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LOINOI PAU

Mon hoc Dai sé dong diéu thudc chuong trinh dio tao ci
nhén va thac s§ chuyén nganh Todn — Tin hoc. D€ phuc vu viéc
gidng day , hoc tAip mon hoc nay chiing tdi di bién soan cudn
Pai 56’ dong diéu va dudc xuidt bdn bdi Nha xuit bidn Pai hoc
Qudc gia Thanh phd Hb Chi Minh.Trong gido trinh d6 chiing toi
da chon loc mot s lugng khd nhiéu bai tip, dic biét ¢ nhitng
bai tip nhim b3 sung nhitng kién thitc 1y thuyé&t cin thi€t. Do
khudn khd cud cudn siach nén ti't ci cdc bai tap d6 déu chua c6
11 gidi hodc huéng din. Vi vdy chiing t6i ti€p tuc bién soan
cudn cach ndy nhim bd sung cho gido trinh da c6 d€ gitip ban
doc dugc dé dang hon trong viéc tham khdo mon hoc nay.

Sach Bai tdp Pai s6 dong diéu gdbm bon chuong tudng tng véi
bdn chuong trong gido trinh Pai s6 dong diéu. Ngoai cic bai tip
da dudgc cho & cudi mdi chuong trong cudn sich nay chiing tdi c6
dua thém vao mdt s6 bai tip mSi. Cudi cudn sdch 12 phan gidi va
huéng din cdc bai tip trong sich. Cdc bai tap dudgc tuyén chon
cong phu sé gitip ban doc nim 1y thuyét tdt hon, bi€t van dung
cdc ki€n thic trong gido trinh vdo cdc tinh huéng khic nhau
trong viéc gidi cdc bai tAp va c¢6 tAm nhin sdu hon vé cdi dep cida
moén Pai s6' dong didu. Ngoii ra, cdc sinh vién nganh todn dai sd
ciing ¢6 thé tham khdo cudn siach nay d€ hi€u r5 hon vé Iy
thuy&€t mo dun trong dai so.

Mic du cdc tdc gid da c6 nhiéu cd ging nhung chic cudn sich
khé6 tranh khdi nhitng thi€u s6t. Chiing to6i rdt mong nhan dugc
nhitng ¥ ki€n déng gép cla cdc ddng nghiép cling nhu cdc ban
doc.



Ching t6i rAt cdm on Nha xuit bdn Pai Hoc Qudc Gia Thanh
Phd H Chi Minh da tao di€u kién thuan 1gi dé cudn sich dugc
XuAt ban.

Thanh Phd HS Chi Minh ngay 31/5/2003.
CAC TAC GIA
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CAC KY HIEU TRONG SACH

: Tap hdp céc so tu nhién
: Tap hgp cdc s6 nguyén
: Tap hop cdc s hitu tf

: Tap hdp cdc s& thuc

: M6 dun thuong X trén A

Z/KZ
: X ding cAu véi Y
: Tichten xo cuia X va Y
: T6ng truc ti€p clia X va Y
: Tich Descartes ctia X va Y
: Tng truc ti€p clia ho {X}icr

: Tich truc ti€p clia ho {X}icr

:{a+b:ae A beB}
: A 12 md dun con cua X.

Hom(A, B) : Tap cdc dong ciu tir A vao B

<S>
Ker f
Imf

: M6 dun con sinh bdi tdp S
: Nhan clia dong ciu f
: Anh ctia ddng cdu f



PHAN I

TOM TAT LY THUYET VA CAC PE TOAN

CHUONG I
PHAM TRU MO PUN

A.TOM TAT LY THUYET
1. MO PUN

1.1 Khai niém chung

¢ Cho R 1a vanh c6 don vi, nhém cong (X, +) dugc goi la mo
dun trdi trén vanh R n€u c6 4nh xa u: R x X — X ma cdi hgp
thanh p(r, x) ky hiéu 13 rx thod min cic tién dé sau :

Mi: 1x =x VxeX

M;:(rs)x = r(sx) VrseR, VxeX
Ms: r(x+y) =rx+ry VreR,VxyeX
My: r+s)x =rx+sx VrseR,VxeX

¢ Cho A, B 1a cdc tp con khdc rdng cia mo6 dun X, ¢ #K <
R. Ta dinh nghia



A+B = {a+b:ae A, be B}
KA = {ra: ere K,ae A}

e Tap con A khéc réng clia md dun X dudc goi 1a m6 dun con
clia md dun X n€u A + A c A va RA C A.

e Cho M la tp con clia R - m6 dun X. Giao tit ca cdc md dun
con cuia X chita M dugc goi 1a mé dun con ciia X sinh bdi tdp M.
N6i cach khdc mo dun con cia mé dun X sinh bdi tip M chinh 1a
tap hop tat ca R - t6 hop tuyén tinh clia M.

¢ Cho X1a R-md dun va A 12 md dun con cua X. Nhém
thuong X/A trg thanh R - mé dun v46i phép nhan ngoai

rx+A) =rx+A VreR,V(x+A)e X/A
Ta goi X/A 1a mé dun thuong cia md dun X theo md dun A.
1.2 Céc tinh chat
eVrseR,VxyeX
)O0r=0var0=0
i) (-r)x = -rx = r(-x)
iii) (r-s)x = rx - sx
v) r(X-y) = 1X - ry

e Né&u A, B 12 hai m6 dun con cia mo6 dun X thi A + B 12 mo6
dun con cua X.



2. PONG CAU

2.1. Khai niém chung

e Anh xa f tir R - mod dun X vao R - md dun Y goi 1a R-ddng
caiunéu Vx,y € X, Vre R, f(x +y) =f(x) + f(y) va f(rx) = rf(x).

e Dong ciu f: X = Y dudc goi 1a don ciu (tuong ng toan ciu,
ding cau) néu f 13 don 4nh (tuong Gng toan dnh , song dnh).

2.2. Cac tinh chat

e ChoA X,B Y vadongcduf:X — Y. Khids, f(A) la

md dun con cla Y va £'(B) 124 md dun con cia X. Ta ky hiéu
Kerf := £'(0) va Imf := f(X).

e Tich clia hai dong ciu (don ciu, todn ciu, dang ciu ) 1a dong
~ ~ N ~ 2 ~ ~, N ~ ~
cau (don cau, toan cau, dang cau ). Hon nita, f1a R - don cau néu

N A N N 2 ~ N N ~ N 2
va chi n€u Kerf = 0 va f 1a dang cdu né€u va chi n€u f'1a dang
ciu.

* Pinh Iy Noether : Cho toan cdu f: X — Y, khi dé tén tai duy
nhdt ddng cdu f : X/Kerf — Y sao cho f = f p, véi dnh xa tu
nhién p : X — X/kerf.

2.3. Pham tru mé dun

Mot pham trit % bao gdbm mot 16p cdc vat: A, B, C,D ... c6
céc tinh chat sau :

eVGi moi cidp vat ¢é thd tu (A, B) xdc dinh dugc tap Mor(A, B)
cdc ciu xa c6 ngudn 1a A va dich 1a B, ma néu (A, B) # (C, D)



thi Mor(A, B) (1 Mor(C, D) = &. Hon nita v4i bat ky b ba c6
thtt tv (A, B, C), néu cip ciu xa (o, B) € Mor(A, B) x Mor(B, C)
thi tich fa. € Mor(A, C).

e PT1: V6i mdi vat Ae 2, ton tai cAu xa dong nhat 1,e Mor(A,

A), thod 1x.00=a va B.15 = B, néu céc tich 10, B.14 x4c dinh.

e PT2: Luat Idy tich cdc ciu xacé tinh chat két hdp, tirc néu ¢
tich a(By) thi cling c6 tich (af)y va a(By) = (ap)y.
Lép ciac R-ddng cAu 1ap thanh mdt pham tri md dun.

3. TONG TRUC TIEP VA TiCH TRUC TIEP

3.1 .Cac khai niém chung

e Gid st {Xi}ic1 12 ho cdc R - mO dun, trong tich Descartes
[ ] Xi ta dinh nghia cdc phép todn : (Xiicr + (Yiier = (Xi + ¥iie1 V2
iel
r(Xiier = (txi)icr. Khi do; [ [ Xi v6i hai phép todn trén trd thanh
iel

R - mé dun va goi la rich tric tiép cda ho mo dun {X}icr.

e M6 dun con ) Xi={(x)ic1 € [ [ Xi : hitu han x; = 0} goi Ia
iel iel

téng tryc tiép cia ho md dun {X;}icr.

e Gid st {X;}icr 12 ho cdc md dun con cia mo6 dun X. N&u
ZXi =X va ZXJ- NX; = 0 v6i moi iel, ta goi X 1a tdng truc
iel i #

tiép trong cua ho {Xi}icr.

3.2.C4c tinh cha't tdng truc ti€p va tich truc tiép



e N&u luc lugng chi s6 I hitu han thi tdng truc tiép trung vdi
tich truc ti€p.

e N&u ton tai cic ddngcduf: X - Y, g: Y= Ksao cho gf 1a
ding cau. Khi d6 Y = Imf @ Kerg.

e Mo dun X 13 tdng truc ti€p trong ctia hai md dun con A va B
khi va chi khi véi mdi xe X ¢ va chi c6 mot cich bi€u dién x =
a+bvdiae A, be B.

* Pinh 1y cta téng tryc ti€p qua nhing va chi€u : Cho cdc
mé dun A, B, C.Néu ton tai cdc dong cduj, : A - C,j,: B - C,
pi:C—>Avap,:C— A thod

1) piji = 1a, p2jo= l1s.

2)p1j2=0. p2j1 =0.

3) jip1 + j2p2 = e
thiC =z A®B.

* Pinh Iy tinh phé dung cia tich truc ti€p : Cho hocdc mo
dun {X;}icy, khi dé méi ho dong cdu {f; : X — X;} ton tai duy
nhdt mot dong cdu f : X = T1X; sao cho f; = pif vdi moi ie 1.Hon
nita, néu cé ho dong cdu {f; : X; = Y;} thi ton tai duy nhdt dong
cdu tich tryc tiép T1f; : TIX; — [1Y; sao cho vdi moi (xy)icre 11X
ta ¢6 [Ifi[(X)ier] = (filXiD)ier-

* Pinh 1y tinh phd dung cda téng truc ti€p : Cho ho cdc mo
dun {X;}icr. Khi dé véi bdt ky mé dun X, néu cé ho cdc dong cdu
{f; : X; > X} thi ton tai duy nhdt mot dong cdu f : ®X; — X sao
cho f; = fj; véi moi ie 1. Hon nita, néu cé ho dong cdu



{f : Xi = Y;} thi tén tai duy nhdt dong cdu tong truc tiép
Bf: ®X; - ® Y, sao cho Vx := Yji(x;) € ® X, f(x) = (fi[xi]).

3.3.Vat phd dung trong pham tru

Cho trudc pham tri 2 Vat Ae & dugc goi lavat dau (vat cudi)
néu vé6i bat ky vat X € 2 tap Mor(A, X) (t.u Mor(B, X)) c6
ding mot phan ti. Khi dévat A dudc goi la vat phd dung clia
pham trii. Néu trong pham tril 2 ¢6 cdc vat dau (vat cudi) thi cdc
vat ddu (vat cudi) 1a tuong duong nghia 13 ton tai ding xa giita
ching v4i nhau.

4. DAY KHOP

4.1. Cac khai niém chung

Diay cdc dong cau (v6 han hay hitu han)
8n_1 an an+1
X X X X — ... (D
goi 12 khép tai md dun X, néu Imé,.; = Kerd, va ché tai mo dun
X, néu Imd,,; 12 hang tif truc ti€p clia md dun X,,. Diy (1) goi l1a
khép (ché), n€u né khép (ché) tai moi mo dun trung gian.

4.2. Cac tinh chat chung

* Pinh Iy vé day khép ngin : Di vdi day khép ngdn

f g
0 > A > B — C — 0. Cdc phdt biéu sau la twong dwong:

i) Day ché ra.

ii) Péng cdu f cé nghich ddo trdi.
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iii) Pong cdu g c¢6 nghich ddo phdi.
* B6 dé bon dong cau : Cho biéu dé giao hodn

f g h

el

A_ 3B _»C_» D

Trong dé hai dong la khdp, tla toan cdu va yla don cdu. Khi dé
i) Kerp = g(Kera)
i) Ima. = "' (ImP) .

X IR - A g . A A . 7
* B6 dé nam dong cau : Cho biéu do giao hodn

A > B > C >D > E
Otlwl« Otzwl« OL3~L OL4~L OLs»L
A > B! > C! > D' > E'

Trong dé hai dong la khdp, a; toan cdu va as don cdu. Khi do,

Af N A N A 2 ~ N A N

néu oy va oy don cdu (toan cdu, dang cdu) thi az don cdu (toan
~ 2 o

cdu, dang cdu)

A 3R = < o A A . .
* Bo dé nam ngin : Cho biéu db giao hodn

0 > A > B > C >0
al Bl
0 > A' > B’ > C! >0

7
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Trong dé cdc dong 1a khép. Khi do, néu a, y 12 don ciu (toan
ciu, ding cau) thi B ciing 12 don cau (toan ciu, ding ciu).

5.MO PUN TU DO

5.1. Khai niém chung.

e Cho mo6 dun X, tAp con S < X dugc goi I1a hé sinh ctia X néu
<S>=X.

e Tap con S < X dudc goi 1a doc 1ap tuyén tinh néu tir mdi
n
ding thitc Zrisi =0,tacér=r,=...=r1,=03§ dayrieR, s;e S.
=H
e Hé sinh S ciia md dun X dong thdi ddc 14p tuyé&n tinh goi 1a
cd sd cia md dun X. M6 dun X ¢6 co s duge goi la m6 dun tu
do.

4.2. Cac tinh chat

e TAp S = {si}ie1 < X cdc phin tif clia md dun X 13 cd 58 clia X
néu va chi mdi phin tt xe X chi c6 mot cdch biu thi tuyé&n tinh
qua S.

e N&uf: X - Y la ding cAu md dun va X 12 mo6 dun ty do thi
Y 12 md dun ty do. Hon nira, néu S 12 cd sé clia X thi f(S) 1a cd
sGciaayY.

A N A N . 2 ~ A s
e M6 dun X la tu do néu va chi néu X dang cdu m6 dun vdi
2 A . N A
tong truc ti€p cliia ho cdc ban sao ciia vanh hé ti.

e Tdng tryc ti€p ctia mot ho md dun tu do 1a md dun tu do.
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e Moi md dun déu ding cidu véi mo dun thuong ciia mdt mod
dun ty do nao dé.

* Pinh 1y tinh phd dung ctia méd dun tw do : Tdp T # S c X
la co s6 ciia mé dun X néu va chi néu véi bat ky mé dun Y, moi
dnhxa £:S — Y tén tai duy nhdt déng cdu f : X — Y sao cho £
thu hep trén S trung vdi f.

* Dinh Iy mé dun ty do trén vanh chinh : M6 dun con ciia mé
dun ty do trén vanh chinh la mé dun tu do.

B. BAI TAP

1.1. Cho R la vanh ¢6 don vi 1, X la nhdm cdng giao hodn va
Hom (X, X) la vanh cdc ty dong cdu cia nhém X. Chitng minh
ring X 12 R - md dun trdi khi v chi khi ton tai mdt dong ciu
vanh ¢ : R - Hom (X, X) sao cho ¢(1) = 1x , v6i 1x 12 ddng ciu

dong nhat ctia nhém X.

