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Applications of Rearrangement
functions in the equation

Au(z) = K(x)e"™

1 Introduction
Recently in the paper [6], M.R.POSTERARO has investigated the equation
Au(x) = "™
on a bounded domain €2 in IR?, with boundary condition

lim u(x) = +o0.
z—00Q

Assuming the equation has a solution in C?(Q2), POSTERARO used rearrange-

ment functions and isoperimetric inequalities to obtain the following estimate

min u(z) > log(87/|9]).

e

In this paper we consider the equation

where u € Wy?(Q); 0 < K(z) < a and K € C®(Q).
In section 2 we investigate the continuity of the solution; in section 3 we

apply rearrangement functions and isoperimetric inequalities for the above
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equation; in section 4, using some techniques of differential inequalities we
obtain an estimate of the rearrangement of u, after that we show that us-
ing that estimate we are able to extend the result of POSTERARO; in the
Appendix we state several theorems which we used, without proof. Some
places which need detail computations are numbered and explained in the

Footnotes.

2 Continuity of the solution

Let © be a bounded domain in [R? with 9Q € C? and K € C*(Q) with
K(Q) C (0,a], we consider the solution u € W, *(Q) of the equation

Au(z) = K (z)e™, (2.1)

We use the notation 9Q € C? to mean € has boundary belonging to the
class C?, and similarly for other boundary classes; ¢, ¢, cs...are constants.

The existence of solutions of the equation (2.1) is known, see ([7], page
434).

The following section is based on a remark in ([7], page 437).

LEMMA 2.1 Consider the equation Au(x) = f(z). Suppose thatu € WH2(Q),
(0Q € C?) is a solution of the equation. If f € W*2(Q), k > 0 then
u € WH22(Q).

Proof. We prove by induction.
When k = 0, we have u € W22(Q) according to ([2], theorem 8.12; also see
3], theorem 10.1 page 188).
Suppose the conclusion of the lemma is true for £ > 0. Suppose f €

WHFL2(Q)). Since u € WH2(Q) is a solution, we have

—/ DyuD;vdx = / fodx Nv € C§°(£2).
Q Q
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Replace v by D;v we have

—/ DiuDilvdx:/fDlvdx.
Q Q

Taking integration by parts, we get
—/ D,uD;vdx = / D, fvdx \Nv € C°(Q2).
Q Q

This implies Dyu € WH2(Q) is a solution of the equation Au = D;f, with
Df € W*2(Q). By the induction assumption we have Dju € W*+22(Q),
which implies u € W*+32(Q), we have the desired result.0

PROPOSITION 2.1 Suppose (2.1) is satisfied and v € W*2(Q), k > 2. Then
Ke* € WF12(Q).

Proof. We have
D;i(Ke") = D;Ke" + Ke*Dju'V,

According to Sobolev Imbedding Theorem W*2(Q) — C*2(Q) (see the
Appendix). Because D;u € W*12(Q) we have Ket*Dyu € WF22(Q)® . At
the same time D;Ke* € C*~2(Q). This implies D;(Ke*) € Wk=22(Q), hence
Ke* € WH12(Q).0

LEMMA 2.2 Suppose (2.1) is satisfied. Then we have u € W*2(Q), Vk > 2.

Hence u € C*(1Q).

Proof. We prove by induction.
When k = 2, according to ([7], theorem 1.3) we have e* € L?(Q2). Whence
Ke" is a function belongs to L*(2). As in the proof of lemma 2.1, we have
u € W2(Q).

Suppose that the conclusion of the lemma is true for £ and we have u €
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WH2(Q2). According to proposition 2.1 we have Ke* € W*12(Q). Follow-
ing proposition 2.1 we have v € W**2(Q). Thus u € W*2(Q), Vk > 2.

