
A ={a,mz2n} ={(-1)"m: m= n }
Ai={C1)ym: m=>1 }>{-2k-1:k> 1}
A, khong bi chdn duéi = IiEn_)iQf a, = —%©
Choa,= n v6imo1 n e N,
A=4{a,:m=z2n}={m: m2=2n} C[n,x]
A, bichin dudi

c, =infA =mf{k: k=2 n }=n VneN

{c, } =N khOng b1 chin trén
= liminf a_ = o

N—oo



Choa,=(-1)" v6imoin eN.
A={a, - m2z2n}={C-D"m=2n}={1,1}
A, bichin dudi

c, =mnfA =int{-1,1}=-1

m

{c,}bichintrén = Iliminfa, 6 =limc, =-1

Ta thiy {a, } khong hdi tu nhung van c6
liminf a, =-1 . Mitkhdc limsupa, =1

N— oo N—> 00

Trong trudng hgp nay limsupa_ = liminf a_,

N — o0 N—0



Bai todn 41. Cho mdt day s thuc {a,}. Gid sk
limsupa, va liminf a, déu la cdc s thyc . Chitng minh

N—0o0

e limsup a, > liminf a,

N —> o0 Nn— oo

A, = {a.: k=2 m}

m

b, =supA, ¢ =infA,

b >a. 2> c

m m m

limb_ > Ilimc,_

M —>o0 M —>oo

limsup a, = liminf a,

N— o0
N— oo 240



Bai toan 42. Cho mot day so6 thuc {a,}. Gid su :

liminf a, va limsupa, déu la cdc s6 thuc va bing nhau.

N— o0 N—> o0 i )
Ching minh {a } hoitu va lima_ = limsupa,
fl=>ee N—> o0
A = {a.: k=2 m}
b, =supA, ¢, =IntA_ c, <a,<b VmeN
limb_=limsupa, c, < 4, < b
m— oo NI -
limc_ = liminf a_
m — o n— o N ¥
limsup a,
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Bai todn 43. Cho mot ddy sO thuc {a,} hoi tu vé a.
Ching minh limsupa, = liminf a, = a

Nn—oo N— 0

Ve>0,dN(e)e Nsaocho la, —al<e Vn=>N(e)
A =1{a,: nz m} b, =supA, ¢, =infA_

m m

limsupa, =limb,  [iminfa = limc_
N— oo M—> 00 n— oo m — oo
la, —al<eg -e<a,—a<e a-€¢ < a, <a+eg

Ve>0,dN(g): a-¢ £ a, <a+e Vnz=mz=N(g)
Ve>0,dN(e): a-¢ £ ¢, <b <a+e V m=N(g)
Ve>0,dN(e)e Nsaocho Ic, —al<e Vm=N(e)
Ve>0,dN(e)e Nsaocho I, —al<e Vm=N(e)




Cho mot diay sO thuc {a, } hoitu vé a. Chitng minh
limsupa, = liminfa, =a

N— o0 N—c0

Ve>0,dN(e)e Nsaocho la, —al<e Vn=>N(e)
A =1{a,: nz m} b, =supA, ¢, =infA_

m m

limsupa, =limb,  |iminfa, = lim c_

N— oo M—=>00 N — oo m — oo

Ve>0,dN(e): a-¢ £ ¢, <b <a+e V m=N(g)
a-c a a—+¢
c, b,

Ve>0,dN(e)e Nsaocho Ic, —al<e Vm=N(e)
Ve>0,dN(e)e Nsaocho I, —al<e Vm=N(e)




Bai todn 44. Cho A 12 mot tap khdc rong bi chiin trén
trong R. Bbat B={-x:x € A }. Chirng minh B bi chdn
dudiva supA =-inf B

supA <-mmtB? supA =Z-mtB ?

supA <-mf B ? X <-mnfB VxeA

-x 2B VxeA y=-x2>2miB VxeA
B={x:xeA}. y>2mtB VyeB

SUupA =2-intf B ? supA <-int B ?
| | |

sup A Sup A + ¢ -int B
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de>0:supA+e<-int B

de>0:supA <-¢ -intf B

x<-&¢-mftB Vx €A

B={x:xeA}. -x>¢+mfB Vx €A

y=-x>¢+mfB Vx €A
y > ¢ +1nif B Vy €B

¢ +inf B 1a mOt chdn duGi cua B

Bai toan 45. Cho A 12 mot tip khdc rong bi chin dudi
trong R. Pat B={-x:x € A }. Chitng minh B bi chin
tréenva nfA =-supB



Bai toan 46 . Cho mot diay so thuc {a,}. Ditb, = -

V n € N. Ching minh limsupa_ =—-Iliminfb_
A = {a,:n=2m ;| B, = {b=-a,:n=2 m}

d, =supA, ¢t =infB, t =-supA =-d

m

limsupa, =limd_  liminfb =limt_

N —> o0 M— oo N — o0 m—> oo

Bai toan 47. Cho mot diy sd thuc {a,}. Pit b, = -

V n eN . Chirng minh liminfa_ = —limsupb_

N— o0 N —> 00
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Cho {x }1a mOt day sO thuc. Vi moi s6 nguyén n € N
ta dat ]
s =x, +...+ x, = 2X
i=1
Tagoi s, la tong riéng phan thd » claday {x, }.
m Néu diy so thuc {s,} hoitu vé mdt sd thuc s ta cé
th€ coi s nhu 12 “t6ng s6” cla cdc sO trong diy {x }.
Lic d6 tagoi s 1a chuoi sé_ cua cdc so trong day