1.2. Chitng minh riing trong tdm tién dé dinh nghia R -m6 dun
trdi, gdm bon tién dé vé nhém cong giao hodn va bon tién dé M,
— My, ta c6 thé bd di tién dé giao hodn clia phép cdng. N6i cich
khdc, tién dé d6 dugc suy ra bsi by tién dé con lai.

1.3. Cho X 1a R-md dun va K 1a ideal hai phiacia R. Chitng minh
ring véix € X thi K.x= {rx:r € K} 1a m6 dun con ctia X.

1.4. Cho R 12 mién nguyén va X 1a R-md dun, phan tf x € X
dudc goi 1a phan tif xodn n€u tdn tai A € X, A # 0 ma Ax = 0. Dit
7(X) 1a tp tAt cd cdc phan tif xodn cia X.

13



Chidng minh ring :
a) 1(X)1a mo dun con cia X.

b) Néu ©(X) = X, ta néi X 1a md dun xodn. Chitng minh
rang moi md dun con ciia md dun xodn 12 mo dun xodn.

c) Né&u 1(X) =0 thi ta n6i X 12 m6 dun khong xodn. Chitng
minh ring moi md dun con cia md dun khdong xoin 1a mod
dun khong xoin.

d) M6 dun thuong X/t(X) c¢6 1a md dun khong xodn hay
khong?

€) Z-md dun Q/Z c6 1a mo dun xodn hay khong ?

1.5. Cho R 13 mién nguyén va X 12 R- mo dun. Phan tf x € X
dudc goi 12 chia dudc n€umoi A € R, L =0, tdn tai phan tlry € X
sao cho x = Ay. Pt §(X) 1a tap tdt ci cdc phan tf chia dugc clia
X. Néu §(X) = X thi X dudc goi 1a md dun chia dugc. Chitng minh
rang

a) &(X)la md dun con cua X.

b) Mo con thuong clia mot md dun chia dugc 1a md dun chia
dugc.

c) Z-md dun Q va Z-mé dun Q/Z déu 1a cic md dun chia

dugc.

1.6. Chitng minh ring mdi dong ciu f : X — Y 1a duy nhit xdc
dinh béi gid tri cla f trén hé sinh S nao d6 cta X.
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Tuy nhién khong phdi mdi 4nh xa g : S — Y ndo ciing c6 thé
md rong thanh ddng ciu tir X vao Y. Hiy tim diéu kién cho g dé
g ¢6 thé md rong thanh ddng ciu trén X.

1.7.Cho f, g : X = Y 1a cdc ddng ciu tir cing md dun X vao md
dun Y. Goi A < X 1a tdp cic x € X ma f(x) = g(x). Chirng minh
ring A 1a md dun con cia X.

1.8. M6 dun X goi 12 md dun don néu X chi c¢6 hai md dun con
duy nh4t 12 0 va chinh X. Gid st X 1a m6 dundon va f: X > Y 1a
dong cAu md dun. Chitng minh ring :

a) Imf1a mod dun con don cia Y.
b) Né&u Imf # 0 thi f 1 don cau.

1.9. Cho A, B la cic R-m6 dun con cua md dun X. Chitng minh

ring
A+y = B/
A ANB

1.10. Cho md dun X va cdc md dun con M, N ma N < M. Chiing

minh ring
X/ V = y
M/ N) M

1.11. Cho h: X — X 1a ty d6ng ciu ctia md dun X thod hh = h.
Hay chirng minh

X =Imh @ Kerh
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1.12. Chitng minh ring trong ba dic trung (1), (2), (3) cla t6ng
truc ti€p hai md dun (dugc ndi trong dinh 1y téng truc tiép qua
nhiing va chiéu), ta c6 thé bd di ddng thic (2). N6i cach khic, néu
ba md dun A, B, C néi trong dinh 1y tdng truc tiép qua nhiing va
chiéu chi cAn thod haiding thic (1), (3) thi

C=zA @ B.

1.13. Cho X la téng tryc ti€p ctia ho cdc mod dun {X;}ic;. Ching
minh ring
a) 1(X)= Z ©(Xj). T d6 suy ra
1€l
b) Téng truc ti€p cdc md dun xodn 12 mod dun xoin .

c) Téng truc ti€p cla cdc md dun khong xodn 1a md dun
khong xodn.

1.14. Cho X = HXi. Ching minh ring md dun con chia dudc clia
i€l

mod dun X :
5= J]8X)
el

T d6 suy ra tich tryc ti€p clia cdc md dun chia duge 13 md dun
chia dudc.

Tdng truc ti€p cla cdc mo dun chia duge c6 12 mod dun chia duge
hay khong ?

16



1.15. M dun X dugc goi 1a hitu han sinh né€u trong X c6 mot tap
sinh hitu han. Cho X la tdng truc ti€p clia ho md dun {X}icr .
Chitng minh ring

a) Mo dun thuong cia mé dun htu han sinh 124 mé dun hitu
han sinh.

b) M6 dun tong truc ti€p X 13 hitu han sinh khi va chi khi mdi
X; 12 m6 dun hitu han sinh va hau hét cdc X; = 0, trit mot s6
hitu han.

1.16. Ching minh ring tong truc ti€p clia ho cdc don ciu (toan
ciu, ddng cau) 1a don ciu (toan cdu, ding ciu). K&t luan trén c6
diing cho tich truc ti€p hay khong ?.

1.17. Cho biéu @b céc déng cau

A_" [ B_®& ,cC 0

Trong d6 dong 1a khép va hf = 0. Hay chitng minh riing ton tai va
duy nhit ddng cdu ¢ : C - X sao cho h = @g.
1.18. Cho bi€u db cic ddng ciu

X

o ,A__,B_% ,C

17



Trong d6 dong 1a khép, gh = 0. Hiy chitng minh riing : ton tai va
duy nhit ddng cdu y :X — A, thod fy=h.

1.19. Cho diy khép ngin

0 > A > X > C >0

Trong d6 A, C 1a cdc md dun hitu han sinh . Chi'ng minh ring X
cling 1a m6 dun hitu han sinh.

1.20. Cho X 12 R-md dun va X, X5 1a cdc md dun con cua X ma
X; + X, va X 11X, 1a cdc md dun con hitu han sinh. Chitng minh
rang Xi, X, 12 cdc mo6 dun con hitu han sinh.

1.21. Cho biéu do

‘_ml

v/
Trong do dong va cot khép. Chitng minh ring B’a 12 don ciu khi
va chi khi o’ 1a don cau.

1.2 Cho biéu dd trong @6 dong va cot 1a khép. Chitng minh riing
B’a 12 toan cAu khi va chi khi o’B 1a toan ciu.

Xem biéu dd § trang sau.
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1.23. 0 0 0

oo

0O —>»A —»B——»C—» 0

Vool

0 — A —>B,——>C—— 0

Vool

0O—>A;— "By~ >G> 0

Vool

0 0 0

Cho biéu @6 3 x 3, trong d6 ba cot va hai dong lién ti€p 1a khép.
Chttng minh ring dong con lai ciing khép. Hon nita n€u dong 1 va
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dong 3 khép nhung dong hai nita khép ta ciing c6 két qud nhu
trén.

1.24. Cho X, X; 1a cdc m6 dun con ctia md dun X. Chirng minh
ring diy sau day la khép.

¢ 4
0—» X; —>y—>X —0
XlﬂX2 X1 X1+X2

trong d6 ¢ (x + X1/ X3) =x + X; v6i moi x € Xp va y(x + X;) =X
+ (X7 + X5) v6imoix € X.

1.25. Chitng minh ring m6 dun con A ctia m6 dun con X 12 hang
tl tryc ti€p ctia X n€u md dun thuong X/A 1a mo dun ty do.

1.26. Cho X, Y la cdc mO dun trén vanh chinh, hon nita Y 12 mo
dun ty do. Chitng minh ring : X = Kerf @ Imf, v6i moi dong
ciuf: X > Y.

1.27. Chitng minh ring moi md dun tu do trén mién nguyén R 1a
md dun khong xoidn.

Néu X 12 mo6 dun khong xodn trén mién nguyén R thi c6 thé két
ludn R 1a m6 dun ty do hay khong ?

C.BAITAP BO SUNG

1.28. Cho M 12 R-md dun tu do c6 tinh chdt, nfur e Rvam e M
thod rm =0thi ta c6 m=0hodacr=0.

Chidng minh ring R khong c6 u6c ciia khong.
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1.29. Cho {M|, My, ..., M,} la tdp cdc R-md dun va
M=M®&Md...&M,

V6imdi 1< i<n,giast N;la moé dun con cida M; . Chitng minh
ring

Ni+No+...+ N, = N® N,®D ...D N,
1.30. Cho {M|, My, ..., M,} la tdp cic R-md dun va
M=M® M® ... ®d M,
VG6imdi 1< i<n,goimn la phép chi€u tr M xudng M;. Chitng
minh ring
T +T+...+7Th=1um
{ i’ = m Vv6i moi i (*)
mm =0 néui#j

Pdo lai cho M 1a R_m6 dun va {m;, na, . . . , T} < Homr(M, M)
thod diéu kién (*). Hiy chitng minh riing

M=M® M;® ... ® M,

1.31. Cho M, M’ cdc R-m6 dun va f € Homg(M, M’). Goi N la
md dun con cia Kerf. Chiing minh ring f cdm sinh mdt R-dong
cau f tir M/N vao M’, nghia Ia

x+N) =1f(x) v6imoix e M

1.32. Cho M, M’ 1a cac R-m6 dun va N va N’ 1a cac md dun con
tuong ing cia M va M. Néutacé M = M’ va N = N’ thicé
k&t ludn duge M/N = M’/N’ hay khong ?
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1.33. Cho M, N 1a cdc R-m6 dun. Gid st ¢6 f € Homg (M, N) va
g € Homg(N, M) thod tinh chat

1) f(M) =N.
i fo = 1
Chitng minh ring
M = N & (M/ g(N))

1.34. Cho X, Xs, ..., Xa va Y1, Yo, ..., Y la cic R-md dun va

n m
Q: Q—)lXi—) _Q—)IYJ-
1= J:

l1a déng cAu R-mo6 dun. Chitng minh ring ¢ bi€u dién duy nhat
qua ma trdn

P11 QP12 .... OQmn
@21 Q22 ... OPm
M) =| . ..........
Omi Pm2 Omn

Trong d6 @; € Homg(X;, Y;). Trong sy bi€u di€n nay n€u xem cédc
phAin i x =x; + X2+ ...+ X, € ® X; va y € @ Y nhv cdc véc td
cOt, Hay chitng minh ring

P11 P12 .... Pm X1
@21 QP22 ... O X2




Hon nifa kiém tra ring, phép hdp ndi 4nh xa twong ng v6i phép
nhin ma tran.

1.35. Cho R 1a vanh giao hodn va R 1a md dun ty do ¢6 cd sé
gdm n phan t&. Chitng minh ring

Homg(M, M) = M,(R)

1.36. Cho cac h() R_m6 dun {Ai}iel, {Bi} iel va {Ci}iel- Néu véi
mdii e Itacé diy khép

0 > Aj > B; > G >0
Chitng minh ring

0— PA—> Bi—> PCi—>0
iel iel iel

cling la day khép.

1.37. Cho Vi, V,, ..., V,la cdc khdng gian vec td hitu han chiéu.
Néu

0 > V) >V, > ... >V >0
1a day khép. Chirng minh ring
n
Z(-l)“ dimV; = 0
=H
1.38. Cho D la vanh chia va M 1a D- m6 dun. Bat

R := Homp(M, M)
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Ching minh ring
1) V 1a R-m6 dun v46i phép nhin ngoai nhu sau.
fr = f(r) Vr e R, fe Homp(M, M)
ii) Tdn tai ding cAu vanh tir D vio Homg(M, M).

1.39. Mot R-m6 dun M dugc goi 1a Noether néu v6i moi day
chuyén ti€n cdc md dun con cia M déu dirng. Nghia 13, néu ho
mo dun con {M;} clia md dun M thod diéu kién

MicMc....cM,c....
Khi d6 tdn tai chi s6 i sao cho Mj = Mj,; ="
Chitng minh riing cdc phit bi€u sau 13 tuong duong
1) M la Noether.
ii) Moi md dun con ctia M déu hitu han sinh.

1i1) Moi tip hop khic réng cdc md dun con clda M déu c6
phin ti¥ t3i dai.

1.40. Mot R_md dun M dugc goi 1a Artin n€u v6i moi day
chuyén gidm cdc md dun con clia M déu dirng. Nghia 1, néu ho
md dun con {M;}ctia md dun M thod diéu kién

M]QMzg. .. .QMn. R

Khi d6 ton tai chi s6 i sao cho M; = My ="
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Ching minh ring n€u M 12 md dun Artin khi va chi khi moi tip
hop khic rdng cdc md dun con ctia M déu c6 phan tif tdi tiéu.

1.41. Vanh hé t& R dugc xét nhu R-mo dun trén chinh né. Chitng
minh riing n€u R 1a Noether va M 12 R-m6 dun hitu han sinh thi
moi R md dun con ctia M déu hitu han sinh.

1.42. Cho M 1a R- md dun va N 1la md dun ctia M. Chitng minh
rang

i) M 1a Noether n€u va chi n€u N va M/ N 1a Noether.
ii) M 12 Artin n€u va chi néu N va M/N 1a Artin.
1.43. Cho day khép

f g
0 > M’ > M > M”’ >0

1) Chttng minh ring M 1a Noether khi va chi khi M’ va
M’’ 1a Noether.

ii) Chttng minh ring M 1a Artin khi va chi khi M’ va M”’
l1a Artin.

1.44.
1) Cho M 1a m6 dun Artin va f € Homg(M, M). Chiing
minh ring f 14 don cAu khi va chi khi f1a ding ciu.

1i) Cho M Ia m6 dun Noether va f € Homgr(M, M). Chiing
minh ring f 12 toan ciu khi va chi khi f1a ding ciu.

1.45.
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1) Tim mdt R-mo6 dun Noether nhung khong Artin.
1) Tim mdt R-mo dun Artin nhung khong Noether.

1.46. Cho M 12 R-md dun. N&u My, Mo, . . ., M, la nhitng md dun
con cuaM sao cho

M=M+M+...+M,
khi d6 chitng minh ring .
i) NE&u tat cd M; déu 1a Noether thi M 12 Noether.
ii)  NE€utdtcd cdc M;déu 1a Artin thi M 1a Artin

1.47. Cho R la vanh Artin va M la R-md dun hitu han sinh.
Ching minh ring moi mé dun con cia M déu 12 mo6 dun Artin.

1.48. Gid st M 12 R-md dun va M’, N, N’ 12 cdc mo6 dun con cua
M. Néu

M=M ®&NVaM=M &N

Thi ta k&t ludn dugc N = N’ hay khong ?
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CHUONG 11

HAM TU HOM VA TEN XO

A. TOM TAT LY THUYET

1. HAM TU HOM

1.1 Cac khai niém chung

e Cho X, Y la cic R-m6 dun. Ta ky hi¢u Hom(X, Y) 1a tap hgp
cdc dong cau tir X vao Y, trén d6 trang bi mot phép todn cdng
dudc x4c dinh nhu sau : Vf, g € Hom(X, Y), tong (f + g) 12 ddng
cdu tr X vao Y thod min Vxe X, (f + g)(x) = f(x) + g(x). V6i
phép todn nay Hom(X, Y) trd thanh nhém cdng aben.

e Cho cdc pham tri #, ¢ . MOt ham t& F : »— € ( phan ham t&
G : #— ) 1a mot quy luit, tuong tng mdi vat Ae 2 véi mot vat
f(A)e € ( G(A)e ¢ )va tuong (tng mdi cdu xa o : A — B trong
pham trll /2 v6i mot cAu xa F(a) : F(A) — FB) ( G(a) : G(B) —
G(A) ) trong pham trll € thoa hai tién dé sau :

HTI1 : Vé6i m61 Vé\lt Ae?P . F(lA) = 1F(A)( G(lA) = 1G(A))

HT2 : F(Ba) = F(B).F(a) (G(Ba) = G(a).G(B)) v6i mdi ciip cau
xa (o, B) trong # ma xac dinh dugc tich Bo.
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e VGi Mod 1a pham tri cdc R - mod dun tréi, .#/b 1a pham trii cic
nhém aben. Haim t& Hom(X, - ) : Mod — /b ( phan ham t& Hom(
-, X) : Mod — .#/b) dit mdi md dun Ae Mod tuong Gng véi nhém
Hom(A, X) va dit mdi dong ciu o tif A vao B véi dong cAu nhém
a«: Hom(X, A) - Hom(X, B) (o : Hom(A, X) - Hom(B, X) )
theo qui tic a«(B) = af (oc*(B) =Ba ) v6i moi Be Hom(X, A) (Be
Hom(A, X) ).

