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RELATIONS

Relations

1. Dinh nghia va tinh chat

2.Biéu dién quan he

3.Quan h¢ twong duong. Péng du. Phép
todn sé hoc trénZ,

4.Quan hé thtr ty. Hasse Diagram

1. Definitions

Definition. A quan hé hai ngdi tir tip Adén tdp B 1a tap con
cua tich Descartess R < 4 x B.

Chung ta s& viét a R b thay cho (a, b) € R

Quan hé tir 4 dén chinh néduge goi 1a quan hé trén 4

B

. b
Pk
U,

R={(ay, b)), (a, by), (a3, b5) }

1. Definitions

Example. 4 = students; B = courses.
R ={(a, b) | student a is enrolled in class b}
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1. Definitions

Example. Let 4 = {1, 2, 3, 4}, and
R={(a, b) | a divides b}
Then R consists of the pairs:
R={(1,1),(1,2),(1,3),(1,4),(2,2), (2, 4), (3,3), (44}

2. Properties of Relations

Definition. A relation R on a set 4 is reflexive(phdn
xg) if:
(a,a) e Rforalla e 4

Example. On the set 4 = {1, 2, 3, 4}, the relation:

m R ={(L1),(1.2),(2,1),(2,2),(3,4), (4 1), (44}
is not reflexive since (3, 3) ¢ R,

= R, ={(11),(1,2),(1,4),(2,2),(3,3), (4, 1), (4, 4)}
is reflexive since (1,1), (2, 2), (3, 3), (4,4) € R,

® The relation < on Z is reflexive since a < a for all ae Z

® The relation > on Z is not reflexive since 1 # 1

®"The relation “ | ” (“divides™) on Z * is reflexive since
any integer a divides itself
Note. A relation R on a set 4 is reflexive iff it contains
the diagonal of 4 x 4 :

A={(a,a);a € A}

2. Properties of Relations

Definition. A relation R on a set 4 is symmetric(déi xieng) if:
YaeAVbeA(aRb)—> (bRa)
The relation R is said to be antisymmetric(Phdn xirng) if:
VaecAVbeA(@Rb)A(BRa)—> (a=Db)

Example.
m The relation R, = {(1,1), (1,2), (2,1)} on the set
A=1{1,2,3,4} is symmetric
m The relation < on Z is not symmetric.
m However it is antisymmetric since
(@g<b)ynzLa)—>(a=>b)
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® The relation “ | ” (“divides™) on Z * is not symmetric.
However it is antisymmetric since
(alb)r(bla)—>(a=Db)
Note. A relation R on a set 4 is symmetric iff it is self
symmetric with respect to the diagonal A of 4 x 4.

The relation R is antisymmetric iff the only self
symmetric parts lie on the diagonal A of 4 x A4.

*
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2. Properties of Relations
Definition. A relation R on a set 4 is transitive(bd'c
cdu, truyén) if
VaeAVbe AVce A(@aRb)A(DBRc)— (@Ro)

Example.

m The relation R = {(1,1), (1,2), (2,1), (2, 2), (1, 3),
(2,3)} ontheset A={l,2,3,4} is transitive

m The relations < and “|”on Z are transitive
@<b)arbc)y—>(@=<o)
(@lb)yn(dlc)—>(alc)

3. Representing Relations

Introduction
Matrices
Representing Relations

Introduction

Let R be a relation from .4 = {1,2,3,4} to B = {u,v,w}:
R = {(1,u),(1,v),(2,w),(3,w),(4,0) }.
Then we can represent R as:

This is a 4x3-matrix whose entries indicate membership in R

12
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Representing Relations

Definition. Let R be a relation from 4 = {a;, @, ..., a,,}
to B={b,, by, ..., b}, then the representing matrix ot R
is the 7 X n zero-one matrix My = [#,] defined by

0 if(a;,b) R
1 if(a;, b) € R

i

Example. Let R be the relation from T
A={1,2,3} to B={1,2} such
that 2 R bif a> b.

