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Sets
Set Operations
Functions
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1. Sets

1.1 Introduction and Notation
1.2 Cardinality

1.3 Power Set

1.4 Cartesian Products

1.1 Introduction and notation

. Introduction :A set is an unordered collection of elements
Examples.

{1, 2, 3} is the set containing “1” and “2” and
‘63.?’

{1, 1, 2, 3,3} = {1, 2, 3} since repetition is
irrelevant.

{1, 2,3} =143, 2, 1} since sets are unordered.

{0,1,2, 3, ...} is a way we denote an infinite set
(in this case, the natural numbers).

= {} is the empty set, or the set containing no

element. Note: @ = {2}

1.1 Definitions and notation

X € S means “X is an element of set S.”
X ¢ S means “X is not an element of set S.”
A < B means “A is a subset of B.”

or, “B contains A.”
or, “every element of A is also in B.”
or, Vx ((x € A) > (x € B)).

‘D o Venn Diagram
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1.1 Definitions and notation

A c B means “A is a subset of B.”
A o B means “A is a superset of B.”

A = B if and only if A and B have exactly the same elements

iff, AcBandBc A
iff, AcBandA>B
iff, VX ((X € A) <> (x € B)).

So to show equality of sets A and B, show:

1.1 Definitions and notation

A c B means “A is a proper subset of B.”
mAc B,and A #B.
mVX ((x € A) > (X € B))
AIX (X e B)A (X g A)

1.1 Definitions and notation

Quick examples:

m {1,2,3} < {1,2,3,4,5}

m {123} < {1,2,3,4,5}

s B < {1,2,3}?
Yes! Vx (x € &) — (X € {1,2,3}) holds,
because (X € &) is false.

Isde {1,2,3}? Nol

Is P c{J,1,2,3}? VYesl

Is e {J,1,2,3}? VYesl

1.1 Definitions and notation
Quiz time:
Is {x} < {x}? Yes
Is {x} € {X,{x}}? Yes
Is {x} < {X,{x}}? Yes

Is {x} € {x}? No
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Ways to define sets Ways to define sets

m Explicitly: {John, Paul, George, Ringo} In general { X : P(x)}, where P(x) is some predicate

m Implicitly: {1,2,3,...}, or {2,3,5,7,11,13,17,...}

m Set builder: { X : X is prime }, { X | Xis odd }. Ex. Let D(x,y) denote the predicate “X is divisible by y”

m In general { x : P(X)}, where P(X) is some And P(x) denote the predicate

predicate. vy ((y > 1) A (Y < X)) = =D(x,y)
Then
We read
“the set of all X such that P(x)” {x: 9y ((y>1) Ay <x)—>-=Dxy) }.
is precisely the set of all primes
1.2 Cardinality 1.3 Power sets

If S is a set, then the power set of S is

If S is finite, then the cardinality of S, |S|, is the P(S)=25={x:xcS}.

number of distinct elements in S.

IfS={1,2,3} - IfS={a} -
IS = {3,3,33,3} - IfS = {ab) ?
irs-o  @EEED Ifs=®- i
1S={2. (2}, 12,12} } EED s 2.0y <SEENENG s

IfS= {0’1,2,3,...}, ‘S| is infinite. (more on this later) Fact: if S is ﬁnite, |23| =98 (1f|S| =n, |23| — 2")




8/27/2009

1.4 Cartesian Product

The Cartesian Product of two sets A and B is:
AxB={(a,b):aeAAbeB}

If A ={Charlie, Lucy, Linus}, and
B = {Brown, VanPelt}, then

A x B ={(Charlie, Brown), (Lucy, Brown), (Linus, Brown),

(Charlie, VanPelt), (Lucy, VanPelt), (Linus, VanPelt)}

A x A xox A=
={(a;, ay...,a): 8, € A,a, €A, ...,a, €A}

2. Set Operations

2.1 Introduction

2.2 Sets Identities

2.3 Generalized Set Operations

2.4 Computer Representation of Sets

2.1 Introduction

The wnion of two sets A and B is:
AuB={x:xeAvxeB}

If A = {Charlie, Lucy, Linus}, and
B = {Lucy, Desi}, then

A U B = {Charlie, Lucy, Linus, Desi}

2.1 Introduction

The /intersection of two sets A and B is:

AnB={x:xe AArXxeB}

If A = {Charlie, Lucy, Linus}, and
B = {Lucy, Desi}, then

A N B = {Lucy}
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2.1 Introduction