1.2 Pinh Iy vé tinh khép ciia ham t& Hom : Cho X la mé dun

f g
bdt ky va day khop ngdn 0 - A — B — C — 0, khi do

f* g*
0 - Hom(X, A) > Hom(X, B) > Hom(X, C) > 0 (1)

0 - Hom(C, X) > Hom(B, X) > Hom(A, X) >0 (2)

déy (1) khdp tai Hom(X, B) va Hom(X, A) , ddy (2) khdp tai
Hom(B, X) va Hom(C, X). Hon nita néu day khép ngdn ché ra thi
cd hai day (1) va (2) déu khép va ché.

2. M6 dun xa anh va mo dun ndi xa

2.1. Cac khai niém chung

e Mo dun P dugc goi 1a md dun xa dnh né€u thod mot trong cdc
tinh cha't sau :

i) Ham t& Hom(P, - ) 1a ham t& khép.
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ii) Vi mdi toan cdu 6 : B —» C, mdi ddng cAu f: P — C tdn
tai ddng cAu ¢ : P > B saocho f= 6.9

o
(e)
B—*>C

a P
iii) Mdi ddy khép 0 — A —>B — P — 01 ché ra.

iv) P ding cAu vdi hang tif tryc ti€p ctia mot md dun tu do.

e MO dun J dugc goi 1a md dun ndi xa néu thod mot trong cic
tinh chat sau :

i) Ham t& Hom( -, J ) 1a ham t& khép.

ii) V6i mdi don cAu & : A — B, mdi déng cAuf: A — J tdn tai
dongciuf : A > Jsaochof="f =
A

el
af
B— > 1]

a P
iii) Mdiday khép 0 —>J - B — C — 01a ché ra.

iv) P ding cAu vdi hang tif tryc ti€p clia mot md dun ndi xa.

2.2 .Cac tinh chat
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e Moi md dun ty do 14 m6 dun xa anh.
e M6 dun xa dnh trén vanh chinh 12 m6 dun ty do.

. Téng truc ti€p clia ho mo dun {P;};c; 12 xa 4nh khi va chi khi
mdi thanh phan P; 12 xa 4nh.

e Tich tryc ti€p clia ho md dun {J;}icr 12 ndi xa khi va chi khi
mdi thanh phan J; 12 ndi xa.

2.3 .Céc dinh Iy

* Tiéu chudn Baer : R-mé dun J la ndi xa khi va chi khi véi
bdt ky idean trdi I ciia R va bdt ky dong cdu f: 1 — 1, luén ludn
t6n tai phdn tit qe J sao cho véi moi e 1, ta c6 f(\) = Aq.

* Pinh Iy nhling ctia mo dun nodi xa: Méi mé dun X déu cé thé
nhiing vao moé dun ndi xa N(X) nao do.

e Né&u R 12 vanh chinh thi moi R - md dun chia dudc X déu la
mo dun ndi xa.

e N&u R 12 mién nguyén thi moi mé dun ndi xa déu chia dudc.

4. HAM TU TEN XO

4.1 .Cac khai niém

e Cho Xg va rY la cdc md dun phai T
va m6 dun trdi trén vanh R. Tichten XxY —»XQ®Y
xd cua md dun X va Y 12 nhdm aben, [0)
ky hiéu X ® Y, sao cho c6 dnh xa song 3t
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tuyén tinh 1 : X x Y > X ® Y ¢6 tinh phd dung d6i vdi bat ky
4nh xa song tuyé&n tinh ¢ : X x Y — G, tiic 12 ton tai duy nhat
dong cauf: X ® Y — G thod man ¢ =f.1.

e Cho cdc déng cau f: Xg > Xg', g : rRY — rY', khi d6 ton tai
duy nhi't dong ciu tich ten xd (f®g) : X ® X' = Y ® Y' sao cho
(f®)x®y)=fx)®g(y) vimoix®y e XX Y.

4.2. Cac tinh chat va dinh ly

e Tich ten xd clia hai dong cAu dong nhat 1a dong cAu dong
nhat.

f f g g
e Néu A—>B > Cva A - B — C'la cic ddng cAu R-m6 dun
phai va R-mb dun trdi. Khi d6 (Ff ® g'g) = (f ® g)(f ® ).

e Chof,f), f;: X > X'1a cdc ddng cdu R - md dun phdi va g,
g, :Y = Y'la cic dong cAu R - mo dun trai.Khi d6

fi+H)®eg=fi®g+L,®g
fR(gr+g)=f®g+f®g

* Pinh 1y téng truc ti€p cia tich ten xo : Cho ho R - mé dun
phai {Xi}iciva ho R - moé dun trdi {Y;};c;. Khi do’

[@—)XJ ®[@ij = @ [X@YJ

iel jel (i J)elxJ

* Pinh 1y toan cau cua tich ten xo : Cho f: X — X' la toan cdu
R-mé dun phdiva g : Y — Y' la toan cdu R-mé dun trdi. Khi do;
ta cof & g la toan cdu vdi
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Ker(f®g)= <{x®y e X®Y :x € Kerf hodcy € Kerg} >

* Dinh 1y Khép cua tich ten xo : Cdc ham tit (A ® -) va (-® B)
la cdc ham it khép vé bén phdi. Hon nita, cdc ham tit (A ® -) va
(- ® B) bdo toan tinh khdp ché cho day khdp ngdn ché ra.

5.MO PUN DET

e M6 dun phdi (trdi) A dudc goi 1a md dun det phdi (trdi ), néu
ham t&¢ (A ® -) (t.uw (- ® A) ) 1a ham t& khép.

e Mdi vanh hé t& R xem nhu 12 md dun trén chinh nd, 13 md
dun det trdi va cling 1a mo6 dun det phai.

B. BAI TAP

2.1. Cho cdc ho md dun {Xi}icr va {Y;}jes . Hay chiing minh ring
ton tai ddng cAu nhém aben :

Hom[ @ X, HYJ-] = H Hom(Xj, Yj)
el el (1,))elx]J

2.2. Cho X 1a R-mo dun, F(S) 1a m6 dun tu do sinh bdi tap S.
Chitng minh cdc ding ciu.

a) Hom(R, X) = (X, +)

b) Hom(F(S), X) = [ X, +).
seS
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2.3. Cho bi€u dd cic ddng cdu R- mo dun
P

"
f g
A—>B—C

trong d6 dong 1a khép, gh =0 va P 1a mod dun xa dnh. Ching minh
riang ton tai ddng cdu ¢ : P - A ma fp =h.

2.4. Cho biéu db cic ddng ciu

h k
P—X—Y
£l g

A—sB——C

trong d6 hinh vudng giao hodn, dong dudi 1a khép, kh=0va P l1a
mo dun xa dnh. Chiing minh ring ton tai ddng cau ¢ :P — A dé
hinh vudng bén trdi cling giao hodn.

2.5. Chting minh riing md dun xa dnh trén mién nguyén 13 mo
dun khong xodn. Piéu ngugc lai, mdi md dun khong xodn trén
mién nguyén c6 phdi la mo dun xa dnh hay khong ?

2.6. Cho bi€u dd nhu hinh :
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)
v

v

«— < «—©o
v

«— < e—o©o
v
=

v
v

—

(e}
\

(e
y v
Ct+— pe¢— T «— 3 e+—o
v
)—U
[ ]
v
w
W
v
o

S—
v
Ce—— Ne—

Chitng minh ring diy khép ngin cédc dong ciu

0 > A >B > C >0
c6 thé nhiing vao bi€u @6 giao hodn § trén.

Trong d6 ba dong , ba cot déu khép, dong gitta gdm nhitng md
dun xa 4nh, hon nita cdc cot bén trai va bén phdi c6 thé chon
trude tuy .
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0 0 0
O— > X———>>Y—>V—>0
0 > P, > P, > P, > 0
0 A B C 0
0 0 0
2.7. Cho biéu dd cic ddng cau:
f g
A—>B—>C
hi
J

trong d6 dong la khép, hf =0 va J 1a m6 dun ndi xa. Ching
minh ring tdn tai ddng cAu ¢ : C — J sao cho gg = h.

2.8. Cho bi€u d@6 cic ddng ciu. Trong d6 hinh vudng bén trii
giao hodn , dong trén l1a khép, gf =0 va J 1a md dun ndi xa.
Chitng minh riing ton tai dong cdu ¢ : C = J sao cho hinh vudng
bén phai ciing giao hodn.
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A—>B—C
I f g

X—>Y—]

2.9. Chitng minh ring moi mo dun X khdng xodn trén mién
nguyén R 12 ndi xa n€u X 12 md dun chia dugc.

2.10. Chitng minh ring mdi diy khép ngin cdc dong ciu

f g
0 > A > B > C >0

déu nhiing dugc vao biéu dd giao hodn sau
0 0 0

Voo

O—>A—B—>C —>0

RN

0 >N, > N, > N; > 0

RN

0 X Y K 0
0 0 0

Trong dé ba dong, ba cdt 1a khép, dong gitra 12 md dun ndi xa.
Hon nita, cdc cot bén phai va bén trdi c¢6 thé chon trude tuy y.



2.11. Chié'ng minh ring md dun P 12 xa dnh khi va chi khi, véi moi
dong ciu f: P—— C va moi todn cdu 6 : J = C véi J 1a mo dun
ndi xa, ton tai ddng cAu ¢ : P — J sao cho o =f.

2.12. Chitng minh ring mo6 dun J 12 ndi xa khi va chi khi, véi moi
dong cau f: A — J va moi don ciu j: A — P trong d6 P 12 md

dun xa 4nh, tén tai ddng ciu £ : P — Jsao cho f’j =f.

2.13. Chitng minh ring trong pham trll cdc Z-md dun, mot 4nh xa

@ : X x Y — C la song tuy&n tinh khi va chi khi ¢ 1a song cong
tinh .

2.14. Cho Q la nhém cdng cdc so hitu ti xem nhu cdc Z-md dun.

Ching minh ring
a) Q®Q = Q
b) Q®Q/Z =0
¢)NEu A la md dun xodnthi Q ® A = 0.

2.15. Chirng minh ring

Iy @ Ly =7 qa

Trong d6 d = (m, n). Tt ddy suy ra ring, n€u m, n nguyén td ciung
nhauthi %Z,® Z, =0.
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2.16. Chiing minh ring tich ten x6 clia hai nhém aben hitu han
sinh 1a nhém hitu han sinh.

2.17. Xét nhém cdng cdc s6 nguyén Z va nhém con 27Z cia Z
gdm cic sd nguyén chan. Khi d6, déng citd bao ham j 2Z—7Z

12 don ciu. Goi A 12 nhém cyclic cAp hai, v6i phan ti sinh 13 a tifc
A = <a>. Ching minh ring : 2Z ® A 1a nhém cyclic cap hai véi

phin ti sinh 13 2 ® a, tuy nhién tich ten xd j®1 khong 13 don
cau.

2.18. Cho A 1a hang t&f tryc ti€p cda R-md dun phéi X, B 1a hang
t trurc ti€p cda R-md dun trdi Y. Gid st i : A > Xvdj:B > X
12 cdc phép nhiing . Ching minh riing

i®:AQQB—> X®Y
cling 1a mot phép nhing.
2.19. Chitng minh riing tich ten xd hai ding ciu 12 mot ding cau.

2.20. Chitng minh ring tong truc ti€p cic mo dun det 12 mo dun
det khi va chi khi cdc thanh phin clia n6 déu la cic md dun det.

2.21. Chitng minh riing moi mo dun ty do déu 1a mé dun det.

2.22. Chitng minh ring moi m6é dun xa 4nh déu 12 md dun det.
Piéu ngudc lai c6 ding haykhong?
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C.BAITAP BO SUNG

2.23. Cho D la vanh chia va M 1a D-m6 dun. Hay chitng minh
rang M vira 12 md dun xa dnh vira 12 md dun ndi xa.

2.24. Cho R la vanh c6 don vi. Chitng minh riing cdc phdt bi€u
sau diy la tuong duong.

i) Moi R-md dun déu 1a mo dun xa anh.

ii) Moi diy khdp ctia R-md dun déu ché ra.

iii)  Moi R-md dun déu 1a noi xa.
2.25. Cho M la Z-m6 dun . Hiy chiing minh ring M 12 md dun
chia dugc néu va chi néu M 1a md dun noi xa.

2.26.
1) Cho M 1a Z-m6 dun hitu han khdac khong. Chirng minh

ring M khong 12 mo dun chia dugc.

ii) Chttng minh ring khong c¢6 Z-md dun ty do nao chia

dugc.
2.27. Cho M la Z-m6 dun chia dudc . Chitng minh ring
M = (M) @ M/t(M).

2.28. Cho M la Z-m6 dun chia dudc khong xodn. Ching minh

rang
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M= @0

el
2.29. Cho M 1a Z-md dun chia dugc, G va H1a cdc Z -md6 dun
xodn . Cho p 1a s6 nguyén t0, dit
Gpo = {x€G: I3ne N,npx =0}.
G, = {xeG}: px =0}.
Chidng minh ring
i) (M), 1a md dun con ctia M, v6i moi s6 nguyén t5 p.

ii) M/t(M) la khong gian véc td trén Q.
1ii) ©(M), 1a khong gian véc t6 trén Z,

iv) Gy = Hpw & G, = Hp
2.30. Cho M va N 1a hai Z-md dun chia dugc. Chi'ng minh ring
M = N khi va chi khi hai diéu kién dudi day thoa.

i) Dimy M/ t1(M) = dimg N/t(N).

ii) dimg,t(M), = dimg, ©(N), v6i moi s nguyén td p.

2.31. Cho R 1a vanh ¢6 don vi va M 1a Z-md dun.
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i) Chitng minh ring Homy,(R, M) c6 ciu tric R-md dun
trdi v4i ludt nhan ngoai.

rf(s) = f(rs) véimoir, seR, fe Hom,(R, M)

ii) Ching minh ring Hom,(R, M) ¢6 cdu tric R-md dun
phai v46i ludt nhan ngoai.

f(s)r = f(sr) v6i moir, seR, fe Hom,(R, M)

iii)  Ching minh ring néu M 13 Z-md dun chia dugc thi

Hom,(R, M) 1a R-md dun ndi xa

2.32. Cho R 1a vanh Noether giao hodn. M 1a mé dun ndi xa va |
la idéan cua R. it

A={xeM:Ine N, I"x=0}.
Chttng minh ring : A 12 R-md dun ndi xa.