This implies, according to Sobolev Imbedding Theorem, u € C'*°(£2) (see the
Appendix). We have the desired result.O

3 Applications of rearrangement functions and
ioperimetric inequalities

This section is based on TALENTI[5] and MOSSINO([4], chapter 1).
Let u be a measurable function on 2. The distribution function of w is
defined to be
p: IR — [0, €]

p(t) = Ho € Qu(z) <t}

where the notation |.| denote the 2-dimensional Lebesgue measure.
The increasing (1-dimensional) rearangement function of u is defined to
be
us 2 [0,]9]] = RU{—o00} U {400}

{ ue(s) = inf{t € R,u(t) > s}if s €0,|Q)
u.(|2]) = esssupgu '

For convenience, we denote Gy = {x € Q : u(z) =t} and H; = {x € Q :
u(z) < t}.

PROPOSITION 3.1 ) One has that :
(i). w is an increasing function.

(11). u.(s) # +oo if s € (0,]Q]).

(iii). u, s an increasing function.

(1v). u.(0) = essinfq u.



LEMMA 3.1 Let Qg be a bounded domain such that 09y € C' and u €
CY (). We can extend u to become a Lipschitz function on IR? which still

preserves its value on .

Proof. Let B be a ball such that Qg CC B. According to (V.P.MIKHAILOV,
Partial Differential Equations, Mir, Moscow, 1978 | page 129, theorem 1),
there exists an extension u; of u such that u; = u on Qy and u; € C'(B)
with compact support.

Let _
ui(xr) z€B
u2(33):{01() xEBQ\B

We will prove that uy € C%1(IR?). Since u; € C'(B) and B is a convex set,
we have u; € C%'(B) with Lipschitz constant ¢;. Consider z, y € IR?.
If 2, y € B we have

|us () — uz(y)| = ua(z) —wa(y)| < erfe —yl.

If v € IR?\ B and y € B we have
|uz () — uz(y)| = [uz(y)| < 2 Vy € B.

We have two cases: if y € supp(u;) then Vo € IR?\ B we have |z — y| >
d(supp(uy),0B) = ¢3 > 0, hence Yy € supp(uy) we have |ui(y)| < calz — yl;
if y € B\ supp(u1) then uy(y) = ui(y) = 0.
If 1,y € IR?\ B then uy(x) = us(y) = 0.
Thus us is Lipschitz on IR?.0

Consider a solution u of (2.1). As said above, u € W,?(Q) N C*>°(Q). We
use Sard theorem (see the Appendix). The point x € € such that |Vu(z)| =0
is called a critical point of u, the remaining points are called regular points.

The value t € IR such that u='({t}) contains at least a critical point of



u is called a critical value, the remaining values are called regular values.
According to Sard theorem, since u € C'*°(£2), the set of critical values of u
has measure 0. Besides if ¢ is a regular value of u then we also have u='({t})
is of zero measure.

Consider a regular value ¢y of u. Let Ky = {x € Q : ty <u(x) < t}. With
sufficiently small 2 > 0,K;,,j doesn’t contain any critical points of u. Indeed
, suppose that {h,} \, 0 and Ky, s, contains a critical point x,. Since the
set Ky, is compact there exists a subsequence {z,, } of {z,} convergent to
xo. We have

to < u(zy,) <to+ hn, Vk.

This implies limy_, 1o u(2y, ) = u(xo) = to.
On the other hand limy_, o |Vu(z,, )| = |[Vu(zo)|
= 0. So z is a critical point corresponding to ?y, this is a contradiction.

Quite similarly, we can prove for h < 0. So if ¢y is a regular value then
there are only regular values in a neighborhood of ¢y. In other words, the set
of regular values of u is open. As known, this set must be a union of at most
countable number of open intervals in IR. Call (¢1,¢2) such an interval which
contains tg, and let t € (1, s).

First, suppose t > to. Call uy a Lipschitz extension of u from K; to IR?
as in lemma 3.1 (more accurately, let Qo = {z € Q,d(z,0Q) > 1d(K,;,0Q)}
then K; C Q and 99y € C? and we extend from ).

