PHUONG TRINH VI PHAN BIEN NGAU NHIEN

Pinh nghia. Cho {W(t)} 13 mot tién trinh Wiener
trong mot khong gian xac suat (Q, @, P), X, la ham
thuc trén QQ, f va g 1a ham thuc trén [0,T] xQ2 va
{X(t)} 1a tién trinh ngau nhién sao cho V r € (0,T ]

X(1,0) = X, + [, (5. X(s,0))dt + [ g(5, X(5,0))dW.
hay dX(t,0) = f(t, X(t,w))dt + g(t, X(t,0))dW . Ta ndi
X 1a nghiém cta phuong trinh vi phan ngau nhién

5 dfl(” _ £, X(0)+ g1, X (1) dW(” Ve (0,T],

- X(0)=X,




Chung ta can néu rd cac diéu kién sao cho céc tich
phan It0 trong dinh nghia trén xac dinh.

Dinh nghia. Cho mot s6 thue T duong, ta ky hi€u S;
1a tap hop cac ham s6 lién tuc h trén [0,T] xR ¢6 cac
tinh chat sau : c6 mot hang s6 C phu thuoc vaohva T
sao cho

(CI)| h(t,x)|<C(1+|x)) Vtel[0T],xeR,

(C2)[h(t,x)- h(s,y)[?<C(t=sl+[x-Yy*)
vit,se|0,T], x,yeR.




Bai toan 3.1. Cho ho {5(t)} nonanticipating doi véi
mot tién trinh Wiener {W(t)} trong mot khong gian
xac suat (Q, @, P). Cho h €S, , X € H'(0,T,{5(t)}) va
U e H%(0,T,{5(t)}). bat Y(t)(w) = h(t, X(t)(®)) va
V(t)(®) = h(t, U(t)(®)) véimoi (t, o) €[0,T]xQ.
Chimg minh Y € H'(0,T,{5(t)}) vaV € H*(0,T,{5(t)}).

H.D. Dung tinh lién tuc cua h chirng minh Y(t) va V(1)
do dugc trén (€2, %), nén do dugc trén (€2, F(1)) .
Dung X € H'(0,T,{5(t)}) va U € H*(0, T, {5(t)}) va
(C1), chimg minh Y € HY(0,T,{5(t)})vaV e

H2(0, T, {5(t)}).



Bai toan 3.2. Cho mot ho {%(t)! nonanticipating do6i
véi mot tién trinh Wiener {W(t)} trong mot khong
gian x4c suat (Q, @, P). Chof vag €S;, X, 12 mot
ham thuc do dugc trén (Q, 5(0)) va X, € L*(Q). bat
Y(t,0)=X,(w)+ [ f(s,X(s,0))dr+ ] g(s,X(5,0))dW
vV X eH(0,T.{5(t)}),V (t,w)<[0,t]x Q.
Chimg minh Y € H?(0,T, {F5(t)}).
H.D. Dung (C1) va cac bai1 tap 3.1 va 2.3

bat H =H?*(0,T,{5(t)}) va A(X)=Y vdimoi X € H.
Ta thay A 1a mot anh xa tir H vao H va c6 tinh chat sau



Bai toan 3.3. Dat L = 2TC + 2C , ta co
() [ 1ACOE o) - A1) "dP <

<L[ [ 1X(s.0)~Y(5.0) "dPds VX.Y cH.

Ln—lTn
(ii) NA"(X)-A"(Y)Il < ' IX-YIll VX, YeH,
n.

& day A X) = A(AY X)), v6imoi X € H.
H.D. Ta co
A= AW = [ [f (5, X(5) = (5, (5))1ds

+ Tg(s, X (5))—g(s, Y (s))1dW,



Dung bat dang thirc Schwartz va bai tap 2.2 ta co
2
| 1 ACO(, @)= AY)(1,0) I dP <

<21 jo [ 1F(5. X () ~f (.Y (5)) P dPds
+[) [ 8(s. X(5) =g(s. Y () dPdW
<2Ct[ [ 1X(5)-Y(s) dPds
+2C[ [ 1X()-Y (5)I* dPds

<L jo [ 1X(t.0)-Y(1.0) " dPds



Dt a, = [ |A"(X)(t.0)~ A"(V)(1.0) "dP  VkeN.