2.33. Nhém cOng giao hodn M dugc goi la (R, S) -song md dun
néu M vira 1a R-m6 dun trdi vira 12 S-m6 dun phai.

Cho M 1a (R, S)-song m6 dun, N 1a R-md dun phai va L 1a S-m6
dun trdi. Chiéng minh ring

i) M ®s L ¢6 ciu tric R-mo dun trdi thod

m®I) =rm &®1 Vre R, Vm € M, Vle L
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ii) N ®g M c6 cau tric S-md dun phai thod
M®m)s =n®ms Vse S, Vm € M, Vne N

2.34. Cho N 1a R-m6 dun phdi, M 1a (R, S)-song md dun va L la
S-m6 dun trai. Chitng minh ring

N@R(M®3L) = (N@RM)®3L

2.35. Cho R 1a vanh giao hodn, M va N la hai R-m6 dun . Chitng
minh ring, M ®g N ¢6 ciu triic R md dun thod

r(m®n) =mMm&®n =mr®n=m&®m=m®& nr=(m®& n)r
Véimoir e R,m € M, n eN.

2.36. Cho U, V 12 hai khong gian véc td hitu han chiéu trén trudng
K. Chitng minh ring

1) U ®x V 1a khong gian véc td trén trudng K.
ii) dimg(U ®¢ V) =dimg U . dimg V.

2.37. Cho R 1a vanh giao hodn, M va N la hai R-md dun. Chiing
minh ring ton tai ding cAu R-md dun

M ®g N =N ®z M.

2.38. Cho R 1a vanh giao hodn. M Ia R-m6 dun, I va J la hai idéal
cta R. Chitng minh ring

1) (R/T) ® M = M/IM theo nghia R-md dun.

ii) (R/) ®r (RA) = R/ (I +J) theo nghia R-m6 dun.
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2.39. Cho A 1a mdt vanh, R 1a vanh giao hodn. A dugc goi la R-
dai s6 néu A 12 R-mo dun thod

r(ab) = (ra)b =a(rb) v6imoir € R,a,b € A.

Chttng minh ring né€u A 1a R-dai s6 vd M 1a R-m6 dun thi M ®g
A ¢6 ciu tric A-md dun trdi sao cho

a’(m®a)=m®a’a v6imoia’,aec A, me M.

2.40. Cho M 1a R-m6 dun, A 12 R-dai s6 giao hodn va B 1a A-dai
s6 . Hay chiing minh ring tdn tai mot ddng cAu B_mo dun trdi tir
M ®r A)®yB vao M ®g B tuong iing (m®a)®b = m& ab.

2.41. Cho A, B 12 hai R-m6 dun va C la R-dai s6 giao hodn.
Chitng minh ring ton tai ddng cAu C-mo dun

(A®RC)®c(B®rC) =2 (A®B)®r C
thod (a®c)® (b®c¢’) > (a®b)Xcc’.

2.42. Cho M 12 R-md dun, A 1a R-dai s6, X 124 A_mo dun trdi va f
: M = X 12 d6ng cAu R-m6 dun. Chitng minh riing ton tai dong
cdu A-md dun fy : M ®r A — X thod fa(m®a) = af(m).

2.43. Cho A 1a R-dai s& va j : My(R) — My(A) 1a 4nh xa m& rdng
tr 4nh xa ip : R = A cho bdi ia(r) = r.1. Chitng minh riing

i) M,(R) ® A = My(A) theo nghia R-dai s6 va theo
nghia A- mo6 dun.

i) MyR) @ Mn(R) = Mm(R).
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CHUONG 111

PONG PIEU
A. TOM TAT LY THUYET

1.PHUC VA PONG PIEU

1.1. Cac khai niém
an an+1

e Diy cdc ddng cau X : .. .« Xy < Xy < Xpi1 < ... goi 12
ntra khép, néu tich hai ddng ciu lién ti€p 1a ddng cau 0. Mot phitc
1a mot diy nita khép ddnh s6 trén tAp s6 nguyén, néu chi sd ting
cuing (ngugc) chiéu véi cdc miii tén dong ciu goi 12 phic tién
(lui). Céc 0, goi 14 ddng ciu vi phan. Phitc X = {X,, 6.} goi 1a
phitc duong (4m) néu X, = 0 khi n < 0 (n > 0) dudc ddnh s& theo
chi s6 dudi (trén). N&u khong cé ghi chép gi thém ta quy udc cic
phtc 1a lui.

e Cho X = {X,, On} va {X', Gy'} 12 cdc phic. Mot bié&n d6i day
chuyén f: X — X' 12 mdt ho cdc ddong cau {f, : X, = X,'} sao cho
biéu dd sau giao hodn.

an an+1
X: ...<_Xn_1<_Xn <_Xn+l<_---
lfn—l lfn lfnﬂ
a'n a'n+1
X: oo, XXy X
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e Cho cdc phitc X = {X,, On}, X' = {X's, On}va f, g 12 cdc bién
ddi day chuyén tir X vao X'. Ho ddng cdu s = {s, : Xo = X'ns1}
dudc goi 12 ddng luan day chuyén giita hai bién ddi day chuyén,

néu Vn € Z, ta ¢6 0'n418y + Sn.10n = £y - g, Khi d6 ta viéts: f=g.

e Cho cdc phtic

an an+1

X X X< X1 ¢ ...
6n—1 8n

X: . >Xnn>Xr—> X1 —. ..

md dun thuong H,(X) := Kerd, / Imd,,1 goi 14 md dun dong diéu
thi n cia phic X. M6 dun thuong H'(X') = Kerd"/ Im8"™" goi 1a
mo dun d6i dong diéu thit n ciia X'. Cdc phin tif clia Kerdn,
(Kerd") goi 12 chu trinh ( d6i chu trinh) n - chiéu cdn cdc phin tir
ctia Imd, (Im&" ") goi 12 by (ddi bd) n - chiéu.

Né&u G I1a R- m6 dun, tdc dong ham t¢ Hom(-, G) 1én X ta thu
dudc phitc tdng

Sn—l 8n
...~ Hom(X,.;, G) > Hom(X;,, G) > Hom(X;,1) —> . ..

d6ng cdu &8" : Hom(X,, G) > Hom(Xy+1, G) dudc xdc dinh nhu sau
8"(f) = (-1)™'8,41. M6 dun ddi dong diéu H'(Hom(X G)) goi 1a
ddi déng diéu clia phitc X 14y hé s6 trong G va ky hiéu 1a H'(X,
G).

e Cho X, X' 1a cic phtc, bi€n d6i diy chuyén f : X — X' dugc
goi 12 mdt tuong duong day chuyén, néu ton tai mot bi€n d6i day
chuyén h : X' = X va cdc dong luan diy chuyéns:hf=1Ixvat:
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fh = 1x. N&u hai phitc X, X' c6 mdt tuong dudng day chuyén giita
chiing, ta n6i X tuong duong ddng luan vdi X'. Ky hiéu X = X'

1.2. C4c tinh chat
e Tich hai bi€n d6i day chuyén la mot bi€n ddi diy chuyén.

e Quan hé ddng luan ddy chuyén va quan hé tuong duong
dong luin 13 c4c quan hé tuong dudng.

e Cho f, g 1a bi€n ddi day chuyén tir phitc X vao phitc X'. f, &'
12 bi€n d6i diy chuyén tir phitc X' vao X". Néutacés:f=gva
sif=gthifs+s'g:ff=gg.

e V6i mdi ne Z, H, 12 ham t hiép bi€n tir pham tru cdc phiic

va cédc bi€n d6i day chuyén t6i pham trit cdc md dun, tuong Gng
mdi phitc X v6i ddng diéu H,(X) va dit mdi bi€n ddi day chuyén
f: X > X' tuong tng véi ddng cidu H,(f) : Hy(X) = Hy(X') cho
bdi Huy(H[c + 0Xps1] = f(c) + 0'X'np1.

e H'(-, G) 1a ham t&r phdn bi€n tir pham tri cdc phifc va cdc
bi€n ddi diy chuyén tdi pham trit cdc nhém aben. Hon nita, néu
c6 s : f~gla ddng ludn day chuén giita hai bi€n d6i day chuyén
f,g:X — X' thi t: f* = g* | § day f*, g* : Hom(X', G)— Hom(X, G)
cho bdi f*(a) = o f, g*(a) = ag va t = (-1)"s*,; v6i s*(B) = PBs.

* Pinh 1y bién ddi ddng luan : Néu f, g : X — X' la cdc bién doi
dong ludn day chuyén tix phitc X vao phitc X' thi véi moi neZ

H,(f) = Hy(g). Pdc biét néu f la mot tuong duong ddy chuyén thi
H,(f) la ddng cdu.

46



e Né&u X = X' thi véi mdine Z, ta ¢6

H'(X, G) = H'(X, G).
2. DAY PONG PIEU KHGP
2.1. Cac khai niém

e Phic K = {K,, dk} dugc goi l1a phic con cia phiic X = {X,, 0}

néu mdine Z, K, 12 mod dun con clia md dun X, va vi phin dx la

v&t ctia vi phan 0.

e Cho K = {K,, dk} 1a phiic con cta phiic X = {X,, 0}. Khi d6
>}I/< = { % , a'n} VG 0'(x + Kp) = 0n(x) + Ky.p dugc goi 1a

phtic thuong cta phiic X theo phidc con K.
e Cho ho cic phitc {X(n) : n € Z } va ho bié€n d3i diy chuyén

{f(n) : X(n) > X(n+1) : ne Z }.Day

f(n-1) f(n)
. X(-1) — X(n) —> X(n+1) —> ... (%)

dugc goi 1a khdp tai X(n) n€u Imf(n -1) = Kerf(n). Day phtc (*)
goi 12 khép n€u né khép tai moi phic trung gian.

e V6i X, Y, K 1a cdc phitc f, gla cdc bi€n ddi day chuyén. Khi
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f g
d6 ta goidiay khép 0 - X - Y — K — 0, 1a diay khép ngin cdc
phitc. NEuv6imdine ,tac60—>X,— Y,— K, —>01aday

khép ché. Khi d6 ta n6i day khép phic & trén 1a day khép ché.
e Cho f: X = X'12 mot bi€n ddi diy chuyén. Vi moi ne Z
dat M, = X, @ X'yva d(x, x') = (-0(x), 0'(x") + f(x)) v6i moi
cdp (x, x') € My. Khi d6 M(f) := {M,, 0} 1a m{t phitc va dudc goi

12 nén dnh xa ctia bi€n doi f .

e Cho hai ham t&¢ F, G : # — &', tit pham trti # vao pham tri 2.
Ta néi mot phép bi€n d6i ty nhién W : F — G 12 mot ho cdc ciu
xa ¥ : {p(X) : F(X) = G(X)} véi moi X € # thod diéu kién : Véi
batky ciu xa a: X — Y bi€u d6 sau giao hodn

o(X)
F(X)— G(X)

F(oc)l lG(oc)
o(Y)

F(Y) — G(Y)
2.2 .Cac tinh chat va dinh ly

e Cho K la phiic con ctia phitc X. Khi d6 mot bd cdac phép
nhiing i = {i, : K, = X,} vd mdt b cdc phép chi€u

p= { Pa Xu> %} 12 cdc bién d8i day chuyén.

e Cho f: X — X'la bi&n ddi day chuyén clia cic phitc va M(f)
1a n6n dnh xa, goii= {iy: X'n > Ma}, = {m, : My > X1} tuong
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trng 12 phép nhiing va phép chi€u . Pit X" = {X*, 0"} v6i X', =
Xy1 vd 0 = -0, khi d6 ta c6 day khép ngén.

1 T
Ef:0>X >M->X" -0
+ Pinh ly day dong diéu khép : Cho day khép ngdn cdc phiic

& c
E:0--X—>Y—>K-—>0

Khi do day vo tan sau la khop

Ok H,(e) Hy(o) OE
...~ Hy1(K) > Hy(X) > Hy(Y) > Hy(K) > Hi .y (X) —> . ..

+ Pinh ly day d6i ddong diéu khép : Cho day khdp ngdn cdc phiic
co chi sé' trén
& 0
E:0--X—>Y—>K-—>0

Khi do day vo tan sau la khop

58 Hz) H"S) 5F
... > H"(K) » H'(X) » H(Y) » H'K) > H"'X) > . ..

* Pinh 1y khép nén 4nh xa : Bién doi day chuyén f: X - X'
cung non dnh xa M(f) xdc dinh day khdp sau.

...» Hpn(Xh) - Ho(X") - HiM) > Hy(X") > Hiu(X) —> . ..
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eChoE:0—> X —>Y — K — 01a diy kh6ép ngidn ché cic
phttc. Khi d6 ta c6 diy khép d6i dong diéu.

.. > H'K,G) > H(Y,G) > H'X,G) > H"'(K,G) > . ..

eChoS:0->G - G— G"—>01laday khép cdc md6 dun va X
1a mot phitc xa dnh nghia 1a X, 12 xa dnh v6i moi ne Z . Khi d6

ta c6 diy khép d6i dong diéu.
... > H'(X,G) > H'X,G) > H'(X,G") > H"'(X,G) > . ..

e Cho & 1a pham tru cdc diy khép ngén cdc phitc. P8i v6i mdi
day Ee &, cdc dong cau ndi Og : Hyy1(K) — Hy(X) 1ap thanh phép
bi€n doi ty nhién tr cdc ham t Hy.1(K) t6i ham & Hyyi(X).

3. PONG PIEU KY DI

3.1 Cac khai niém
e Cho X la khong gian t6 p6 va R" 1a khdng gian Euclide n chiéu,
vGia=(aj as...,a,)va b=(by, by ..., b)eR" tich vd huéng
<a,b> = gaibi. Cho cdc di€m ug, uy, . . ., Uy 12 m +1 dié€m ddc
I

lap a fin trong R". Bao 16i chita m + 1 di€m d6 1a tip hop tat ca

m m
cic di€m u =Z xiu; trong do in =1 va cac x; = 0 dudc goi la
H H

don hinh a fin m- chiéu . Bo tht tu (Xo, X1, . - . , Xm) goila toa do
hudng tim cia di€m u vé6i hé doc lap a fin : ug, uy, . . .,uy. V6i

mdi s& nguyén khong 4m n, chon tru§c mot don hinh miu A" va
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danh s6 thit tu cac dinh cta né: (0, 1, . . ., n), mdt 4nh xa lién tuc
T :A" ->X goi 1a mot don hinh ky di.

e Ta goi 4nh xa tdng cda phép tinh ti€n v6i phép bién d6i
tuy&n tinh 12 phép bi€n ddi a fin. N&u vy, vy, . . ., Vi 12 tAp sdp
thtt tu cdc diém clia mot tap 16i C,. Ta goi 4nh xa a fin f: E —
E chuyén dinh tht i cia don hinh miu A" vao di€m v; 13 don
hinh ky di a fin n chiéu va ky hiéu 1a (vo, vi, . . .Vp)c: A" > C va
J. 12 phép ddng nhat don hinh A" 1én chinh né.

e Goi gy = (0, 1,....i-Li+1,...m)A™ : A" - X. VGi T : A" »X
la don hinh ky di n chiéu, ta dinh nghia diT := Tsin 12 toan t 1ay
bién tha 1 cﬁa T. Khi d6 diT = TSin = T(diJn) va didjT = dj_ldi T né’u
i<j.

e VGimdin >0, goi Sy(X) 1a nhém aben ty do sinh bdi tip cdc
don hinh k¥ di n - chiéu ctia khong gian td pod Xh DPinh nghia todn

t vi phan 0 : S$y(X) = Sp1(X) cho bi &(T) = Y (-1)'dT, khi d6

1=0
ta c6 phitc

0 ¢ 0 0
L0 Z S X)SIX) L= SiX) .

v6i € 12 ddng ciu chuyén cdc don hinh ky di 0-chiéu vao phan i
1 € Z .Ta goinhém Hy(X) := Hy(Sy(X)) 12 nhém ddng diéu ky
di thd n.

e Cho X, Y la hai khong gian t6 pd, hai dnh xa lién tuc f, g tr
X vao Y dudc goi 1a ddng ludn véi nhau néu tdn tai 4nh xa lién
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tuc F: X x [0, 1] — Y sao cho Vx € X, ta ¢6 F(x, 0) = f(x) va
F(x, 1) =g(x). Khidé ta viEt F: f=g: X > Y.