Let g(x) = xk,(x)/|Vua(z)| = xk,(x)/|Vu(z)|. Applying Federer theorem
(see the Appendix) for g and us we get

/JR Xr () Vus(z |da://{ Xr, () X&) 0

2 |VU2( )| z€Qua=0} |VU2(ZE)|
where I' is 1-dimensional surface measure. This implies
Xk, ()
K| = / t / / AR g
K| R? e {zeQus=0} |Vua ()]
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_ /tt /G 0 W:(x)’drde

Since t is a regular value, we have |G;| = 0. This implies

p(t) = pllo) = [Hi| = |Hyo| = [z € Qo <ulz) <t}
= K

¢ 1
= ———dI'db.
/to /Gg |Vu(z)|

Since p is increasing function, it has derivative almost everywhere, hence we

can take derivatives of both sides of the above equality, which imply

//(t) = /Gt |Vu1(l’)|dP >0ae.te [to,tg). (31)

Similarly, we can prove (3.1) for t € (¢1,to]. As such this equality is true
for almost all ¢ € (t1,t2), and morever is true for lamost all ¢ € IR.

Consider a regular value t of u, according to ([1] page 38) we have

Audx = / div(Vu)dr = | Vu.ndl
Hy Hy Gt
here n = Vu/|Vu| (oriented toward Q2 \ H;). This implies
Aude = [ V2L ar :/ V|l (3.2)
H, Gy |Vul Gy

Applying Schwartz inequality, we get

1 1
/Gt \/]Vu]mdl“ < [/Gt ]Vu]dF/Gt Wdl“]m

or, because of (3.1)

P(G) < () [ IVular]?
Gy
(T is 1-dimensional surface measure, also is 1-dimensional Lebesgue measure,
see ([1], page 37)). The classical isoperimetric inequality ([4] chapter 1.4,

lemme 4.2) gives us
T(Gy) > 2022 (t).
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Hence we have
drp(t) < (@ (1) /G V|,

Together with (3.2) and (2.1) we obtain

Arp(t) < p'(8) | Aude = p'(t) | Ke'drhh.t e R. (3.3)

Ht Ht

LEMMA 3.2 One has

| H|
Ketds = / (Kev),dr.
0

H;

Proof. We have the following general result: if £ C €2 and v is measurable

on {2 then
|E]
/v(m)dmZ/ V4 (8)ds.
E 0

And the equality occur if and only if (v|g). = u.|, g (see [4], chapter 1.3,
lemme 3.1). So we only need to show that the inequality occur in this case.

Let s € (0,|H|), we have

(Ke'|g,)«(s) = inf{f:|{z € Q Ke'™ < Auz) <t} > s}
= inf{f: |{z € Qu(z) <log(0/K) Nu(z) <t} > s}

v s < |Hy|, we have

Hz € Qu(z) <log(d/K)ANu <t} >s
— HreQu(r) <log(d/K)}| >s
— [z e Q Ke'® <0} > s.

Thus (Ke"[,). = (Ke")s| om0
Applying the above lemma to (3.3) we get

dmp(t) < 1 (1) /0 e () dr = (1) /0 " Ken) . (rydrhht e R (3.4)



LEMMA 3.3 @ Let u,v be measurable functions on Q. One has
(i). If u < v a.e. then u, < v, everywhere on (0,[Q]).

(ii). If ¢ > 0 then (cu), = cu, on (0,]Q]).

(iii). (e"), = e on (0,|Q]).

About this lemma see ([4] chapter 1.1, theoreme 1.2).
Applying lemma 3.3 we get (Ke,). < ae*s, hence from (3.4) we have

, (®)
drp(t) < ap (t) /M e“Mdrae. t € R, (3.5)
0

Since the set € is connected and u € C(£2), u(2) is an open interval with

two endpoints infgo v and supg, u.
LEMMA 3.4 One has

1
u, (u(t)) = —— a.e. t € [infu,supu).
(1(t)) = s et € ifusup o
Proof. Since u,, ;v are increasing functions, they are differentiable almost

everywhere , hence u, o i is also differentiable almost everywhere. At the

points where u, o yu is differentiable, we have

u(pu(t + h)) — ua(p(t))

(wcop)(t) = lim .
_ iy A0, p(0) > p(t + R)} — inf{0, p(0) > (1)}
h—0+ h

We notice that if u is continuous then p is striclty increasing on [infg u, supg u).