Theo bai toan trén, ta co

a ()<L jo a_ (s)ds, <L’ jo j: an_l(s2 )ds,ds,

<. . < j‘ot j: . le a (s )ds ---ds,ds,

Lntn—l T Lntn—l
( 1)'_[ a,(s, )ds = 1 X-YI.
n— .

L (n—1)!
Tu do suy ra (11) .

<



Bai toan 3.4. C6 duy nhat mot X eH sao cho A(X) = X
H.D. Béy A"la anh xa co khi n kha 16n.

T day ta c6 két qua sau

Pinh 1y . Cho mot ho {5(t)} nonanticipating doi véi
mot tién trinh Wiener {W(t)} trong khong gian xac
suat (Q, @, P). Chof vag €S;, X, 12 mot ham thuc
do duoc trén (Q, 5(0)) va X, € L*(Q). Liac dé c6 mot
nghiém duy nhat trong H2(0, T, {F(t)}) cua phuong

trinh dX(r) dW(t)
S) = f(£,X(2))+ g(t, X (1))

- X(0)=X,

Vte(0,7T],




Bai toan 3.5. Giai phuong trinh viphan ngau nhién

(dX
s) | =)= 1+2W(t)—(t) Vt e (0,T],

- X(0)=0 .

H.D. Theo bai toan 2.4. ta co

W2(1) =T +2 jOT WdW = jOTlde jOT WdW

Vay X(t) = W2(t) 1a nghiém cua phuong trinh vi phan
bién ngau nhién (S)



Bai toan 3.5. Giai phuong trinh vi phan ngau nhién

(dX dW
(S) <7(t) W(f)+t7(f) Vte(0,T],
X(0)=0 .

H.D. bat X =tW . Theo bai1 toan 2.5

rW(r, ) = jo W(t,w)dt + jO tdw .



Bai toan 3.6. Cho f 13 mot ham s6 thuc kha vi trén
R. Giai phuong trinh vi phan ngau nhién

(dX
(S) <E(t)—f(t) Ve (0,T],

- X(0)=0 .

H.D. Theo bai toan 2.6

X(r):X(s)+Irf'dt V 0<s<r<T



Bai toan 3.7. Cho f 1a mot ham thuc kha vi trén R,
(Q, @, P) 1a mot tién trinh ngau nhién trong khong
gian xac suat voi tién trinh Wiener {W(t)}, sao cho
X(t,w) =f(O)F(w) voimoit € [0,T], w € Q, vaF la
mot bién ngau nhién kha tich va ddc 1ap vai v (0).
Giai phuong trinh ngau nhién

dX ,
(S) <E(t)—f(f)F vt e(0,T],

X(0)=0 .

H.D. X(t,®) = f(t)F(w) véimoit € [0,T], o € Q. DéY
theo bai toan 2.7 i
X(r):X(s)+j FFdt YV 0<s<r<T



Bai toan 3.8. Cho (€2, (1, P) 1a mot khong gian xac
suat vdi tién trinh Wiener {W(t)}. Giai phuong trinh
vi phan ngau nhién

d—(t) Gd—W Vte(0,T],
(S) < dt dt

X(0)=0 .

.

H.D. bat X(t,0w) = G(o)W({, @) voimoit € [0,T], w
e Q).

Pé ¥ theo bai toan 2.8

jSdezGW(s)—GW(r) V 0<r<t.



Bai toan 3.9. Cho (€2, (1, P) la mot khong gian xac
suat voi mot tien trinh Wiener {W(t)}, F trong L1(Q)
va G trong L*(QQ) va doc lap voi 07(0). Giai phuong

trinh vi phan ngau nhién

d—(t) F+Gd—W Vte(0,T],
(S) < dt dt

 X(0)=0 .
H.D. Dat

Xt,w)= tFHw)+ G(o)W{, w) V1e0,T], e Q.
Dung céc bai tap trén chimg minh X ¢6 vi phin ngau
nhién dX = Fdt + GdW.