3.2. Cac tinh chat va dinh ly

e V6i mdin >0, ddng diéu ky di Hy(X) 12 ham t& hiép bién tr
pham tru cdc khong gian td pd t6i pham tri cic nhdm aben.

e Néuf=g:X — Y la cdc d4nh xa lién tuc ddng ludn v6i nhau
thi cdc bi€n d6i diy chuyén cdm sinh S(f), S(g) : S(X) — S(Y) la
dong luan diy chuyén véi nhau. Hon nita cdc dong cAu cdm sinh
H,(f), Hu(g) : Hi(X) — Hy(Y) 12 biing nhau.

B. BAI TAP

3.1. Ta goi S la g-biétlapnéu S,=0khin ¢ {q, q+1} va dong
cdu 0 : Sqs1 —> Sq 12 don c&u. Ching minh ring mdi phitc X ctia
cdc nhém aben tu do X, 12 tdng truc ti€p clia cdc phic q-biét
1ap (theo v6i mdi chi s q, c6 chi mot hang tik).

3.2. Ta goi phitc g-biét 1ap S cdc nhém aben 1a phic sd cAp néu
Se1 = Sq = Zhay Sq = Z, Sqgn1 = 0. Chitng minh ring mdi

phitc g—bi€t1lap S ma Sy va Sgi1 1a cdc nhom aben ty do hitu han
sinh 12 t&ng tryc tiép cdc phifc sd cap.

3.3. Chitng minh riing, mdi phitc X véi cdc X, 1a cdc nhém aben
tu do hitu han sinh 13 t8ng truc ti€p cc phic so cip.

3.4. Mdi mo6 dun A c6 thé coi nhu phifc tAm thudng véi Ay = A
va A, = 0 khi n=0.
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Cho phitc duong X va bi€n d6i day chuyén & : X — A . Pong
luan co rit ddi vdi € 12 bi€n d6i diy chuyén f : A— X sao cho &f
= 1o va ddngluins : 1 = fe. Chitng minh ring n€u bi€n ddi day
chuyén € : X > A c6 dong luan co rit thi ta c6 cdc nhém dong
diéu

Hy(X) =0 khi n>0va &:HyX) =z A

3.5. Chitng minh ring tinh hdp ly clia cong thiic xdc dinh dong
cAundi Og : Hu(K) = Hy(X) trong dinh 1y ddy dong diéu khép.

Chitng minh tinh chi't dong ciu cda Ok.
3.6. Hiy md td dong cAu ndi
§": H'(X, G) > H™'(K, G)

gifta cdc nhém d6i dong diéu, sinh ra bsi diy khép cdc phic
nhém aben c6 dugc khi tic dong ham t& Hom(-, G) vao day
khép ngdn ché ra céc phic

E:0-X->Y—>K->0
trong dinh 1y diy doi dong diéu khép.
3.7. Cho diay kh6p ngidn ché cic phic :

E:0-X->Y—>K->0

va G 12 md dun. Hay viét diy déng diéu khép clia diy khép cic
phtic dugc tao ra khi tdc dong ham t& Hom(G, -) vao day E.

3.8. Cho day khép ngdn ché cdc R — md dun
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0DA—->B—->C—->0
va phic X = {X,, 0}

a) Hiy viét diy d6i dong diéu khdp cta diy khép cic phic
sau :

0 - Hom(A, X) > Hom(B, X) - Hom(C, X) > 0
b) Hiy viét ddy déng diéu khép clia day khép céc phifc sau :
0 - Hom(X, C) > Hom(X, B) > Hom(X, A) > 0

3.9. Cho diay khdp ngin cic R—- m6 dun va phic X = {X,, 6}
gdm cdc m6 dun ndi xa. Chitng minh ring diy cdc phic sau 1a
khép va viét day doi dong diéu khdp clia né :

0 - Hom(C, X) - Hom(B, X) -» Hom(A, X) - 0
Trong d6 day khép ngén cdc mo dun la
0>A->B—->C—>0

3.10. Cho cic bién ddi day chuyén f = g : X — X’. Chttng minh
ring cdc ddy dong diéu khdp tuong ing v6i cdc nén dnh xaM(f)
va M(g) 1a ding cdu vdi nhau.
3.11. Cho bi€u d giao hodn cic R - md dun
A—->B->C>0
al  pL W

0->A">B ->C

Trong d6 dong 1a khép.
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St dung dinh ly diy ddng diéu khép, chiing minh ring tir bi€u do
trén ta c6 day khdp sau :

Kera — Kerp — Kery > A’/ Ima — B’/ Imf — C’/ Imy.

3.12. Cho G 1a bao 15i ctia cdc di€m doc 1ap a fin :ug, uy, . . . , Up
Chitng minh ring di€m u € G 1a tring véi mot trong cdc diém u;
khi va chi khi u ludn Iudn 12 mot trong hai dau mit clia doan
thing bat ky nim trong G chifa u.

3.13. Hay tinh cdc nhém dong diéu ky di Hy(X) clia khong gian
t6 pd X chi gobm c6 mot di€m duy nhit.

3.14. Hay st dung toa d6 huéng tim clia diém u bat ky thudc
don hinh miu A" dé biéu dién cong thifc clia don hinh k¥ di n —
chiéu T bat ky : T(w) = T(Xo, X1, - . . , Xm). SU dung cong thic
nay dé€ md ti cong thic clia toan tif 14y bién thi i cia don hinh
ky di T. Tir d6 stt dung céc cong thitc d6 d€ chitng minh hé thitc

didjT = dj_ldiT i< J
3.15. Cho X la khong gian to6 pd lién thong tuyén tinh. Chitng
minh ring cic nhém déng diéu ky di

Ho(X) = Z

3.16. Ta n6i khong gian to pd X 1a co riit vao diém xoe X néu
cdc 4nh xa déng nhi't 1x va 4nh xa hiing X vao x, 12 déng luah
v6i nhau. Chitng minh ring:
a)MJdi tap 10i C trong khong gian Euclide 12 co rit vao bat ky
di€m we C
b) N&u X 12 khong gian t6 pd co rit vao di€m xo € X thi cdc
nhém dong diéu ky di

Hn(X) = 0 khi n > 0 va Hy(X) =Z
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CHUONG 1V

HAM TU TOR, VA HAM TU EXT"
A.TOM TAT LY THUYET
1.HAM TU TOR,
1.1 Cac khai niém
e Cho A 12 mé dun, diy khdp cdc ddng cdu

0 0 0
X0 AXp< X ...« X ¢ ...

dudc goi 1a mot phép gidi clia A. N&u v6i moi n, X, 12 mo dun tur
do (t.u ndi xa) thi day khép trén dugc goi la phép gidi tu do (t,u
phép gidi xa éanh) .

0 0
e Cho Ala R-md dunphdiva X:0<« A<« Xg<« Xj <« ...
1a phép gidi xa 4nh clia A. V&i mdi R-md dun trdi B ta ¢ day
nira khép

o0®1 o0 ®1
X®B:0<ARB—X)®B«X;®B«...

Tich xodn Tor dudc dinh nghia nhu sau:Torp(A, B) = A ® B,
Tor(A, B) =H{(X ® B),Tor,(A, B)=H(X ® B) khin > 1.
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e Choh:A — A'la ddng cAu R-md dun phdivik:B — B'la
ddng cdu R- mo dun trdi. Goi X, X' 12 hai phép gidi xa 4nh cia
A, A" vaf={f,: X, > X'} 1a bi€n ddi day chuyén tir X vao X'
thod f; = h. Pong ciu (f ® k)s, : Tory(A, B) = Tor,(A', B') cdm
sinh tir dong ciu (f, ® k) dugc goi la tich xodn n - chiéu cla
ddng ciu h, k va ky hiéu 12 Tor,(h, k). Tai n = 1, ta dinh nghia
Torp(h,k) =h ® k.

1.2. Céc tinh chat
e Moi R - md dun déu ton tai phép gidi ty do.

e Cho X, Y la cdac phép gidi xa anh cia cic m6 dun A, B.
N&u f, g 1a hai bi€n d6i day chuyén tir X vao Y bit dau cung
dongciuo: A >Bthi X =Y.

e Hai phép gidi xa 4nh bit ky clia cliing mdt moé dun A déu
tuong duong dong luan véi nhau.

e Tich xoin md dun Tor khong phu thudc vao phép gidi xa
anh

e Tich xodn cdc déng ciAu khong phu thudc vao su chon lva
bi€n d6i diy chuyén va phép gidi xa 4nh.

e Né&u A hoic B 12 R - md dun xa 4nh thi Tor,(A, B) = 0 vé6i
moin > 0.

e ChoBla R -md dun trdi va day khdp R - md dun phai

f g
O->M—->P—>A—>0
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v6i P 14 m6 dun xa anh. Khi d6 Tor,(A, B) = Tor,.,(M, B) va
Tor(A, B) = Ker(f ® 1).

e V6imoin >0, Tor, 1a ham t hiép bi€n cla hai bié€n.

* Pinh 1y day khép cia tich xoiin
i) Vi moi R-mé dun phdi A va moi ddy khdp ngdn cdc R-
mo dun trdi

f g
0>B"->B—->B">0
i®f i®g Ok
tacodaykhdop: 0« AR®B"<- A®B« AR®B' « ...«

Tor,.1(A, B') <~ Tory(A, B") <— Tory(A, B) < Tor,(A, B") <. ..

ii) Véi moi R-mo dun trdi B moi day khdp ngdn cdc R- mo

dun phai
f g
0>A'>A—>A">0
1®f i®g Ok
tacodaykhop:0— A"@B«— AX®B«— AX®B' « ...«

Tor,.1(A', B) < Tor, (A", B) < Tor,(A, B) < Tor,(A', B) <. ..

2.HAM TU EXT"

2.1 Cac khai niém
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e Cho A,Bla cic R-md dun trai va
0 0
X:0—A—Xg< X «...

1a phép gidi xa 4nh clia A. V6i mdi R-md dun trdi B ta c6 day
nira khép

o 0
Hom(X ® B): ...« Hom(X,;; ® B) <~ Hom(X,® B )« ...

v6i & = Hom(0, i) & day i 1a dong cAu dong nhit cia B. Tich mé
rong Ext" dugc dinh nghia nhu sau: Ext"(A, B) = H'(Hom(X, B))
va Ext’(A, B) = Hom(A, B).

e Choh:A'— Avak:B — Blacdc dong cAu R- md dun
trai. Goi X, X' 1a hai phép gidi xa anh cia A, A" va f= {f, : X\
— X,} 12 bi€n d8i day chuyén tir X' vio X thoa f; = h. Pdng ciu
Hom(f, k)™ : Ext(A, B) - Ext"(A', B') cdm sinh ti ddng ciu
Hom(f,, k) dudgc goi 1a tich md rong n - chiéu clia déng ciu h, k
va ky hiéu 1a Ext"(h, k). Tai n = 0, ta dinh nghia Ext’(A, B) =
Hom(h, k).

2.2. Cac tinh chat

e Tich md rong md dun Ext khdng phu thudc vao phép gidi
xa dnh.

e Tich m& rong cdc ddng ciu khdng phu thudc vao su chon
lya bién ddi day chuyén va phép gidi xa dnh.

e Néu A 12 R - mo dun trdi xa dnh thi Ext"(A, B) =0 v6i Vn >0
va v6i moi R - md dun trdi B.
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e N&u B 1a R - md dun trdi noi xa thi Ext"(A, B) =0 v6i Vn >0
va v6i moi R - md dun trai A.

e Cho B la R -mod dun trdi va day khép R - md dun trdi

f g
O->M—->P>A—>0

v6i P 12 md dun xa 4nh. Khi d6 Ext"(A, B) = Ext™'(M, B) va
Tor(A, B) = Coker[Hom(f, 1)].

e VGimoin >0, Ext" 12 ham tif ctia hai bi€n, phdn bién theo
bi&n thit nha't va hiép bi€n theo bi&n thit hai.

* DPinh 1y day khép cia tich mé rong
i) V6i moi R-mé dun trdi A va moi day khdp ngdn cdc R- mo

dun trdi
f g
0->B'"->B—>B"—>0
Hom(j, f) Hom(i, g)
ta co6 day khop : 0—— Hom(A, B') — Hom(A ® B) —>
8]5 aE f* g*
Hom(A, B")— .. — Ext"(A, B') — Ext"(A, B) —>

Ok
Ext"(A, B") —> Ext"™'(A, B)—— . . ..

ii) V&i moi R-mé6 dun trdi B, vdi moi day khép ngdn cdc R-
mo dun trdi

f g
0O>A'>A—->A">0
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Hom(g, 1) Hom(f, 1)
ta co day khop : 0—— Hom(A", B)—— Hom(A ® B) —>

aE 8E f* g*
Hom(A', B)—> .. — Ext"(A", B)— Ext"(A, B) —>
O

Ext"(A', B)— Ext""'(A", B)—— . . ..
B. BAITAP

4.1. Ta dinh nghia phép gidi ndi xa ciia mdt md dun trdi trén
vanh R 1a day khép

X:05AX X' 5 . oxX" X" 5.

nhitng md dun trdi trén R, sao cho X" 12 md dun ndi xa véi moi

so tu nhién n.

Hiy chitng minh ring moi md dun trdi A trén R déu c6 phép
gidi ndi xa va bat ky hai phép gidi ndi xa ctia( cing mot md dun

A déu tuong duong dong luin vdi nhau.

4.2. Chitng minh ring moi md dun A trén vanh chinh déu cé

phép gidi tw do X v6i X, =0 véimoi n> 1.