Indeed, suppose 0 > t,t € [infq u, supg u), we have

p(0) — pu(t) = [Ho| — |H,|
= HreQ:t<u(z) <}

> HreQ:t<u(x) <0}
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{rx € Q:t <u(r) <0} is an open nonempty set, hence must have positive
measure , this implies y is strictly increasing. Similarly, if A > 0 sufficiently
small then p(0) > u(t +h) < 60 > t+ h.

From this we have inf{6 : p(0) > u(t)} = inf{f : 6 > t} =t and inf{6 :
w(@) > p(t+h)} =inf{f:0 >t} =t + h. Thus

From this we get the desired result.0
Applying lemma 3.4 to (3.5) we get for almost all ¢t € [infq u, sup, u)

/1 < a /u(t) ous(7) 4 5)
p(t) — Ampu(t) Jo

or

’ a w(t)
t) < v dr,
w(u(0) < g [ O
Let s = pu(t), for almost all s € [0, |Q2|] we have ([6], page 447)

u(s) < -2 / e Odr . s € 0,]9]]. (3.6)

— 4ms Jo

LEMMA 3.5 u.(s) is right-continuous on [0,|]).

Proof. Since u is bounded on Q, wu,(s) is finite. Given sy € [0, |Q2]) and

h > 0 we have

0 <uu(so+h) —u.(so) = inf{t:|Hy| > so+h}—u.so)
= inf{t — u.(so) : |[He| > so+ h}
= inf{t : |Ht+u*(80)| > Sg + h}.

We need to prove that
Ve > 0,30 > 0,0 < h < 6§ =inf{t: |Hyy.(so) > 50+ h} <e
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On the other hand
inf{t : [Hiju,(s)| > 50+ h} < €<= Fts,0 <ty <e: [Hypuu(so)) > h+ 50
we have u.(sg) = inf{6, |Hy| > so} this implies
Ve > 0, 30, such that 0 < 6, — u.(so) < eand |Hy, | > so.
Let t. = 6. — u.(sg) then
Ve > 0,3t,0 < te < ev|Hy pu.(so) > So-
Choose 0 < 6 < |Hy 1y, (s)| — So then
Ve> 0,30 > 0,0 <h<d= 3,0 <t <€ |Hyu(so) > D+ s0.

We get the desired result.O

Consider the equation (2.1). Since K (x)e"® > 0, according to the maxi-
mum principle ([2], chapter 3.1) we have u < 0 on 2. Then apply the Polya-
Szego theorem we get u, € Wh2(c, |Q|) Ve > 0 (see [4], chapter 1.4, theoreme
4.1). According to Sobolev Imbedding Theorem W'2(c,|Q|) < C%/2[¢, |Q]

(see the Appendix), thus u, € C%Y/2(0,|2|]. Together with lemma 3.5 we
imply that u, € C%/2[0, |Q]].

Now let
U(s) :/ e dr (3.7)
0
M = minu(x)
xeQ)

we have U € C'[0, |Q]], besides

Uuo) =10
Us) = e

1"

U'(s) = u,(s)e™® ae. sel0,|Q].

ux(8)
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From (3.6) we imply

U (s) < -2 e s>/ Ddr < —U’(s)U(s) ae.se (0,0 (3.8)

~ 4rs

Consider (3.8)

Us) < 0 (s)
= T <@
[ U < [0 ()

=U?(s) —U*0) = U?(s) Vs € [0,]Q]]. (3.9)

The question is that whether we can take integration by parts. Let F'(s) =
sU'(s) = se**) then F is an absolute continuous function on [0, |©2]]. Indeed,
suppose (a;,b;), 1 <i < nis a family of disjoint subintervals of [0, |2]]. Since
f(s) = s € C%0,|Q|] and u, € C*1/2]0,|Q2|] we have se®* € C%/20, |2[]©),

hence

Z ‘F(bl) — F(CL,L)| = Z |b16u*(b1) — aie“*(ai)
=1 =1

< D el — a;)'/?
i=1
< ey (bi— a;)'/?
i=1

< Cl\/ﬁ[i(bi —a;)]"?.

