Giai tich Ham Nang cao
Cao hoc khéa 15, Hoc ki I, 2005

Bai thi cudi khéa va 16i giai tém tat
Thai gian: 180 phat. Cho phép sir dung tai liéu. Chi ba bai diu tién trong bai
lam cla hoc vién s& dudc chAm diém. Hoc vién cé thé st dung céc két qua trong
cac bai gidng va bai tp trong khda hoc.

Vi1l < p < oo, dit 7 = {{x,} : @ € F, Y00 |2n|P < 0o} véi chuin
[{zn} = (Z?:1|33n|p)1/p- bat (> = {{zn} : zn € F, sup,>y|zn| < oo} véi

chuan |[{z,}|| = SUP,,>1|Tnl-

1. a). Cho 2  1a mot khong gian vécto topo va A C 2. Ching minh ring
néu A+ A C 2A thi tap A 1a 16i.

b). Ching t6 ring trén 2” ton tai mot phiém ham tuyén tinh lién tuc khong
tam thuong khi va chi khi 2 chita mot tap mé 16i khong tam thuong.

Loi gidi: a). Ta c6 Yo,y € A, v/2+y/2 € A. Suy ra Vo, y € A, x/2 +1y/2 € A.
Diung bai 6 cia Bai tap 1.

b). Néu f la mot phiém ham tuyén tinh lién tuc tréen 2 khdc O thi | f| la mot nia
chuan lien tuc khdic 0, do dé tap {x € 2 : |f(x)| < 1} la mot tap 16i md khic ) va
Z.

Néu tren 2" c6 mot tip 1oi md A # 0, 2 thi c6 b € 2\ A. Theo dinh li Hahn-
Banach ton tai mot phiém ham tuyén tinh lien tuc trén 2, tach {b} va A, nén khdc
0.

2. a). Dat ¢ = {{zn} : 2, € F, limy,_ox, = 0} v6i chuan |[{z,}| =
SUp,>1|zn|. Ching minh ring qui cau don vi déng trong ¢y khong c6 diém
mit. b). Chitng minh ring tap hop cac diém mit ciia qui cau don vi déng
trong (>° 1a {{z,} : Vn, |z,| = 1}.

Loi gidi: a). Diém miit néu cé phdi ndm trén mat cau don vi. Gid st x = (x1,2,...) €
co va ||z|]| = 1. Vilim, .o x, = 0 nén ton tai ng sao cho |x,,| < 1. Ton tai e > 0
5a0 cho |Tp, £ €| < |zn,| +€ < 1. Dty la diy nhan dugc tw x bang cich thay x,, bdi
Ty, — €, va dat z la day nhan duge tw x bang cich thay x,, bdi x,, +¢. Khi dé y, z
ndm trong qud cau don vi va (y + 2)/2 = x, vay x khong phdi la mot diém mait.

b). Gid st x € (> vaVn, |z,| = 1. Gid s ¢6 o € [0,1] va y, z trong qud cau don vi
sao cho x = ay+ (1 — a)z. Khi dé vdi moi n thi 2, = ay, + (1 — &)z,. Ma |x,| =1,
[Yn| <1, |2n] <1, nén y, = 2, = . Vay x la mot diém mait.

Gid st ||z|| < 1 va Ing sao cho |x,,| < 1. Ton tai € > 0 sao cho |z,, £ ¢ <

|no| + € < 1. Dat y la day nhan duge tw x bang cich thay x,, bdi x,, — €, va dat z
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la day nhdan dugc tw x bing cich thay x,, bdi T,, + €. Khi dé y, z ndm trong qud cau
don vi va (y + 2)/2 = x, vay x khong phdi la mot diém miit.

3. Chitng minh ring mdi phiém ham tuyén tinh lién tyc trén mot tap compic
16i ctia mot khong gian 16i dia phuong thyc nhan duge cuc dai tai mot diém
mit cta tap do.

Loi gidi: Mot dnh za lién tuc trén mot tap compdc cé gid tri lon nhat trén dé. Tap
hop cdc diém tai dé phiém ham tuyén tinh dat gid tri lon nhét la mot tap mit. Tap

nay lai chita mot diém mat, theo dinh li Krein-Milman.

4. Xét T : 1?2 — ¢2 cho béi

1 1 1
T((x1,22, ..., Tn,y...)) = (21, 592 53%3) -5 Gz Ty ).
a). Chitng minh ring T € Z((?).
b). Xét T;, : £2 — ¢? cho béi
1 1 1
T.((z1, 22, .. &y ... ) = (21, 352, 5393 W:pn,o,o, c).

Chiing minh ring T, =3 T trong Z(¢?). Tit d6 suy ra T 1 toan tit compic.
Loi gidi: a). Vo € 2, |T(2)||> = X, |55 znl? < X, lznl> = |2||%, vay T bi chan.
b). Gid sit x € (% sao cho ||z| = (3, |zn|)t/? < 1 va do dé |x,| < 1, Vn. Khi dé

(T = T,)(2)|]> = Z;)in+1|27%1x1|2 <Y n 37 Suy ra [T =T, < it 7 =

0.

Moéi Ty, la mot todn ti tuyén tinh vao mot khong gian hitu han chiéu nén la todn

i compac (bai 4 cia Bai tdp 5). Gidi han ciia mot day cdc todn tii compdic la compic
(i thuyét: Bo(Z) la dong trong B(X)), vay T la compdc.

5. Xét day e, = (0,0,...,0,1,0,...) trong d6 s6 1 ndm & vi tri thi n trong
day. Luu y la e, € P, 1 < p < oo; vd (fP)* = (9 trong d6 ¢ la sb sao cho
1/p+1/g=1.

a). Chitng minh ring day {e,} khong hoi tu vé 0 trong ¢P.

b). Chitng minh rang day {e,} hoi tu yéu vé 0 trong ¥ néu 1 < p < oo.

¢). Chiing minh ring day {e,} khong hoi tu yéu vé 0 trong (7 néu p = 1.

Loi giai: a). |len, — 0] = |len|| = 1, Vn.

b). {en} hoi tu yéu vé O trong (P khi va chi khi (z,e,) — 0, Vz € (¢P)* = (4. Chi
yla néux e l?vay € lPth (x,y) ==, xYn. Do dé (z,e,) = x,, — 0, bdi vi néu
l<p<oothil<g<ooway, |r,|?<oo.

c). Néu p =1 thi ¢ = oo nén khong cé dudc x, — 0 vdi moi x € £>°.