4.3. Ching minh ring v6i moi R-md dun phdi A, moi phép giai

xa anh Y ciia R-mo dun trdi cia B ta ¢6

Tory(A, B) = Hy(A ®Y)
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4.4. Cho

f
0>A">P>A—>0

12 day kh6p ngén clia cdc R-md dun phdi va

g
0->B—>Q—>B—->0

12 day khSp ngidn clia cdc R_md dun trdi trong @6 P va Q 1a céc
mo dun xa dnh. Chitng minh ring

Tory(A,B) = Tor,»(A’,B’)
véi moin >2 va
Tory(A,B) = Ker(f ® g)

4.5. Cho A 13 R- md dun phai bt ky véi i la dong cAu dong nhat
ctia né. Chiing minh ring cic phat bi€u sau 1 tuong duong.

a) Tor(A, B)=0 v6i moi md dun trdi B trén R.

b) Tory(A, B) =0 vd&i moi s6 tv nhiénn >0 va v4i moi mod
dun trdi B trén R.

c) Néuf:X —> Y 1a don cdu cic md dun trdi trén R thii ®
cling vay.

d) Moi diy khép nhitng m6 dun trdi trén R vin con khép dudi
phép nhin ten xJ véi A.
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e) VG6i moi mo dun trai B trén R va moi diy khép ngidn cdc mod
dun phai trén R

0->A>A">A->0
day sau bao gid ciing khép
0>A"®B>A"®B—->A®B—>0
4.6. Xét trudng hgp vanh R 13 vanh Z tit cd cdc s6 nguyén. Véi

hai nhém aben bat ky A va B. Bit S 1a tdp con ciia tich P& Cic
W = A x B x Z gom tdt ca cdc phan tl (x, y, n) € W sao cho

nx =0 trong A va ny = 0 trong B. Goi F la nhém aben ty do
sinh ra b&i tap S va G la nhém con nhd nhat cia S chia tat ca
céc phan tif c6 dang

(X1 +X2,y,n) = (X1, y,n) — (X2, ¥, n)
(X, y1+y2, 1) = (X, y1,n) = (X, y2, n)
(X, y, mn) — (mx, y, n)

(X, y, mn) — (x, my, n)

véi mdi bo ba trong dau ngodc 12 cdc phan tif clia S. Hay chitng
minh ring

Tor(A,B) = F/G
Tur d6 suy ra Tor(A, B) =0 nét A hoic B khong xodn.
4.7. Chiing minh ring v6i hai md dun bat ky A va B trén mot

mién idéan chinh R ta c6
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Tory(A,B) = 0 v6imoi n>1
Tor(A, B) = Ker (f®1)

Trong d6 f @ i 1a tich ten xo clia ddng cau f : A — F trong mot
day khSp ngdn bat ky

0>A">F—>A—>0

Trong @6 F 12 mo6 dun tu do va i 13 ty ddng cAu ddng nhit tir B
vao B.

4.8. Chitng minh ring véi mdi moé dun A bat ky trén mot mién
idéan chinh R va mot diy khép ngdn bat ky

f g
0->B ->B—>B’"—>0

nhitng m6 dun trdi trén R, ta c6 day khdp
0 — Tor(A, B’) > Tor(A, B) —» Tor(A,B”’) >

0
—>A®B >A®B->A®B” >0

O day 0 12 ddng ciu ndi, con cdc ddng ciu khéc 1a tich xodn va
tich ten xd clia ddng cAu dong nhati: A — A va cdc dong ciu f
va g tuong Ung.

4.9. N&u A va B 1a cdc nhém aben hitu han, chitng minh riing

A®B = Tor(A, B)
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4.10. Cho day khép ngin

f g
0—-B->B—>B’"—>0

Mb td ddng cAu ndi Og trong dinh 1y diy khdép ciia tich mé rong.
0—— Hom(A, B’)—— Hom(A, B)—— Hom(A, B”’)

Ok f*
— Ext(A,B’) —> Ext(A,B)—— . ..

4.11. Cho Ava B la cic R-m6 dun trdi trén R. Chon phép giai
ndi xa bat ky Y cia B. Chi'ng minh ring véi moi s6 nguyén
duong n ta c6

H"'[Hom(A, Y)] = Ext'(A, B)

4.12. Cho A va B la cdc R-md dun trdi trén R va mot day khép
ngin bat ky

g
0—->B—>J—>B >0

V6i mod dun ndi xa J trén R. Chitng minh riing
Ext"(A, B) = Ext"'(A,B’), n>1
Ext(A, B) = Coker[Hom(1,g)].
4.13. Cho cédc diay khép ngén

f
0>A">P—>A—>0
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g
0->B—>J—>B >0

nhitng md dun trdi trén R, trong d6 P 1a mdé dun xa dnh va J 1a
md dun ndi xa. Ching minh ring

Ext"(A, B) = Ext"*(A’,B’) n>2
Ext’(A, B) = Coker[Hom(f, g)].

4.14. Ching minh ring v6i mdi md dun trdi bat ky A trén R, cdc
phdt biéu sau 13 tuong duong.

a) Ala xa anh.
b) Ext(A, B) =0 v6i moi md dun trdi B trén R.
¢) Ext"(A,B)=0 v6imoin>0va moi mod dun trdi B trén R.

4.15. Chitng minh ring véi mdi md dun trdi bat ky B trén R cdc
phdt biéu sau 13 tuong duong.

a) Blandixa
b) Ext(A, B) =0 v6i moi md dun trdi trén A trén R.
¢) Ext"(A, B) v6i moin >0 va moi R-md dun trdi A.

4.16. Ching minh ring v6i mdi mé dun A bit ky trén mién
idéan chinh R va mdi ddy khép ngdn bat ky

0—-B ->B—>B”—>0

nhitng md dun trdi trén R, ta c6 day khép
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0 — Hom(A, B’) - Hom(A, B) - Hom(A, B”) —
5
s Ext(A, B,) - Ext(A, B) - Ext(A, B”) > 0

Trong dé & 1a dong cAu ndi con cdc dong ciu khic 1a cdc ham
hom va tich m§ rong clia ddng cdu déng nhiti: A - A va cic
ddng ciu f va g tuong Gng.
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PHAN II

LOI GIAI VA HUGNG DAN

CHUONG I

1.1
(=) Gia st X 1a R- m6 dun trdi. V6i moi re R, ta dinh nghia

fi: X— X
X = IX

V61 moi x1, X, € X, tacod

fr (Xl + X2)

(X + X2)
=rX;+rxs
=i (x1) + fr (x2)
Suy ra f; €e Hom (X, X). Vi moi x €X, v6imoir,s € R. Taco
e fiX) = 1lx =x = fi=1x (D)

o fis(X)=(@+s)x=rx+sx= f(x)+f(x)
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= =1 +1 ()

o f(x)= rsx =1, (s x) =1, f; (x)
:> frs = fr fS (3)

Xét anh xa
¢ :R—— Hom (X, X)

r—f;
Theo (1), (2), (3) thi ¢ chinh 12 ddong ciu vanh can tim .

(<) Gi4 st ton tai ddng cdu vainh ¢ : R—> Hom (X, X) thod min

¢ (1) = 1x. Ta dinh nghia phép nhin ngoai tu R vao X nhu sau.
rx=0¢ (r)(x) véimoire R, v imoix € X

V@i phép todn dinh nghia trén, X tr§ thanh R-m6 dun trai. That
vay, v6imoi x,y € X, 1,58 € R

e Mi:Ilx=0)Xx) =1xX)=x.
o M :(rs)x = @(rs)x = @(r)[@(s)(x)] = G(r)(sx) = r(sX).
o M;:r(x+y)=0@)X+y)=0@)X+ @)y =rx +r1y.

o My:(r+9)x =00 +8)X) = [00) + 9()](X) = ()(X) +
Q(s)(X) =1X + sX.

1.2.
X+y=-[-(x+y)]

=-[-Dx+y)]
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=[x+ (-1y]
= -(-Dy =(-Dx
=y + x.(dpcm)
1.3. Véimoit,s € K,r e R, tacd
sX+tx = (s+1t)x € Kx
r(sx) = (rs)x € Kx
Viy Kx 1a md dun con cia X.

1.4.
a) LAy x, y € ©(X), khi d6 ton tai A, u € R\ {0} sao cho

Ax=0, py=0

vay A (X +y) = Au(x) + Ap(y) = p(Ax) + Auy) = 0, do ta c6
pA #=0nén x +y € 1(X).

V6i moire R, tacd Ar € R, khi d6 Arx =rAx = 0. Vdy rx €
©(X) bdi A # 0.

b) Gia stt A 12 mo6 dun con clia md dun xodn X. Khi d6 Vx € A
thi x 12 phan t khong xodn, diéu nay ching td A = 1(A). Hién
nhién ©(A) € A. Vay A 1a m6 dun xoin.

¢) Theo gia thiét
X = {x e X:VheR\0},Ax 20} U {0}

Véi A 1a md dun con ciia X nén
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A={xe A:VA e R0}, .x=0} U {0}
do d6 A 1a m6 dun khdng xodn.
d) LAy x + ©(X) € 1 [X/ t(X)], khi d6 tdn tai A € R\{0} sao cho
AX + 17 (X) =1(X)

Vay Ax € t©(X), suy ra ¢c6 re R\{0} sao cho rAx = 0 v&i rA # 0.
biéu nay ching td x € ©(X) hay x + ©(X) = 0. Vay 1[X/1(X)]
= {0}, suyra X/ t(X) 12 md dun khong xoin.

e)Ldy x € Q/Z khi dé6
x:=mn'+Q/Z v6éim e Z,n e Z\{0}

Tacé nx =m + Q/Z =0, do d6 x € ©(Q/Z) diéu nay chitng 4
Q/Z =v(Q/Z) tic Q/Z 12 md dun xodn .

1.5.
a) Gid st x;, X, 12 phan tif tuy ¥ ca 8(X). V6imoi 0# A € R
khi d6 ton tai yy, y» € X sao cho X; = Ay, Xo = Ay, . Vay

X1+ X2 =Ay1 +Ay2 = My1+y2) (D
Véimoir e R,tacéry € Xvarx=r(Ay) =AMry) (2)
T (1) va (2) suy ra 8(X) Ia md dun chia dudc.

b) Gid st X 1a mo6 dun chia dugc va A 14 md dun con cia X.
Véimoix € X,0# A e Rkhi d6 tdn tai y € X sao cho
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X = Ay suy ra X + A = Ay + A. Piéu ndy chitng td mo dun
thuong ciia md dun chia dugc 1a md dun chia dugc.

¢) Liyx:=mn' €Q, véime Z,n e N. V6imoi 0=k € Z
lay y :=mk'n" € Q, ta ¢6 x = ky. Viy Q 1a Z-md dun
chia dugc. T Z 1aZ- md dun con ctia Q, theo (b) thi Q/Z

l1a md dun chia dudc .
1.6. Goi S 1a hé sinh cta X, khi d6 véi moi x € R
X =2hnlisi v6irieR,sieS
f(x) = f(Zhn1isi) = 2nn i f(s)

Vay f duy nhit x4c dinh bdi gid tri clia f trén hé sinh S ctia X.
Dé& thdy khong phdi 4nh xa g : S— Y nao ciing c6 thé md rong
thanh d6ng cdu f di tr X vao Y. Ta xét vi du sau, xem Z nhu 12

Z-md dun. Véi 2, 3 1a hai phin t& nguyén td ciing nhau trong

tacd S=1{2,3}1atip sinh cia Z. Xét dnh xa
g:S—>Zchobbig2)= -1 va g(3) =0

Gia st ¢ théc trién thanh ddng cdu fma f|s = g, khi d6
f(1) = f-1x2+3) = -1f(2)+£3) = 1
Suy ra f(5)=5f(1)=5x1=35

nhung f(5) =12 +3)=1(2)+{3)=-1.
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Diéu vd 1y nay chitng td g khong thdc trién thanh dong ciu
dugc.

DPé€ g c6 thé thic trién thanh ddng ciu f, diéu kién cia S 13 cd
sG cua X. That vay, gid si S := {X;}ic1 12 cd sG cua X, khi d6 vé6i
x € X, x dugc viét duy nhat

X = Zhh I Xj vGi I e R, Xi € S (*)

DPinh nghia dnh xa f : X— Y cho bdi f(x) := 2hnri g(xi). TU su duy
nhit cla (¥) 4nh xa f hoan toan xdc dinh, d& thiy f 12 R- dong
ciu va f thu hep trén S chinh 12 4nh xa g.

1.7. Vi fva gla hai R-dong cidu nén (f — g) cling 12 R- déng ciu
do d6 Ker (f - g) 1a mo6 dun con ctia X. Mit khéc

Ker(f-g)={x e X: (f-g)(x) =0}
= {x € X : f(x) - g(x) = 0}
={(xeX:fx) =gx)}=A
Viy A 12 md dun con ctia X (dpcm).

1.8.
a) Gid st B 1a md dun con cta Imf, khi d6 £'(B) 12 md dun con
ctia X. Vi X 1a mo dun don nén

f1B)=X hoic f'B)=0
diéu ndy tuong duong véi

B = Imf hoidc B=0.
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Vay Imf 1a m6é dun don.
b) Do X la md dun don nén ta cé
Kerf=0 hay Kerf=X.
Tur Imf # 0 cho ta Kerf # X vay Kerf =0 titc f1a don ciu.
1.9. Xét anh xa

f:B—— (A+B)/A
b—>b+ A

Dé& thdy f 1a ddng cAu. Hon nita néu (a+b)+ A € (A +B)/ A
vfiae A,beB thi f(b)=b+A=(a+ b)+A e (A+B) Ado
dé f1a toan dnh. Theo dinh 1y Noether f cAm sinh ra ddng ciu

B/ Kerf = (A +B)/ A, nhung

Kerf={x € B: f(x) =0}
={xeB:x+A=0}
={xeB:xeA}=AB

Do dé
%HB ~ A+]%3
1.10. Xét anh xa tuv nhién

n: X/ N—> X/M
x+N—->x+M
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Do N < M nén 4nh xa 7 hoan toan xdc dinh, hon niia dé thdy =
con 1a toan cau. Mit khac

Kermr={x+NeX/N:x+M =0}
={x+NeX/N:x e M}

={x+NeM/N }=M/N

Suy ra ton tai ddng ciu

PR

1.11. Liy x € X, x = h(x) + [x — h(x)], nhung h[x - h(x)] = h(x) -
h?(x) =0 do d6 x e Imh + Kerh suy ra X = Imh + Kerh. Bay gid
néu ye Imh NKer H, tirt y € Imh it tdn tai z € X ma h(z) = y.
Mit khiac ye Kerh nén ta c6

0 =h(y) = h’(z) = hz) =y
Piéu nay chiing td Imh NKerh = {0}. Viy X =Imh @ Kerh.

1.12. P& ching minh C = A @ B . Ta chi cin chitng minh
ding thifc (2) dudc suy ra truc ti€p bdi hai ding thifc con lai.
That vay, t

Jip1 +j2p2 = lc
= piip1 +pij2p2=pilc

= lapi +Ppi2p2 =pi

75



=  pip2=0
= pijep2j2=0
= pij2lg =0

= p1j2 =0

Chirng minh hoan toan tuong tu ta c6 pyj; = 0.

1.13.
a)

b)

LAy x :=(X)ier € ©(X), khi d6 ton tai 0 # A € R sao cho Ax
= (AXi)ier = Osuyra Ax;=0véimoii € I, diéu nay cho ta
Xi € 1(Xj) v6imoi i € I. Vay x € 2ic1 1(X)) .

Bay gid néu x = (x;) € Yier ©(X;) , khi d6 v6i mdii € I
ma x;# 0 tdn tai A; € R sao cho Aix; =0. Pit

r= T

iel

Vi chi ¢6 hitu han x; # 0 nén A hoan toan xdc dinh. RS
rang Axi = 0 véimoiie I, do d6 x € 1(X) .

Gid st {X;}ie1 12 ho mo6 dun xodn, khi d6

D Xi= D uX) = 1().X)

1€l 1€l 1€l
7z P A 2 A < N A <
do d6 tong truc ti€p cdic mo dun xoan la m6 dun xoan .