Then the representing matrix of Ris

1 if(a;,b) € R
0 if(a;,b) ¢ R

Example. Let R be the relation from A = {4, ,, a;} to
B = {b, by, bs, by, b} represented by the matrix

b, b, b, b, by
0100 0] q

M,=[1 01 1 0| &
1010 1] %

Then R consists of the pairs:

{(ay, by), (ay, by), (ay, b3), (ay, by), (a3, by), (a3, b3), (a3, bs)}

14

Representing Relations

" Let R be a relation on a set A4, then the matrix My that
represents R is a square matrix

= Ris reflexive if and only if all diagonal entries of My
are equal to 1: m; = 1 for all /

Representing Relations

B Let R be a telation on a set A4, then the matrix My that
represents R is a square matrix

®  Ris symmetric if and only if My is symmetric

my;=m; for all i, j
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Representing Relations

" Let R be a relation on a set .4, then the matrix My, that
reptesents R is a square matrix

®  Ris antisymmetric if and only if M, satisfies:

m;= 0orm;=0 ifi=j

4.Equivalence Relations

Introduction

Equivalence Relations
Representation of Integers
Equivalence Classes
Linear Congruences.

Introduction

m Example:
Let § = {people in this classroom}, and let

R = {(a,b): a’s last name starts with the same
letter as &’s last name }

m Quiz time:

Is R reflexive? -
Is R symmetric? -
Is R transitive? -

Equivalence Relations
Quan h¢ twong dwong

Definition. A relation R on a set A4 is an equivalence
relation if it is reflexive, symmetric and transitive:

Example. Let R be the relation on the set of strings of
English letters such that aRb if and only if @ and b
have the same length, then R is an equivalence relation

Example. Let R be the relation on R such that aRb if
and only if a— b is an integer, then R is an equivalence
relation

20
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Recall that if a and b are integers, then « is said to be
divisible by b, or a is a multiple of b, or b is a divisor of
a if there exists an integer k such that a = kb

Example. Let m be a positive integer and R the relation
on Z such that aRb if and only if a —b is divisible by
m, then R is an equivalence relation
mThe relation is clearly reflexive and symmetric.
mLet a, b, c be integers such thata —b and b —c are
both divisible by m, thena—c =a—b + b —c is also
divisible by m. Therefore R is transitive
wThis relation is called the congruence modulo m and
we write

a=b (mod m)
instead of aRb

21

Equivalence Classes
Lép twong dwong

Definition. Let R be an equivalence relation on a set 4 ,
and a € 4 . The equivalence class of a denoted by [a], or
simply [a] is the subset

[alg={b €A, bRa}

Equivalence Classes

Example. What are the equivalence classes modulo 8 of 0
and 1?

Solution. The equivalence class modulo 8 of 0 contains all
integer « with the same remainder mod 8 as 0, i.e. zis a
multiple of 8. Therefore

[0g={...,—16,-8,0,8,16, ... }

Similatly

[1]g = {4, a has temainder 1 mod 8}
={..,-15-7,1,9,17,... }

Note. In the last example, the equivalence classes [0]g and
[1]g are disjoint.
More generally, we have

Theorem. Let R be an equivalence relation on a set A4
and 4, b € A, then

@) 2 R bif and only if [4, = [Ax
(i) [alg # [#]x if and only if [d; N [# = D

Note. The equivalence classes form a partition of the
set A in the sense that it divides .4 into disjoint subsets.
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Note. Let {A4;, A,, ... } be a partition of A into disjoint
nonempty subsets then there is a unique equivalence
relation R on 4 such that the given sets A4; are precisely
the equivalence classes.

Letindeed 4, b € A, then we define « R 4 if and only if

there is a subset A; such that 4, b € A4;

We can prove that R is an equivalence relation on .4 and
[a]g = A;if and only if « € A;

Example. Let 7 be a positive integer, then there are 7
different congruence classes [0],,, [1],,, ..., [#—1],,.

They form a partition of Z into disjoint subsets.

m Note that
[0, = [=,,= [27],,= ...
[, = [z +1],= 2= +1],,= ...
2,=m»+2,=02m+2],=...
[m—1),=12m—-1],=[B3m—-1],=...

m They are called the integers modulo m

m The set of all integers modulo 7 is denoted by Z,,

Z,={[0],, [1,, s [~ 1]}

6. Partial Orderings

Introduction

Lexicographic Order

Hasse Diagrams

Maximal and Minimal Elements
Upper Bounds and Lower Bounds
Topological Sorting

Introduction

Example Let K be the relation on the real
numbers:

aRb ifandonlyif a<b
Quiz time:

uls R reflexive? -
uls R transitive? -
mls R symmetric? -
uls R antisymmetric? -
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Introduction

Definition. A relation R on a set A4 is a partial order(quan hé thii
tw, thir ty) if it is reflexive, antisymmetric and transitive.