According to the definition in (HOANG TuUY, Giai Tich Hien Dai, vol 1, Ha

Noi, 1977, page 168) we have F' is an absolute continuous function and

F(s) = F(0) +/8F )dr
= 0+/7’U +U()d
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this implies

sU'(s) = Ul(s) = /S U (1)dr.
0
Substitute into (3.9) we get

8I[ U'(s) —U(s)] < U%(s), Vs € [0, |Q]].

a
This implies

U5y < LOEUE) e 010
U/(O) -0 ¢ . (3.10)

U'(0) = eM
U € CHo, Q]

4 Estimating the solutions

This section is based on some techniques of differential inequalities in ([8]).

Consider the following system

2
) <O e (0,808 > 0
0)=0 : (4.1)
0
S

The results in section 3 (system (3.10)) show that U will satisfy (4.1) with
a=8r/a, B =1Q|, v=e".
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Consider the following system

i

u?(t) + au(t)

W(t)= "0 g )
w(0) = 0 | (4.2)
u e C0, 3)

By direct computations we find a solution

ot

r(t) = 71

of (4.2).

LEMMA 4.1 r is a mazimal solution of (4.2), meaning if v is a solution of
(4.2) then we have
u(t) < r(t), Yt €10,8).

Proof. First we prove : if 3ty € [0,5) such that r(ty) > v(ty) then

r(t) > v(t) Vt € [0, 1]
Let w(t) = r(t) — v(t).
We have

w(0) =0

w e Cl [O, to]
This implies that there is t; € [0,%o] such that w(t;) = ming ) w(t). We
prove w(t;) > 0. Suppose the contrary, w(t;) < 0, this implies 0 < t; < ty,
hence we must have w'(t;) = 0.

On the other hand
r2(t) + ar(t)

r(t) = >
v/(t) v (1) ;rtow(t)
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This implies

W (t) = w(t)(r(t)o—i—tv(t) + 04).

Since w'(t;) = 0 and w(t;) < 0, we must have r(t;) + v(t;) + a = 0.

at
But v(ty) > r(t) = 3 lt > 0, we have a contradiction.
— 1
at
Now consider an arbitrary point o on [0, 3). Let ry(t) = =y ty <

3 < B. Since v(t) is finite at 5 while lim, g ry(t) = +00, we must have
E'tl,t() <t < ﬁ/ : T‘ﬂ/ (tl) > U(tl).

From the above results we imply 75 (t) > wv(t), V¢t € [0,#;] this implies
75 (to) > v(to). This implies

. (l’t() Oéto
v(tg) < inf — = =r
(fo) to<p'<g 3 —to B —to

(to)-
Thus r is the maximal solution of (4.2).0
LEMMA 4.2 Suppose that u is a solution of (4.1). If B = a/7 then

u(t) <r(t), Vt € [0, ).

Proof. First consider 3 < (3. We observe that 3{e,}, €, \, 0 such

that u(e,) < /ozen . Indeed, suppose the contrary , 3§ > 0 such that

— tn

ae
, we have

B —e

Ve < 0, u(e) >




or

Let € — 0, since u(0) = 0 and v (0) = v we get v > «/, this contradicts
the above assumption.

With fixed n, we consider the differential equation

, u?(t) + au(t)

u(t)=———=t€ (Gnﬂ,ﬁ/)
t
U(€n> = ﬁ,ajn:; : (4?))

u € Cl(€n+17 ﬁ,)

t
We imply immediately that ’Lt is the maximal solution of (4.3) (notice

that lemma 4.1 doesn’t change if we replace in (4.2) the initial point to be

e
¢, and the initial value to be ———).