Gia st {Xi}ic1 12 ho md dun khdng xoin ma tdng truc
ti€p clia né khong phai 1a mo dun khong xodn. Khi d6 tdn
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tai (x;) € 2 X;va 0 # A € R sao cho A(x;) = (Ax;) = 0 suy
ra c6 j € I ma Axj = 0, di€u ndy mau thudn vé6i gid thi€t
X;1a mo dun khong xodn. Vay ta c6 téng tryc ti€p ho mod
dun khong xodn 12 md dun khong xodn.

1.14. Lay (xj)e 8(X), v6i moi 0 # L € R khi d6 c6 (y;) € X sao
cho A(yi) = (Ayi) = (Xj) suy ra x; € 0(Xj) v6imoii € I, do d6 x €
[T8.
1€l
LAy (x)) € IT 8(X;), v6i moi 0 # A € R. Khi @6 mdi i e I tdn tai

yi € Xi sao cho x; = Ayi , do d6 (xi) = (Ayi) = A(yi) vay (xi) € O(X).
Bay gi¢ néu {X;} 12 ho m6 dun chia dudc theo chitng minh trén
thi

[1xi=]]8x» = (] [X0

1€l 1€l 1€l

12 m6 dun chia dugc. Do d6 tich tryc ti€p clia ho m6 dun chia
dudc 1a md dun chia dugc. Chitng minh hoan toan tudng ty ta
nhan dugc tdng truc ti€p clia ho md dun chia dugc 14 mo dun
chia dudgc.

1.15.
a) Gia st X 1a mo dun hitu han sinh va A 12 md dun con cta no,
goi {Xy, X2, . . ., Xy} 12 hé sinh cda X, khi d6 mdix € X

n
X = Zrixi véir; € R,
H
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n n

Vaymdix + A € X/ Athix + A = Zrixi+A: Zri(xi+A), do
=H =

dotap {x1+ A, X2+ A, ..., X, + A} chinh 1a hé sinh cia X/A.

b) (=) Gia st X 13 tdng truc ti€p clia ho {X}ic1, goi tip sinh clia

X la
S = {ZXH, Z X2is o o o s ani}'

iel el el

V6imoii €I dnh xa m; : @ X;—— Xj la toan anh. Mat khac

1€l
vlix € X, tacd
n
X = ZI'J Z Xji = Z ZI'JXJ1
= el 1l =
n
= mKX) = Z:rjxJl
=

Piéu nay ching t6 v6i moi i € I, tAp {Xii, X2i, . . ., Xni} chinh 12
tap sinh cia X;. Hon nira, do cac xji xuat hién trong S chi co hitu
han khic khong nén hiu hét cdc tip sinh clia cdc X; déu chita
toan phan t 0, néi cdch kh4c thi hau hét cic X; bing khong.

(<) Gia sit mdi X; hitu han sinh va hiu hét cdc X; bing khong.
C6 thé gid thi€t ring cdc X; = {0} 12 X1, Xy, . . ., X, V6i mbi
i=1,2,...,n,dat:

Si = {X1i, X215 -« - » Xm(i)i}
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n
la tap sinh ciia X;. Khi d6: Vx € @ X; = @ X dugc phin tich

el i=1
n i) \ n
dudi dang x = Y xi = ) nouq. Pi€u nay ching 6 S = [ ] Si1a
H kg i=l

hé sinh cda tong tryc ti€p cdc X;. Do S hitu han nén tdng truc

n
ti€p @ Xi 12 hitu han sinh

i=1
1.16.
i) Gid st ho {f;: X; > Y;:i e I} 1a don cdu, dit f:= @ fi,
1€l
khi d6
Kerf = { Y JXx) e @Xi: [ J*x)l =0}
1€l 1€l 1€l
= {20 e @Xi: ) 11 (x) =0}
1€l el 1€l
={D () e @Xi: D Ni'fi(x) =0}
1€l 1€l 1€l

={> 1) e @Xi: fi(x)=0vdimoiie I}
1€l 1€l

={> 3x) e @Xi: xi=0v6imoiic I}
1€l 1€l

=0

Vay f1a don cdu .
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Gid st {fi : X; > Y; :i € I} 1a toan cau ldy, > J"(y) € @Y;
1€l 1l

vimdii € I, fj 12 toan dnh nén ton tai x; € X; sao cho fi(x;) = Vi,
do do6
FLY 1] = D)
1el 1el
Z 1Y (x)

1el

DIy

1el

=Yy
suy ra f toan cAu. Tl cdc chitng minh trén, néu mdi f; 13 ding cdu
thi @ f; 1a ding cau.

i) Gidst {fi:X;—>Y; :iel}ladonciu,ditf:=]f.

1€l
Khi d6
Kerf={(x) e [[Xi: fl(xi)ict] = 0}
el
={(x) e []Xi: (filxiDic1 = 0}
1€l
={(x) e [[Xi:fix)) =0, v6i moi ie I}
1€l
={(xy) € HXi :xi =0, v6imoii e I}
1€l

= 10}
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Vay f 1a don ciu . Bay gid néu ho {fi : X; = Y;} 12 toan 4nh .

LAY y = (Yiiel € HYi , v6i mdii e I vifila toan 4nh nén ton
1€l

taix; € Xj sao cho fj (x;) = yi, khi dé

fl(xiel]l = (EilxiDier = (Yi)iei =y

Viy f 1a toan cidu. Nhu vay Hfi la ding cdu néu ho {fi: X; >

iel
Y} 12 ding cau .
f g
1.17. AT "B >cCc o
"
X

Véimoic € C,chonb € g'l(c), diéu nay hoan toan xdc dinh bdi
gid thi€t g 12 toan 4nh. V§i cdch chon nay, dinh nghia ¢ : C — X
cho bdi @(c) = h(b). N&u by, b, thudc vé g'l(c) thi (b; — by) € Kerg
= Imf, do d6 ton tai a € A sao cho f(a) = b; — b,. T hf = 0, ta
nhian dudgc

hf(a) = 0
< h(b;—-by)=0
< h(b))—h(by) =0
< h(by) =h(by)

Piéu nay chiing td ¢ dudc dinh nghia tot. BAy gid ta chitng té ¢
1a d6ng cau.
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V6imoicy, ¢, € C, 14y by € g''(c), by € g7'(c). Khidé
g(by +by) =g(b1) +g(b) = c1+¢2
Vay b+ by e g'l(cl +cy), suyra
@(c1 + ¢2) = h(b; + b2) = h(by) + h(b2) = (c1) + ¢(c2)
diéu nay chitng té ¢ 12 dong cau.

V6i moi b € B, do g 13 todn ciu nén tén tai ce C sao cho
beg(c)

vay o[g(b)] = @(c) = h(b)
suyra  ¢@g=h.

Né&u p 12 déng cau thod diéu kién pug = h. Vi moi ¢ € C, chon
b e g''(c), khi d6

p(c) = pg(b) = h(b) = ¢(c)
suy ra i = @, do d6 ¢ 1a duy nhat.

Cach khéc : Ap dung dinh 1y Noether v& toan cdu va hé qui
cia né. Cho toan cdu g : B — C va déng cAu h : B > X ta ¢6
ding cdu g’ : B/Kerg = C va don cdu h’ : B/Kerh — X. Vi dong
khép nén Imf = Kerg va B/Kerh = B/Imf vi hf = 0 nén Imf
Kerh, cho phép xdc dinh dong cau 0 : B/Imf — B/Kerh ma 0(x +
Imf) = x + Kerh. Khi d6 ddng ciu ¢ : C — X 1a su k&t hgp clia ba
dong cau
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-1
g 0 h’
C —» B/Kerg =B/Imf - B/Kerh — X.

Ay

__,A__,B_& ,cC

1.18.

Do f 12 don 4nh nén ton tai ding cAu p: Imf — A ma uf =1, va
fiu = 1. Theo gid thi€t gh = 0, ta nhadn dudc Imh < Kerg. Do
dong 1a khép nén Imf = Kerg, vy Imh < Imf, cho phép ta dinh
nghia 4nh xa

y: X—>A
X — th(x)

Vi v 1a sy két hop clia hai dong ciu

h u
X — Imf - A

Viy y 13 dong ciu. Hon nifa, véi moi x € X
fy(x) = fuh(x) = h(x)
suy ra fyy = h.

Bay gid gid st ¢ 12 ddng ciu thod fe = h, khi d6 véi moi x
X, ta co

o(x) = pfe(x) = ph(x) = y(x)
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Vay y la duy nhat.

1.19.

Do g 1a toan cAu nén X/ Kerg = C.

Tu gid thi€t C hitu han sinh nén X/ Kerg hitu han sinh. Mit
khic, tit dong 1a khép nén Imf = Kerg. Do d6 X/ Imf hitu han
sinh. Vi f 12 don cAu nén cdm sinh ding ciu tir Imf vio A, suy ra
Imf hitu han sinh bdi A hitu han sinh.

Goi  {x;+ Imf, x, + Imf, . . ., X, + Imf} 1a tdp sinh ciia X/ Imf
{Y1,¥2, ..., Ym} 12 tdp sinh cia Imf

Khi d6 v6i x eX

n
x+Imf= (D rix)+Imf véireR
H
n
= x—(Zrixi)eImf
H
ATIEDS
= x-(D rx)= sjyj voirjeR
H =

n m
= X = I Xj + z Si Y;j (*)
g =l
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Ping thic (*) ching td tAp {X1, X2, . . ., Xns Y1, Y2, - - - » Y} 12
tip sinh ctia X. Vay X hitu han sinh.

1.20. Trudc khi chitng minh ta xét b6 dé sau.

B6 dé : Cho X 12 R-md dun va A 1a md dun con clia né, khi d6
a) Né&u X/ A va A hitu han sinh thi X htu han sinh.
b) Néu X hitu han sinh thi X/A hitu han sinh.

Chitng minh
a) Tuong ty cach chirng minh bai 1.19.

b) Goi {xi, X2, ..., Xy} la tAp sinh cia X, véix € X
n
X = Zrixi véir; € R
H
n n
= X+A=(Zrixi) +A = Zri(xi +A)
H =H
Do d6 tip {x1+A,x2+A,...,X,+ A} la tip sinh cia X/ A,

vay X/A 1a hitu han sinh (dpcm).

Bay gid theo (b) thi (X; + X3)/ X, hitu han sinh. Tt

X +X = X
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nén X/ (X; + X5) hitu han sinh. Ap dung (a) cho X/(X; N Xy)
va X; (X, ta nhan duge X hitu han sinh. Chéing minh hoan toan
tuong tu ta c6 X hitu han sinh.

1.21.

«—p <E>.< «— o

A\

(=) Gid stt o' 1a don cau . LAy x € Kerf'a, khi d6
B'a (x)=0.

Suy ra a(x) nim trong Kerp'.

Do cot khép nén Kerp' = Imp, 4t ton tai y €Y sao cho B(y) =
a(x) , diéu ndy din tdi o'B(y) = a'a (y) = 0 bdi dong 12 khép.

Vi gid thi€t o’ 12 don dnhta ¢ y =0, vay
a (x)=P(y) =0.
Mit khiac a la don 4nh nén ta nhan dudgc x =0, vi vay

Kerf'a = {0}
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tirc B'ow 12 don cau.

(<) Gid stt B'a.1a don cau . LAy y € Kerof', khi d6
aB(y) =0

suy ra B(y) nim trong Kera' .

Tir dong 1a khép ta c6 Kero' = Ima vay ton tai x € X sao cho
a(x) = B(y) diéu nay din dén

Pa(x)=BP(y)=0.

T B'a 1a don ciu ta c6 x = 0, do d6 B(y) = a(x) =0. Do B Ia
don cAunény =0, vi vay Kera'p = 0 titc o' 1a don cau.

Ci4ch khac: Do dong khép ta c6 o don cAu va Ima = Kera’. Do
cot 1a khép ta c6 B don ciu va Imp = Ker p’.

Tacé: a’fp < Kera'p = B (Kera’) = {0};
< ImB () Kero’ = {0} (do B don cau)
< Kerf’ [ Imo’ = {0}
< o'(Kerf’) = {0} {do o don ciu }
& Kerflo = {0}

< B’a don ciu.
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1.22.

X—> A—>»X —>»0

(=) Gi4 st p'o 12 toan cdu. LAy x' € X', khidé c6a € Ama
a'(a) = x'. T B'1a toan 4nh 4t tdn tai x € X sao cho

P'a (x) = P'a)
= Pla-ax)]=0
= a-a(x)e Kerp' =Imp
Viviycéy e Yma P(y)=a-a®X)
= o'B(y) = a'[a-ux)] = a'(a) -o'a(x)=a'(a)=x'

diéu nay chirng t6 o B 12 toan ciu.
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(<) Gi4 st o p 12 toan cdu. Ldyy € Y/, khid6 c6a € A ma
B'(a) =y'. Tir B'a.1a toan 4nh nén tdn tai ye Y sao cho

afy)=a'(@a = a'la-By)]=0
= a-PB(y) € Kera' = Imat
Viviycéx € Xma a(x)=a - B(y)
= Pax)=pTa-PyI=p@-pPy)=p@=y
Piéu nay ching t6 f'a 1a toan ciu.

Céch khac:
Do dong khép ta c6: o’ toan cAu va Ima = Kera’
Do cot khép ta c6: B’ toan cdu va Imp = Kerp’.
Khi d6 :B’a toan cAu <> Ima + Kerp’ = A (do B’ toan cau )
< Kera’ + ImB=A
<> o’ toan ciu (do o’ todn ciu) .
1.23. 0 0 0

Do | ow |

O ——A——>»B|——>»C——» 0

Bll . 331 . le

0 —>A—>B,—>C,—> 0

SRR,

0O—®A;— "By >G> 0

ool

0 0 0

89



6) Gi4 st dong (1) va dong (2) khdp. Ap dung b dé 4
ngin cho biéu db con sau.

l [
6
G > C, > C; >0

Pa(Kerow) = Pa(Imos) = Psos(Az)

~
¢}
=
)
(=)}
[

asPa(Az)  (tinh giao bodn clia bi€u d6)

as5(Asz) (Bz toan anh)

= Imos

do d6 dong (3) khdp tai Bs.
Tinh khép dong (3) tai C; twong duong vdi ag toan cidu. Tuy
nhién do oy, Pstodn cAu ma oePs = Psols todAn ciu, suy ra o toan
cidu. Tinh khép tai Az c6 nghia as don cdu, dudc chi ra trong
phép sin trén bi€u do:
(05] (0.5)
ag—> bl > 0
B Ips s
a —> (13(32) —0
B Ips
a; >0 eB;
Qs
Liy a3 € Keras. Do B, toan cAu = Jare Ay:Ba(ar) = as.
Vi Biais(az) = asPa(az) = as(asz)
= a3(a2)e KCI‘B4 = ImB3 = Jb;eB; ma B3(b1) = (13(212).
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Vi B5(12(b1) = 0L4B3(b1)= oc4oc3(a2 =0va B5 don cé’u = Otz(bl) =0
= ap(by) = 0 = bjeKera, = Imo; = Ja;€Aq: aq(a;) = by. Vi
Bsai(ar) = asPiar) = as(az) va ap don cdu = Bi(ar) = a, = a3 =
Ba(as) = BaPi(ar) = 0, vay: Keras = 0 titc os don ciu.

Truong hop dong (2) .Gia st dong (1) va dong (2) , dong (3)
khép dugc chirng minh hoan toan tuong ty nhu trén.

Gia st dong 3, dong 1 khép va dong hai la nita khép ta chiing
minh dong hai khép.