Pinh 1y . Cho mot ho {5(t)} nonanticipating doi véi
mot tién trinh Wiener {W(t)} trong mot khong gian
xac suat (Q, @, P). Chof vag eS;, X, 1a mot ham
thuc do duoc trén (Q, 5(0)) va X, € L*(Q). Luc do6 ¢
mot nghiém duy nhat trong H2(0,T, {5(t)}) ctia phuong
trinh

(dX (1)
) | gy = X W)+ g X()

- X(0)=X,
(C)|h(,x)|<C(+|x) Vte]0,T],XxeR,

(C2)|h(t,x)- h(s,y) [P <C(t—s[+[x-y>)
vit,se|0,T], x,yeR.

dW(t)

Vte(0,T],




Bai toan 3.10. Cho {X(1)} la nghiém trong dinh ly
trén. Chimg minh c6 mot hang so6 C, sao cho

| X=X dP < Cli=rl  riel0,T]

H.D. Dung (C1) va bai toan 2.3 chirng minh
[1x(-x(r) P dP=] | j £(s,X(s))ds + j (5, X(5))dW(s) P dP

<2f | j f(s,X(s)ds " dP+2] | j (s, X(5))dW(s) I* dP
<20r-rlf j:| f(s,X(s) P dsdP+2] | j (s, X(5))dW(s) I> dP
<201-r1C| j (1+1 X(s) ")dsdP +2] | j (s, X(s))ds I dP
<21r-rl[C]. j:(1+ | X(5)P)dsdP + | | j:| (5, X(s5)) P dsdP]

<4lt—r cj@jj(u | X(s)P)dsdP <41t —r| CijOT(H | X(s5) *)dsdP



Bai toan 3.11. Cho {X(1)} la nghiém trong dinh ly
trén. Chirng minh vo1 moit €[0,T]

jQ| X)) dP <3 jQ| X(0)? dP + (3T* +3T +3)C

+BT+3)CIIX IIH2 .

HD. Dit a(t) = jQ|X(t) 2 dpP v te[0.T].

Dung bat dang thitc Schwarzt va bai toan 2.3., ta co

[1x(rdP<| 1X(0)+ jo £(s,X(5))ds + jo (5, X(s)dW(s) P dP

<3a(0)+3|

<3a(0)+3

Q

!

0

[ f(s.X(s))ds PdP+3] || g(s.X(5)dW(s) 'dP

[ 1/(5.X(s) " dPds +3 jo [18(s.X(s)) " dPs.



Dung (C1), chirng minh
2 ‘ 2
jQ| X (1)1 dP <3a(0)+ (3t +3)C jo jQ [1+ | X(s) I>1dPds
<3a(0)+(3T* +3T +3)C
+(3T +3)C| ' [ 1X(s) P aPds
0 JO
< 3jQ| X(0)? dP +(3T? +3T +3)C
+GBT+3)CIXI, .



DPinh nghia. Cho {W;(t)} la m tién trinh Wiener doc
lap v&i nhau trong mot khong gian xac suat (Q, @, P),

Xo;i 1a d ham thyc trén Q, f; va g; 1a cac ham thuc
trén [0,T] xQ va {Xi(t)} 1a d tién trinh ngau nhién sao

cho Vte (0,T]
X.(t,0)=X,, + jo £.(s, X (s, 0))dt + i jo 2, (5, X(s,0))dW.

Tano1 X 1la nghiém hé phuong trinh vi phan ngau nhién

(S) <

(dX (1) dW(t )

Pt = £(£,X(2)+g(t, X(2)) vt e (0,71],

L X(0) =X,

& day X = (X,,. . Xo), F=(F. . o), W=(W,,.. W)

va g

= (9y)-