Applying the comparison theorem 1.4.1 in [8] we imply that every solution
u of (4.1) satisfies

u(t) < 5, V€ fen, )
t
Let n — oo we get u(t) < ﬁ/a—t’ vVt € [0,5). Fix t € [0, 3), we get
u(t) < =1 vg e 1, )
— /6/ _ t? Y
this implies
t t
u(t) < inf - S ——)

TigpB -t B—t
Thus we get the desired result.O

From lemma 4.2 we deduce the following result

81
s 8
wir < — 4 yeelo ). 4.4
/0 € T a?}{{ —87 S [ ’aeM) ( )



This inequality gives us an estimate of the rearrangement function of u.

In what follows we show that in the case of the problem of POSTERARO
we can go farther and are able to extend the result of this author.

Suppose u € C?() is a solution of the equation
Au(z) = K(z)e"® (4.5)

satisfying lim, 9o u(x) = +00, where K € C*(Q2) and K(z) < a,a > 0.
In the case K = 1, according to [6], the existence of solutions of (4.5) is

known. Here we assume that (4.5) has a solution.

PROPOSITION 4.1 If u is a solution of (4.5) then u € W*2(Q); Vk >
2, VQ' CcC Q, hence u € C=(9).

Proof. The proof of this proposition is similar to that of section 2, only

replacing Q by Q.(V0O

We notice that all the results from section 3 to the estimate (4.4) are still
true for the equation (4.5) without changes in the arguments, except for the
paragraphs which we will make clear in what follows.

First is the paragraph which proves u, € C%/2[0, |Q2]] after lemma 3.5.
PROPOSITION 4.2 u, € C%/2(0,]Q)).

Proof. We have Q = U,cgH,. With fixed ¢, there is t > ¢, such that
H; CC Hy.Indeed since lim, 90 u(x) = +00 we have 3t such that H, # H,.

Let v(z) = u(z) — t'. Whence

v(z) <t—t on H,
t—t <w(z)<O0onHy \ Hy .
v e C™(Q)

18



Since 0H; = G is an infinitely differentiable manifold ([1], page 35, more
accurately, this is true for almost all ), there exists a function n € C§°(H,)
such that n =1 on H; and 0 < n(z) <1 on Hy ([1], page 77).

Let w(z) = v(z)n(x) defined on H,. We have

w(m) v(x) on Hy
t—t <w x)<0onHy\ H; .
w e C(Hy)

Thus w < 0 on Hy and w € W(}’Q(Ht/), hence we can use Polya-Szego

theorem as before, we get w, € W'?(c,|Hy|), Ve > 0. Without difficulty, we

can prove the following remark:

Wy =0 \(8)
([0, H|) #1[0,) Hy|)

From this we imply v, € W2 (c, |H,|), Ve > 0, which implies v, € C%'/2[c, |H,]].
On the other hand, it is easy to prove that v,(s) = u,(s) — ¢, this implies
u, € C%V2[¢,|Hy|] since u, € C%Y/2[0,|H,|), moreover u, € C%/2[0, |Q).0

Because of this result, all the successive arguments until the estimate

(4.4) are still true if we omit the right endpoints of the closed intervals.

We obtain the following theorem, which is an extension of POSTERARO[6],

theorem 2.1.
THEOREM 4.1 Suppose that u is a solution of (4.5). One has the estimate

. m
min u(w) > log(a|Q|)

Proof. Since lim, g0 u(x) = +00

) s ) w(t)
lim e Mdr = lim et (M dr
s—|9] Jo t—oo Jo
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= lim o)y
t—o0o H;

= /e“(””)dm = +00
Q

(in the above we have used lemma 3.2; see [6], page 447).

According to (4.4)

s 8m g 8
/ e"*(T)dT S 871_‘17, Vs S [0, 7M)
0 =0 — S ae

Because of the above result we deduce that

8T
o>
or .
T
M > m,
Thus o
I;légrzl u(z) =M > log(a|—Q).

We get the desired result.O
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Appendix

In this section we state without proof several theorems we have used.