We often denote a partial order by <

The pair (4, <) is called a partially ordered set(tip sip
thir ty) or a poset

Reflexive: a < a

Antisymmetric: (¢ < b) A (b < a) > (a = b)

Transitive: (¢ < b)A (b <¢c)—>(a@a < ¢)

29

Introduction

Definition. A relation R on a set 4 is a partial order if it
is reflexive, antisymmetric and transitive.

Example. The divisibility relation “ | “on the set of
positive integers is a partial ordering, i.e. (Z*, | ) is a poset

Transitive?

-

Example. The divisibility relation “ | “on the set of
positive integers is a partial ordering, i.e. (Z*,|)isa
poset

Antisymmetric?

Example. Is (Z, | ) a poset?

Antisymmetric?

31

Ex. Is (28, <), where 25 the set of all subsets of S, a poset?

Reflexive?

Transitive?

Antisymmetric?

32
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Definition. The elements a and b of a poset (S, < ) are
comparable if eithera <b or b <a.

Otherwise, they are said to be incomparable(khéng so sdnb dwgt)

A poset (S, <) such that every two elements are
comparable is called a totally ordered set(tip siip thir tw
toan phin)

We also say that < is a total order(thir tw toan phin) or a
linear order(thit tw tuyén tinb) on S

Example. The relation “< “ on the set of positive
integers is a total order.

Example. The divisibility relation “ | “on the set of
positive integers is not a total order, since the elements
5 and 7 are not comparable

Lexicographic Order

Thir ty tw dién
Ex. A straight forward partial order on bit strings of
length n, is defined as:
a,a,...a, <bb,...b,
ifand only if a; < b;, V i.

With respect to this order, 0110 and 1000 are
“incomparable” ...
We can’t tell which is “bigger.”

For many applications in computer, it is convenient to
have a total order on bit strings, or more generally on
strings of characters:

This is the lexicographic order

Lexicographic Order
Let (4, <) and (B, <°) be two totally ordered sets. We
define a partial order < on 4 x B as follows:
(a,,b;) <(ayb,) if and only if
a,<a,or(a,=ay,and b, <’ b,)

Now we can verify that this is a total order on 4 x B
called the lexicographic order

Note that if 4 and B are well ordered by < and <’
respectively, then 4 x B is also well ordered by <

Note also that this definition can be extended to the
cartesian product of a finite number of totally ordered sets

335

Lexicographic Order

Recall that if T is a finite set called an alphabet,
then the set of strings on X, denoted by Z* is
defined by:

m A € Z* where A denotes the null or empty
string.

m Ifx € Z, and w € %, then wx € X*, where
wx is the concatenation of string w with
symbol x.

Example. Let £ = {a, b, c}. Then
X*={),a, b, c, aa, ab, ac, ba, bb, bc, ca, cb, cc,
aaa, aab,...}




8/27/2009

Lexicographic Order

Now assume that < is a total order on X, then we can
define a total order < on X* as follows.

Lets=a,a,...a,andt=5b,b, ... b, be two strings in T*

Thens < ¢ if and only if

® cither g, = b, for 1 <i<m so that
t=aa,...a,b,. b, ...0,
® or there exists k <m such that
v a;=b;for 1 <i<kand
v a,, < by, so that
S=a,ay ... Ay, Apyy .- Ay,
t=a,a,...a;b, by, ... b,

m We can prove again that < is a total order on the set
>* called the lexicographic order on *

Example. If X is the English alphabet with the usual order
on the characters: a <b < ... <z, then the lexicographic
order is precisely the order of the words in a dictionary

For example

creet

Wil ezt
cret

e

v discreet < discrete di
1
di

L —n

v'discreet < discreetness discreet
c} L
iscreet

ness

< 1is a total order called the lexicographic order on **

Example. If ¥ = {0, 1} with the usual order 0 < 1, then £*
is the set of all bit strings.

We have
v 0110 < 10

v 0110 = 01100

Hasse Diagrams

A poset can be represented visually using a special
kind of graphs called the Hasse diagram

To define the Hasse diagram we need the concept of
direct upper bound.