The intersection of two sets A and B is:
ANnB={x:xe AAXxeB}

If A={X:Xis aUS president}, and
B = {X: Xis in this room}, then
AN B={x:xisaUS president in this room} = &

2.1 Introduction

The complement of a set A is:

A=pcoge
If A= {x : X is not shaded}, then

A=Hexishad

2.1 Introduction

The symmetric difference, A @ B, is:
A®B={x:(XxeAArXxeB)v(xeBaxgA)}

=(A-B)U(B-A)
={x:Xxe A®x € B}

ap

2.2 Set ldentities

m Identity AnU=A
A=A

» Domination AuU=U
ANnd=0J

nIdempotent AUA=A
ANA=A
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2.2 Set ldentities 2.2 Set ldentities
» Excluded Middle AUA=U » Commutativity AUB=BUA
AnB=BnA
m Associativity (AuB)UC=AUBUC)
n Unigueness ANA=0 (ANB)NC=An(BnC)

w Distributivity
AUBNC)=(AUB)N(AUC)

n Double complement A=4 ANBUC)=ANB)UANC)
2.2 Set ldentities 4 ways to prove identities
n DeMorgans I 4 g% = Show that Ac B and that Ao B. -
= Use a membership table.
nDeMorgans II 43— 4 Fi -

= Use previously proven identities. -

m Use logical equivalences to prove
equivalent set definitions.
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4 ways to prove identities

Provethat 4 Fm_4-%

Not a particularly
interesting example,
sorry.

4 ways to prove identities

Provethat ¢ Z—4-F
. . Haven't we seen
using a membership table. this before?
0 : x is not in the specified set

1 : otherwise

A B AnB AUB

4 ways to prove identities

Provethat _4 7_4—K

using logically equivalent set definitions

(AUB)={X:—(X e AvXeB)
={X:=(Xe A)A—=(x € B)}
={x:(xeA) A (xeB)

=ANB

4 ways to prove identities
Prove that A @ = B

using known identities
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2.3 Generalized Set Operations
Generalized Union

O]A =AUA U...UA
i ={Xx:Xe AvxeAv..vxeA}
Ex. Let U= N, and define:
A={i, i+, i+2, .3
Then
A={JGi+Li+2,.3=1{.23..}

1 i=1l

n n
i=

Generalized Intersection
OA:Am&mmm&
={X:Xe AAXeEA A..AXEA}

Ex.Let U= N, and define:

A=l L i+2, L)
Then

rn]Ai ={nn+1,n+2,..}

2.4 Computer Representation of Sets

Let U = {X;, X,,..., X,}, and choose an arbitrary order of
the elements of U, say

Xps Xgp-es Xp

Let A < U. Then the bit string representation of A is the
bit string of length n : &, a,... a, such that a; =1 ifx; € A,
and 0 otherwise.

Ex. If U= {X|, X;,..., X}, and A= {X;, X3, X5, X},
then the bit string representation of A is

(101011)

Sets as bit strings

Ex. If U = {X;, Xp,..., Xg}, A= {X}, X3, Xs, X},
and B = {X,, X3, X¢}-

Then we have a quick way of finding the bit string
corresponding to of AU B and A N B.

Bit-wise OR |

Bit-wise AND
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3. Functions

3.1 Introduction

3.2 One-to-One and Onto Functions.

3.3 Inverse Functions and
Composition of Functions

3.4 The Graphs of Functions

3.5 Some Important Functions

3.1 Introduction

Definition. A function (mapping,map) fis a rule that
assigns to each element x in a set A exactly one element

y=f(x)inas

A

= A is the domain, B is the codomain of f.

3.1 Introduction

A B

= b =f(a) is the image of a and a is the preimage of b.

» The range of f is the set {f(a), a € A}

Example.

A = {Michael, Tito, Janet, Cindy, Bobby}

B = {Katherine Scruse, Carol Brady, Mother
Teresa}

Let f: A— B be defined as f(a) = mother(a).

Michael

Tito
Janet
Cindy
Bobby
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For any set S — A, image(S) = {b: Ja € S, f(a) = b}=1(S)

So, image({Michael, Tito}) = {Katherine Scruse}
image(A) = B — {Mother Teresa}

Michael
Tito
Janet
Cindy.
Bobb

Algebra of functions: let fand g be functions with
domains A and B. Then the functions f+g, f—g,
fg and f/g are defined as follows:

(f+9)(x)= f(x)+g(x) domain=ANB

(f-9)(x)=f(x)—g(x) domain=ANB

(fg)(x)= f(x)g(x)  domain = ANB
f(x)

[é}(x) = W domain = {xeANB /g(x)#0}

Example: let f(x) = x2, f(x) = x — x? be functions
from R to R, find f+ g and fg.