THEOREM (Sard). Given u € C*(IR"). The set of critical values of u is
of (1-dimensional) measure zero.

See ([1], page 34). A more general form of this theorem can be found
in (S.STERNBERG, Lectures on Differential Geometry, Prentice Hall, 1964,

page 47).

THEOREM (Federer). Given u : R™ — IR is a Lipschitz function. Let

g : IR" — IR be an integrable function. Then

/]Rn 9(2)|Vau(z)|dz = /]R /G glaydrdr

where I is surface measure.

For this theorem, also see ([1], page 37).

THEOREM (Sobolev Imbedding Theorem). Let Q2 be a bounded domain in
R".
(i). If n =1 then W'2(Q) — C%'/2(Q).
(i3). If n =2 and 02 € C% then WH2(Q) — CF2(Q), Vk > 2.

See ([1], page 61; [2], page 151, corollary 7.11). Notice that if 92 € C?
then 992 € C%! ([2], page 89).
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Footnotes

1. We need a lemma about computing the derivative of composite function.

LEMMA. Let u € W*%(Q), k > 2. Then e* has weak derivative and
D;(e") = e"D;u.

Proof. This proof is based on ([2], lemma 7.5). Since 992 € C? we have
C>(Q) is dense in W*2(Q) (see [1], chapter 1.1.6). This imply 3{u,} C
C*>(Q) such that u, == u in W*2(Q). Besides W*?2(Q) — C*2(Q) (see
the Appendix), this implies

[lun = ull (@) < [fun = ullwra(q).

n—oo

Hence ||u, — ul|z=@) — 0. We can assume ||u,|| < ¢; and |[ul| < ¢;.

We have

e = ey < 11 s un(e) — ()l
GGB(O,Cl)

< sup Jun(x) — u(@)||r=(0)
0eB(0,c1)

< cofun(z) — u(@)||Le()-

This implies e == ¢* in L>(Q).

On the other hand for all Q" CC Q we have
/ le“" Diju,, — " Dyuldx < / (e “YD;u + (Dju,, — Dyu)e* |dx
Ql
< / et — e"||Diu| + | Dju,, — Dyule* dz.
Q/

We have

o/ |Diu,, — Dyule* dx < sup e/ |Dyu,, — Dyu|dz "== 0.
Q/

B(0,c1)
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./Q/ |eun — eu||DZ/LL|d$ S CQ”Un - u||LOO(Q/) ‘/Q/ |D2U|dI 72? 0.

Thus we imply that // le"" Dy, — e Dyuldr == 0.
Q
According to ([2], theorem 7.4) we get the desired result.O

2. If K € C*(Q) and u € C*¥%(Q) then Ke* € C*2(Q), hence Ke*D;u €
Wh22(Q).

3. Proof.

(i). Obvious.

(ii). We have u.(s) = inf{t € IR : |Hy| > s}. Consider s € (0,|Q]).
We only need to prove that if s > 0 then inf{t € R : |H¢| > s} # —oo,
that is {t € IR : |Hy > s} bounded from below. Suppose the contrary
Vt,|H;| > s. Consider the sequence ¢, \, —oo. We have N°, H; = (), thus
lim,, . |Hy,| = |N52,Hy,| = 0. On the other hand, lim,, .., |Hy,| > s > 0.
We get a contradiction.

(iii). Suppose that s; < so. Since |H| > sy = |H;| > s; we have
{t € R:|Hy| > s2} C{t € IR:|H > s1}, this implies u,(s1) < u(s2).