Definition. An element b in a poset (S, <) is said to be
an upper bound of an element a in Sif a < b

We also say that a is a lower bound of b

b is said to be a direct upper bound of a if b is an upper
bound of a, and there is no upper bound ¢ such that

a<c=<b, a#c#b

40

10
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Hasse Diagrams
" Now the Hasse diagram of a finite poset (S, <)
is the graph:

v'whose vertices are points in the plane in one-to-one
correspondence with S,

v'two vertices a, b are joined by an arc directed from a to
b if b is a direct upper bound of a

b
C_/,.d a<b=<d, a<c
a e
°
c

41

Hasse Diagrams

Ex. The Hasse diagram of the poset ({1,2,3,4}, <)
can be drawn as

4

3

2

1
42

Example. The Hasse diagram of P({a,b,c})
and the Hasse diagram of the set of bit strings of length 3
with natural bitwise order

)b7
bl 111

b,
{a,b} {b,c} 1o o1

<<

o 00
001

%)
000

They look similar !!!

Maximal & Minimal Elements
Consider this poset:

v Each Red is maximal. there is no proper upper bound
v'Each Green is minimal: there is no proper lower bound

v" There is no arc starting from a maximal element
v There is no arc ending at a minimal element

M

11
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Note. In a finite poset S, maximal and minimal
elements always exist.

v In fact, we can start from any element a, € S.
If a, was not minimal, then there exists a, < a,
and so on until a minimal element is found.

v'The maximal elements are found in a similar way.

ay

Example. What are the maximal and minimal
elements of the poset ({2, 4, 5, 10, 12, 20, 25},]) ?

Solution. From the Hasse diagram, we see that 12, 20,
25 are maximal elements
and 2, 5 are minimal elements

Thus the maximal and minimal elements of a poset are
not necessarily unique

Example. What are the maximal and minimal elements
of the poset consisting of bit strings of length 3?

Solution. From the Hasse diagram, we see that 111 is
the unique maximal element and 000 is the unique
minimal element

111 is also the greatest
element and

000 is the least element
in the sense:

000 < abc < 111

for all string abc

In fact we have

Theorem. In a finite poset, if the maximal element is
unique, then it is the greatest element .

Similarly for the least element.

Proof. Let g be the unique maximal m
element. g
Let a be an arbitrary element, then
there is a maximal element m such that

a~<m

Since g is unique we must
havem=g,ie.a < g

Therefore g is the greatest element.
Similar proof for the existence of the least element /

12
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Upper and Lower Bounds

Definition. Let (S, - be a partial order. If A C , then
an upper bound for A is an element x € S (perhaps in
Aalso)suchthatVae A,a x <

A lower bound for Aisanx € Ssuchthat Va e 4,x <a

b  Ex. The upper bound of {g,j}

Upper and Lower Bounds

Definition. Let (S, <) be a partial order. If4 = S,
then an upper bound for A is an element x € §
(perhaps in A also) such thatVa € 4,a < x.

Alower bound for Aisanx € Ssuchthat Va e A,x < a

b Ex. The upper bounds of {g,i} are

is a. Ae
d d
Why not 5? (B)c
] J (C)e,c,and a
Upper and Lower Bounds Definition. Let (S, <) be a partial order. If 4 — S,

Definition. Let (S, <) be a partial order. If 4 S,
then an upper bound for A is an element x € §
(perhaps in A also) suchthatVa € 4,a < x.

A lower bound for Aisanx € SsuchthatVa e 4,x <a

b Ex. The lower bounds of {c,d} are
A S

j ©)e

then the least upper bound for A is an upper bound
x such that for any upper bound y of 4,y « x

The greatest lower bound for A is a lower bound x
such that for any lower bound y of 4,y < x

Ex. The LUB of {i,j} isd
Ex. The GLB of {g,} is
N b (Ae c a
d
B)d, a
J
S

13
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If the least upper bound of 4 = {a, b} exists, then we
denoteitbya v b

Similarly if the greatest lower bound of 4 = {a, b}
exists, then we denote it by a A b

Ex.ivj=d

Ex.banc=f

Topological Sorting

Consider the problem of getting dressed.

Precedence constraints are modeled by a poset in whicha < b
if and only if you must put on a before b.

In other words, we will find a new total order so that a
is a lower bound of b if a < b

Topological Sorting

Recall that every finite non-empty poset has at least one
minimal element a;.

v" Now the new set after we remove a is still a poset.

55

Topological Sorting

v' Let a, be a minimal of the new poset.

v Now every element of this new poset cannot be a
proper lower bound of @, and a, in the original poset

14
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This process continues until all elements are removed

We obtain a new order of the elements satisfying the
given constraints:
a,dy, ...

m

15