° A N X N s e XN e A o0 A e
X, vaky hi€usla > x, vanoichudisd yx  hoitu.
n=1 n=1

m Néu diy so thuc {s } phidnky ,ta néi chudisd

2 X, phanky.
n=1



Bai todn 48. Ching minh chudi $2°™ hdi tu va

m=1

2" o

m=1
Pitx =2 Vme N vas, =21+...+2" ¥Yne N
s, =21 1+...+2™) =1-2"V n e N (qui nap toan hoc)

im2™" =0 limc =1

N—o0 N—>c0
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Bai todn 49. Cho ¢ e (0, 1). Chiing minh chudi Yc"

A . ~ C 1=
ho1 tu va Zcm —
m=1 1-c

biatx =c™ YmeNva s =c+...+c" Vn e N

1_ Cn+1

S =C+---+C"=c(l+---+C")=cC VneN
1-cC

limc" =0 limc" :L

L0 N—00 1_C
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Bai toan 49. Chudi X (-1)" phan ky

m=1
bat x, =(-1)™ v6imo1 m € N va

s, =DM+, .+ (-D)" Yn e N

A < A 2
s =-1 néunlée va s =0 néu n chan.

{s, } khongla motdiay Cauchy
{s, } khong hoitu

o0
Chudi > (=1)™ phanky
m=1
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Pinh 1y (Tiéu chuan Cauchy). Cho {a} la mot day
s6 thuce. Liic dé chudi s6 2x-18x hoi tu néu va chi néu
vdi moi s6 thic € >0, c6 mot sO nguyén duong N (g) sao
cho Y al< e Vnxzm=N(e)

~
S

S = a, VreN ¢ —g :Zak Y n>m

Cho ¢ >0, c6 mOt s6 nguyén dudng N (€) sao cho

s, — s, | <& Vnz m=N (¢g) .

{Sn} Cauchy {Sn} hO1 tu  Huone Zokozlak ho1 tu



Pinh 1§ . Cho 2x_1d va Yp.b, la hai chudi sé thic
hoi tu. Lucdo ¢ ,(a, +b,)hoituva

Zf:l (ak L bk) — Z:):l A + Zf:lbk

Pit

n
k=1
n

Vn — bk
k=1
n

Sn — (ak T bk)
k=1

o0
limu, = 2_a
k=1
limv, =2.b,
k=1
lims_ :Z(ak +b,) .
N—oo

k=1



Bai to4an 50. Cho {a ! 1a mot ¢

ay sO t

chudi _18y hdi tu .Chirng minh ¢

e, Gia su

ay {a,; -

101 tu ve 0.

V6i moi s6 thuc € > 0, c6 mot sO nguyén duong N (¢)

sao cho

| Dkem@ | < ¢ YV n>m> N(g)

V6i moi s6 thuc & > 0, tim mot s6 nguyén duong K(g’)

sao cho

| a, -01 < g V k> K(g)

K
‘ak_o‘zlaklz‘zai‘<g v K
i—k
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Pinh 1y (Tiéu chuan so sanh) Cho mot day s6 thuc
khong dam {a}. Gid si chuoi >k=18x  hoitu. Cho mot
day s6 thuc {b,} sao cho cé N € N dé cho

b, < a V n = N.

n

Liic d6 Y b hoitu.

n
|ZE:mbk l = Zk:m‘bk‘ = ZE:mak v n=m
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Pinh Iy (Tiéu chudn cin s6 ) Cho mét day sé thuc
{b.}. Gid sit c¢6 mdt so thuc duong c € (0, 1) va mot
s6'nguyén N saocho |b ['" < ¢ V n>N.

Liic d6 2x-1bx hoi tu.
bat a, =c¢c" Vn=2N

n

b, | <a, Vnz=N

> k=10 hoi tu
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Pinh 1y (Tiéu chuin ti s6 ) Cho mdt day sé thuc khdc
khong {a }, mot so thuc duong ¢ € (0, 1) va mot sé

A o D ? a
nguyén N. Gid su |l « ¢ Y n>N
’ , X A e al/l
Liucdo Y a, hoitu
n=1
Quinaptodnhoc: la,| < c¢™Vlayl Y n>N

bit b, = c"Vla,l
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Pinh Iy (Tiéu chuin ti s6 ) Cho mot day sé thuc ta, tva
mot sO nguyén N. Gid s

Gty > 1 v n>N
00 an
Liic dé Zlan phén ky
N=

Quinaptoanhoc: la,l = layl > 0 Y n>N

Suy ra ta khong c6 lima, =0

n—»a0
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Pinh 1y (Tiéu chuan Leibnitz) Cho mot diy so thuc
fa ) saocho {la|} 1a mot diay don di€u gidm hoi tu vé

0O va

a,.a, ., <0 VmeN,
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Pinh Iy (Tiéu chuan tich phan) Cho mot diy so thuc
fa,} sao cho c¢6 moOt s6 nguyén N va moOt ham sO f

don diéu giam tr [N, co) vao [0,20) sao cho

a, =f(n) YV n

vV

N.

s, P A e A Q0 A e A N ~
Lic d6 chuoi so thuc 2 4@, hoitu néu va chi néu

o0

jf(t)dt<oo

N
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