Solution: We have

F+ox)=x*+(x-x*) =x
And
(fo)(x) = x* (x —x?) =x3—x*

3.2 One-to-One and Onto Functions

Definition.A function f: A — B is one-to-one
(injective, an injection) if
vy (f(x) =f(y) > x=y)

Michae
| Tito
Janet
Cindy
Bobb

10
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Remark. A function f: A — B is one-to-one iff
Xy (x 2y — f(x) =f(y))
Recall that

+¢ A function fis strictly increasing on an
interval I c R if

Vry (x <y = f(x) <f(y))
+¢ fis strictly decreasing on 7 if
Xy (x <y —f(x) > f(y))

+¢ It is clear that a strictly increasing or strictly
decreasing function is one-to-one.

Onto Functions

Definition. A function f: A — B is onto (surjective,
asurjection) if Vb € B,3a € Af(a)=b

Michael

Tito
Janet
Cindy

Bobb

Onto Functions
Example. Is the function f(X) = X2 from Z to Z onto?

Solution: The function fis not onto since there is no
xin Z such that x>=-1

Example. Is the function f(X) =X+ 1 from Z to Z onto?

Solution: The function f'is onto since for every

yin Z,there is an element x in Z such that x+ 1 =y
(by takingx =y -1)

Bijection
Definition. A function f: A — B is bijective if it is
one-to-one and onto.

Isaak

Bri
Lynette
Aidan
Evan

11
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3.3 Inverse Functions and
Compositions of Functions

Definition. Let f : A — B be a bijection. Then the inverse
function of f, denoted by f !

is the function that assigns each element b in B the unique
element ain A such that f(a) =b. Thus f -1(b) = a.

Isaak=———=¢Cinda
Brt=——=5 Dee
Lynette=———=; Deb
AIdah=, KQTr'inﬂ
Evah—-— Dawn

f -1(Cinda) = Isaak, f -!(Dee) = Bri, ..., f ~}(Dawn) = Evan

Example. Is the function f(x) = x*> from Z to Z
invertible? (i.e. the inverse function exists)

Solution: The function fis not onto. Therefore
it is not a bijection, and hence not invertible

Example. Is the function f(x) = x + 1 from Z to
Z invertible?

Solution: The function fis a bijection so it is
invertible.

Example. Is the function f(X) =x + 1 from Z to
Z invertible? What is its inverse?

Solution: The function f'is a bijection so it is
invertible.

To find the inverse, let y be any element in Z, we
find the element x in Z such that y = f(x) =x + 1.
Solving this equation we obtain x =y —1.

Hence f “1(y) =y -1.

We also write f “1(x) = x —1.

Definition. The composition of a function g: A — B and
a function f: B — C is the function fog : A — C defined by

fog(x) = f(g(x))

Note. The domain of fog is also the domain of g, and
the codomain of fog is also the codomain of f.

x I gx) — f — flg(x))
(output)

(input)

12
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Arrow diagram for fo g

Example. let f(x) = x? and g(x) = x — 3 are
functions from R to R.

Find the compositions fog and gof

Solution.

(fog)(x) = flg(x)) = fix - 3) = (x-3)?
(goN(x) = g(flx)) = g(x*) =x* -3
This shows that in general: fog # gof

3.4 The Graph of a Function

Definition. Let f : A — B be a function. Then the

graph of f, is the set of ordered pair (a, b) with a
inAand f(a) =b.

Example. The graph of the function f : R — R such that
fx)=-x/2-25

.

Example. The graph of the function
f: R — R such that f{x)=x?

13
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Example. The average CO, level in the atmosphere
is a function of time given by the following table

The graph of this function

ppm:parts per million

3.5 Some Important Functions

Ceiling.
f(x) =1 x 1 the least integer y so that x<y.

Ex:[12]=2;[-12]=-1;[1]=1

Floor.
f(x) =Lx] the greatest integer y so that y <x.

Ex:[1.8]=1;]-1.8]=-2;[-5]=-5

Quiz: what is[-1.2+[1.1]]? 0

The graph of the floor function

The graph of the ceiling function

14