(iv). Let tg = u.(0) = inf{t € IR : |H;| > 0}. By definition, essinfqu =
sup{t € IR : |H;| = 0}.

o If ty = —o0, meaning Ve € IR, 3t < ¢ : |Hy| > 0 then we have Vt €
IR, |H,| > 0, this implies {t € IR : |H;| =0} = 0 , hence essinfqu = —oc.

o If t) > —o0, we have Vt < ty,|H;| =0 v Vt > to, |H¢| > 0 (by definition
inf, 3ty < 6 <t :|Hp| > 0 which implies |H;| > 0). This implies

sup{t € R : |H;| = 0} = sup{t € R,t < o} = to.
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(i). We have u,.(s) = inf{t € R, |H;| > s}. If u < v then v(z) < t =
u(z) < t, this implies {z € Q : v(x) < t} C Hy, thus

Hr e Q:v(zx) <t} >s=|H>s
= {teR,|{x€Q:v(x) <t} >s}C{te R, |H]> s}
= u(s) < v.(s).
(ii). We have
(cu)s(s) = inf{t e R:|{z € Q:cu(x) <t} > s}
= inf{te R:|{z € Q:ulzx) <t/c} > s}
= inf{ct € R:|{z € Q:u(z) <t} > s}
= cinf{te R: [{zx € Q:u(z) <t} > s}
= cu(s).
(iii). Notice that
e =inf{e',t > 0: |Hy| > s} =ty = inf{t € R: |Hy| > s}.
Indeed, suppose that ?, is defined by the left hand side. We have
t>0:|Hy| >s=e >e =t >t

and

Ve > 0,3t |H;| > s:ef <e+ e =e(1+¢) < ellef = et

= Ve> 0,3t |H| >s:t<ty+e.

Thus to = inf{t € R : |Hy| > s}.
We have

(e")u(s) = inf{t€ R:|{z € Q:e'™ <t} > s}
= inf{t >0: |{x € Q:u(x) <logt} > s}
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= inf{e',t >0: |{z € Q:u(z) <t} > s}

einf{tGlR: {zeQu(z)<t}>s}

= eu®),

5. Since in [ming u, maxg u) the function p is strictly increasing, we have

Vt € (ming u, maxg u), u(t) > p(ming u) = [{x € Q : u(x) < mingu}| = 0.

e We will prove e* € C%'/2[0, |Q|]. For z > y € [0, |2]], we have
e — e W] < elu.(2) — u.(y)]

with 0 € [u.(y), u«(z)] C [ming u, maxg u] , hence e’ < ¢;. This implies the
expression on the right hand side of the above inequality < cs|u.(z) — u.(y)| <
cslo — y| V2.

e If f and g are Holder continuous of degree v on [0, |2|] then fg is Holder

continuous of degree a on [0, |©2]]. Indeed, Vz,y € [0, |Q|],

[(f(z) = f(y)g(z) + (9(x) — g(v)) f(v)]
< |f(x) = fWllg(@)] + lg(z) — g f(v)]

alr —y|* + el — y|.

|f(x)g(x) — f(y)g(v)]

IN

7. In detail we can do as follows.
Proof. We prove by induction.
When k = 2, since u € C2(€2) we have u € W22(Q).
Suppose the conclusion of the lemma is true for k and we have u € W*2(Q').

According to proposition 2.1 we have Ke* € WF12(Q'). According to lemma
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2.1 we have u € W*12(Q'). So u € W*2(QY'), Vk > 2. This implies, ac-
cording to Sobolev Imbedding Theorem, v € C=(Q'), VQ' cC Q (see the
Appendix), this implies u € C*°(Q2).0

8. Proof. . Consider s € [0, |Hy|).

wy(s) =inf{0 : |{z € Hy : w(z) < 0}| > s}.
Since

{zeHy :wx)<t—t} = [{zeH wkx)<t—t}
= |Hi| > s,
we have
inf{0 : |{x € Hy : w(z) < 0} > s}

= inf{d<t—t :|{zcH :wx) <} > s}

= inf{0: {z € H;: w(z) < 0} > s}

= inf{0:|{z € H, :v(z) < 0} > s}

= wu(s),

we get the desired result.0

9. We have
v,(s) = inf{0:|{x e Q:v(x) <0} >s}

= inf{f:|{z € Q:ulx) -t <0} > s}

= inf{f:|{z e Q:ulx) <t +0} > s}

= inf{d -t : |[{z € Q:ux) <0} > s}

= inf{f:|{z e Q:ulz) <0} >s}—t

= u(s)—t.
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