Nguyén Thanh Nhuyt
Cao hoc Dai s6-Ly thuyét sd K15
Hoc phan Giai tich ham nang cao

Bai tap 5

Cho X, Y la cac khong gian Banach.

1. Chol<p<oo vaxét S:l”7 — 1" vbi S((a;l,x?,...)) :(O,wl,xQ,...).

a. Chimgté S € B(I"). Tinh S".
b. Chimg t6 S c6 mot khong gian con bat bién khong tim thuong.

a) i. S is well-defined?
zel’, y=5()= (O,xl,xQ,...) = (yl,yQ,...) co Z|yi|p = Z|xl|p <o =>yel.
i=1 =1

ii. S'is linear?
Cho z,yel”, a €F véi z = (ml,azQ,...), Y= (yl,yQ,...). Vi phép nhéan vo hudng
va phép cong vector trén [* 13 tuyén tinh lién tuc nén ta co:

S(ax+1y) :(O,axl +y,,0, +y2,...) :(O,axl,axz,...)+(0,y1,y2,...)
=aS(x)+S5©).

iii. S'is continuous?

S da tuyén tinh. S lién tuc <> IM > 0,||Tz| < M |z|. Chon M = 1, ta c6:
|7 = 0,0, 25 ) = s 2 ) = ]

v. §°=?

S =@, Sy (@)= (Y ,x)=(y.Sz). Lo y: (") =1, véi

il

p q

b) Xét M, ={zel’ 2, =01<k<n}.

i. M, Cl" theo dinh nghia, va (0) =M, =1".
ii. M, la khong gian con?

Véimoi z,y € M, va a € F. Vi phép nhan v6 hudng va phép cong vector trén [”
1a tuyén tinh lién tuc nén oz +y €1 va (aa: +y)k =ar, +y,=0,1<k<n.
Viy ax+yeM,.
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iii. M, bt bién véi S?

Chozxe M

n?

taco x =(0,0,...,0,z
—_—
(n)times

= L)EeEM O
S(x) (090’ ’O’mn+l’zn+2’ ) € n

(n+1)times

..). Suy ra:

n+12 $7L+2 >

2. Giasu T € B;(X) va T c6 anh xa nguoc. Chung minh X 1a hitu han chiéu.

Nhic lai: “E 13 hitu han chiéu khi va chi khi E compact dia phuong” (bai tap 1.6.6
[2D).

Ap dung Dinh Iy Anh xa ngugc, taco T~ € B(X). Vavi B,(X) 1a mot ideal 2
phia déng cta dai s6 B(X) nén TT™" € B,(X), hay Id, € B,(X). Suyra

B(0,e) = 1d, (B(0,¢)) 1a compact trong X, hay X compact dia phuong. Vay X hitu

han chiéu. O

3. Gidsu T € B,(X,Y) va ranT la tdp dong. Chung minh rang ranT 13 hiru
han chiéu.

Ta can ching minh ranT 13 compact dia phuong.

Taco: T: X — ranT 1 toan anh, ap dung Pinh 1y Anh xa mé suy ra T'(B(0,¢))
la mé trong ranT (vi B(0,¢) 1a mo trong X). Khi do, ton tai B(a,r) C T'(B(0,¢))
(1.

Mit khac T' € B,(X,Y), nén m la compact trong Y. Ma ranT 1a dong,
do do m NranT la compact (2).

T (1) va (2) suy ra B(a,r)(dong) C T'(B(0,¢)) NranT (compact), nén B(a,r) la

compact trong ranT . Vay ranT la compact dia phuong. []

4. Giastt T € B(X,Y) va Y1a hitu han chiéu. Ching minh rang T € B,(X,Y).

Ta can chimg minh T(B(0,¢)) 1a compact trong Y.

Ta co: B(0,¢) bi chan trong X. Ma T € B(X,Y), nén T(B(0,¢)) bi chan trong Y.
Mt khéc, Y 1a hiru han chiéu, do d6 Y compact dia phuwong. Suy ra m la
compact trong Y. [
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