4 e A - < 2 N
e Ap dung bd dé ndm ngan cho 0, o, a3, as, 0 ta cd az 1a don
cau.
e Ap dung b6 dé nim ngin cho 0, o, o, 0 ta cO oy 12 toan
cau.

do o403 = 0 nén Imoaz < Keray . Ta chitng minh Keroy < Imas.
That vay 1dy bye Keroy, khi do’:

asfa(br) = Bsoa(br) = 0

Suy ra PBa(by) €Keras = Imas vdy c6 aze Ajz sao cho as(as) =
B4(bo). Bdi B, 12 toan ciu 4t tdn tai are A; sao cho Py(a) = as. Vay

Baoz(az) = asPa(az) = as(az) = Pa(bo)

= Ba(asz(az) — by) = 0 tic (az(az) — by) € KerPs = ImPs suy ra céd
b;e B ma B3(b1) = aiz(az) — by. Mat khac:

Bsaa(br) = auPs(br) = au(as(az) —by) =0.

Bé&i Bs don cAu nén ay(b;) = 0 titc bje Kera, = Ima; . Vay ¢6
a;eX ma (X](al) =b;.Pbita’ =a,- B1(31) e A,. Khi do*
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as(a’) = a(az - Pi(an)
= a3(a2) - azPiar)
= as(ay) - Psou(ar)
= a3(a2) - Pa(br)
= a3(a2) — (a3(a2) — b)
= by

Diéu nay chiing té by € Imai. Vay Keroy < Imas.

¢ v
0—s» X —>y—>V —»0
X)Xz X, Xi+Xo
Ty X, N X, ¢ X< X;+ Xz, tacé ¢ va y xdc dinh. y hién
nhién la toan dnh . Hon nira

1.24.

Ker(p = {X2+X1 ﬂ X2 . Xp € Xg, (p(X2+X1 ﬂ Xz):()}

xX0+X1 N Xo:x € Xp, x0+ X, =0}
= {X+X N X:xpeXo,xe Xy}
= {x+X N X:xeX N Xy}
=0

Viay ¢ don 4dnh.

V&6imoi x; € X;,tacd
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vo (x+ X1 N X)) = yxo+ X)) = 0+ (X1+Xp) =0
do d6 Imo < Kery.
DPé€ thdy bao ham ngugc, 14y x + X; € Kery. Khi @6
yx+X) =x+Xj+Xp) =0
= xeXj+ X2
= X=y; +y2 VOiyieXi, y2€Xp
= x+Xi=y2+y1 + X1 =y2 + X
Bay gio viiy, + (X N Xy) € Xo/ (Xy 1X,), tacd
o(y2+ X1 N X)) =+ X1 =x+X
suy ra X + X; € Imo . Piéu nay chitng t6 Kery < Img (dpcm).

1.25. Goi S := {y;i + A}ic1 12 co sd cia X/A . VGimoii eI
chon cd dinh phan t& dai dién x; € y; + A. it

B:=<{x:1el}>

13?1m6dunconcﬁaX,khidétacéX:A+B.N€uxeAﬂBthi

X = (Zrixi) e A,v4dir; e R
i€l

= (zrixi)+A= zri(Xi+A)=0

1€l 1€l

do (xi + A)icr 12 c6 sd cia X/Anénr; =0, v6imoii € I. Suy ra
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X = Zrixi =0.

iel
Viy X =A @ B (dpcm).

Céch khac: Mo dun con A ctia md dun X 12 hang tif truc tiép
cia X < day khdp i p ché ra .
0->A->X->X/A->0
<> toan ciu p: X — X/A c6 nghich ddo phdi p: X/A — X. Tuy
nhién vi X/A 1a m6 dun ty do v6icosd S = {y; + A :iel} nén
ddng cau p: X/A — X ma u(y; + A ) = yie X,v6i moi iel thod:pu
12 4nh xa déng nhA't trén tap cod s& S tifc pp 12 dong ciu dong
nhat 1x/a = u 12 nghich ddo phdi cta p.

1.26. Ta c6 Imf 1a m6 dun con cia Y ma Y lai 1a mé dun tu do
trén vanh chinh nén Imf 1a md dun ty do. Mit khiac X/Kerf =
Imf do d6 X/Kerf ciing 1a m6 dun ty do . Theo bai tap (1.25) thi
Kerf 12 hang ti¥ tryc ti€p clia X. Vi vay ddy khép ngdn sau ché ra
i o
0 > Kerf > X > X/Kerf —— 0

trong d6 i 12 phép nhing va © 1a phép chi€u ty nhién, diy trén
ché ra cho ta

X = Kerf @ X/Kerf = Kerf @ Imf
1.27. Goi {x;:1 €1} 1a cosdclia X. Gid st 0=\ € Rva
X = Zri x;j€ X vlir; € Rthod Ax = Zkrixi = 0, khi d6 Ar; =
1el 1el
0, véimoii € I. Tt A # 0 va R 1a mién nguyéntacori = 0 véi
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moiiel Viviyx = Y rx; = 0 do d6 X 1a mod dun khong
1€l

xoin, diéu ngugc lai khong hoan toan ding. Xét nhém cong Q

nhu 12 Z-m6 dun, khi d6 Q 1a moé dun khong xodn nhung khong

1a md dun tu do.

1.28. L4y e 1a phin tif trong cd s& cda M, néur, se R, rs = 0 xét
phan t& r(s.e) = 0.

1.29. BEYy N N P M;=0.

i#
1.30. Chiéu thuan dung dinh nghia téng tryc ti€p trong. Cho
chiéu d3o dit M; = mi(M) véi moi ie L

1.31. Xét diy dong ciu
T h i
M/N — M/Kerf — Imf - M'

Vi n 12 4nh xa tu nhién, h 12 ding cAu Noether, i 12 phép nhiing.

1.32.Xét Z-dingcduf: Z —27Z cho bdif(z) =2z,
717 khong ding ciu véi Z/127

1.33. bit A :={m - gf(m) : meM}, B := {gf(m) : me M}. Chiing
minh M= A @ B. D€ y g 1a don cau va g(N) 1a hang ti¥ truc ti€p
cua M.

1.34. Xétday dong cau

J O T
n

m
Xj—) @Xi—) @Yj—)Yi
i=] j=1

95



véi j; 1a phép nhiing va 7; 12 phép chi€u, dit o= @] .

1.35. Goi B 1a cd sG cia M. Xét ¢ : Hom(M, M) — M(R) véi
o(f) = [f]g v6i [f]g 12 ma tridn bi€u dién qua co cd.

1.36. Ap dung dinh 1y tinh phd dung ctia t8ng truc ti€p va tich
truc tiép.

1.37. Dung quy nap todn hoc.
1.38. 1) Dung dinh nghia.

ii) Xét ¢ : D - Homg(M, M) cho bdi @(d) = o4, trong d6
o4(m) = dm v6i moi me M.

1.39. (i = ii) Goi {a;}ic 12 tAp sinh ctia M. Gia st {a;};c; vO han.

n
Véimoine , goiM,= ZRai. Xét day chuyén tién

=

McM,c...cM,c...

(ii = iii) Gid st (iii) sai, xét tap khong rdng cdc md dun con cia
M ma khong c6 phin tif t81 dai. Diing quy nap todn hoc thi€t 1ap
modt chuyén cicmd duncon ciaM, M; M, ... M,
.. dat N := UM; chitng minh N khong hitu han sinh.

(iii = 1) Dung phan ching.

1.40. Tuong tu bai tap 1.39.
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1.41. Goi {aj, ay, . . ., a,} 12 tAp sinh cia M, néu N [ M, véi xe

n
N viét x = Zriai, ditI1a tap tat cAcdc r; xuit hién trong tdng
H
ctia x chitng minh I 12 idéan. Goi {si, s, . . ., 8} 1a tdp sinh cta I,

v6imoi 1 < i <t, chon xje N ma s; xudt hién trong tf;ng cda né .
bit M':=Ra, +. .. + Ra,, chthg minh M' (N hitu han sinh va N
=Rx;+Rxo+...+Rxi+ (M' (N).

1.42. (=) Ap dung bai 1.39.

(<) Goi K 12 md dun con ctia M, khi d6 K/N 12 hitu han sinh. Ap
dung bd dé trong chitng minh bai tap 1.20.

1.43. P& y Imf va M/Imf 13 cdc md dun Noether, 4p dung bai tap
1.42.

1.44. i) Xétday ...cf'M) <. .. c fF(M) < f(M).
i) Xétday f'(0) c f*M)c...c"M)c....
1.45. i) Xét nhém cOng Z
ii) X6t Zps, = pr?+z e Q/Z: meZ,ieN vdiplass
nguyén t6 cho tru'(’j(:{ }
1.46. Ap dung bai tdp 1.42 va quy nap todn hoc.
1.47. Ap dung bai tap 1.19.

1.48. R*=R (1,0)® R0, 1) = R(1,0)® R(1, 1).
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CHUONG 11

2

Bo dé 1.
Cho m6 dun Y va ho md dun {Xj}ic, khi d6

Hom(@ X, Y) = [[Hom(X; Y)
1€l 1€l
Chitng minh.
Véimoiiel, véimoif € Hom(@Xi, Y), goi j; la phép nhing tir
1€l
Xivao @X;. Xétday dong ciu
1€l
Ji f
Xi —> @ Xi— Y
1€l
khi d6 r6 rang fj; € Hom(Xj, Y). Bay gi0 ta dinh nghia

¢ : Hom(@ X;, Y) —> [ [Hom(X;, Y)
el 1el

f— (fji)iel

Vé6imoi f,g € Hom(P X, Y), ta c6
i€l

¢ (f+g) = [(f+ Qjiliar

= (fji)iel + (gji)iel
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= o) + 9(2).
vay ¢ 1a déng cau.

Pé thiy ¢ 13 ddng ciu, 18y (f)icr € HHom(Xi, Y). Khi do; ta c6
ho {f; : X; > Y. Theo dinh ly tinh 1;:5 dung cta tdng truc ti€p
ton tai duy nhat déng cau f tr 1E®I X; vao Y thod fj; = f; véi moi
iel, do do

o) = (e = (Eiar

vay ¢ 12 toan dnh, hon nita tir sy duy nhdt cta f nén ¢ 13 ding

Cho md dun X va ho md dun {Yj}jcy, khi d6

I

Hom(X, []Yp = []Hom(X.Y)
Jel =
Chitng minh.

Véi moi jel, véi moi f € Hom(X, HYi)’ goi m; 1a phép chi€u
jel]
tr J]Y;vao Y;. Xétday dong ciu
=2
f T
X — [y — Y,
Jel
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khi d6 rd rang nf € Hom(X, Y;). Bay gi¢ ta dinh nghia

o :Hom(X, []Y)— [[Hom(X, Y
jel jel
f— (ch f)je]

V6imoi f, g € Hom(X, [1;esY;), Ta c6

c(f+g) = [m(f+ g)ljes

(mif)jes + (T;Q)jey
o(f) + o(g).

viy o 13 dong cau.

DE thdy o 1a ding cdu, 18y ()i € [ [Hom(X, Yj) khi d6 ta c6

jel

ho {f;: X = Y;}. Theo dinh Iy tinh phd dung cda tich tryc ti€p tdn
tai duy nhat dong cdu f tr X vao [];e;Yj thod man m; f = fj vé6i

moi jel, do dé

o) = (njf)jeJ = (fi)ier

vay o 12 toan dnh, hon nita tir sy duy nhdt cta f nén o 1a ding

ciu.

Ap dung b8 @& (1) va b3 d& (2) cho bai todn ta c6

Hom(@ X, []Y) = [] Homx:, []Y)

il el el Je]
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= [T]T¢ YD

1€l jel

= [ &Y
(1,))elx]J

2.2.a) Xét anh xa

¢ : Hom(R, X) —> (X, +)
f— f(1).

Véimoir € R, f, g € Hom(R, X), ta c6

o(f +g) =+ g)(1)=1(1) + g(1) = o(f) + p(g)

o(rf) = rf(1) = ro(f)
Vay ¢ 13 dong ciu .
LAy f e Kerf, khi d6 o(f) = f(1) =0 suy ra véimoir € R
f(r)=1f(r.1)=rf(1)=0
titc = 0. Do d6 Kere = {0} hay ¢ 1a don cau.
P& thiy o 12 toan ciu 14y x € X, xét 4nh xa

f:R—> X
r —>rx

Dé& thay f € Hom(R, X) hon nita f(1) = 1.x = x, di€u ndy cho ta ¢
12 toan cAu hay Hom(R, X) = (X, +).
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b)Tacé FS) = PR
seS

1

= Hom(F(S), X) = Hom( (—D Rs, X)

seS
ll Hom(R, X) (baitap 4.1)
se

(X, +) (theo (a)).
1

Y

A —»B —»C

N

I

2.3.

Tur gh = 0 cho ta Imh < Kerg, do dong 1a khdp nén Imf = Kerg
vay Imh < Imf. Pinh nghia h; : P — Imf cho b&i hi(x) = h(x). h;
hoan toan xdc dinh tt Imh < Imf, hon nita dé thdy h; la dong
cau.

Goi f; 12 toan ciu tir A 1&én Imf cho bdi fi(a) = f(a) v6i moi a
€ A. Xét bi€u db sau

p

s
f 0

A —pImf —» 0

Do P xa 4nh tdn tai dong ciu ¢ tir P viao A thod fjp = h.
Véimoix € P, taco

flo(a)] = fi[p(a)] = hi(a) = h(a)
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vay fo =h.
Dong ciAu ¢ chinh 12 ddng cau phai tim.

24. h k
P—» X —>» H

SN )

A » B » C

Dinh nghia dong ciu y = oh . Tt tinh giao hodn clia hinh vudng
bén phéi ta c6 gy = gah = Bkh =0

VAN
f g *)

A—» B—>»C

Xét bi€u dd

Trong bi€u db (*), ta c6 gy = 0 va dong 1a khép. Ap dung bai tip
2.3, tdn tai dong ciu ¢ : P — A sao cho

fo = y = ah
dong ciu ¢ chinh 13 déng cidu cin tim.

2.5. Do P xa dnhnén tdn taimd duntr do X = A @ B, trong d6
A = P.Goiflading cAutr AvioPva Y :=P @ B.Pinh nghia
anh xa

¢0:=A®B—>P ® B
(a,b) = (f(a), b)
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Tir f 1a ding ciu ta c6 ¢ 1a ding ciu, hon nita do X 12 md dun tu
do nén Y ciing 12 md dun tu do. Ap dung bai tdp (1.27) ta nhan
dugc Y 1a mo dun khong xodn. B&i P 12 md dun con cia Y nén
theo bai tAp 1.4 thi P12 mo6 dun khong xodn .

Chiéu ngugc lai khong hoan toan ding. Xét Q 12 Z-md dun
khong xoidn nhung khong 12 mo dun ty do, mit khdc Z 1a vanh
chinh nén khong xa dnh.

2.6.

® c
Y —

Q
)

T

5
gL

0

=
=
¥

(@]
v

e P T e He— o
v

ct— W —F «—~<+—o

e O
o3
Bs

v

0

(e
v

ct— O —T «— < «—©°

Gia st cot (1) va cot (2) khdp va

f g
0O—» A—3»B — 5 C —30

1a day khép ngén ra. Dit
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Y =Imo; xV, P,:=P;x Ps

tif P; va P3xa dnh ta c6 P, xa 4nh, cdc dong ciu o, B, a3, B3, f, g
da dugc xdc dinh, cic dong cAu con lai dude dinh nghia nhu sau
(xem trong biéu dd ).

o Vx € X, &(X) = a(x).
e ¢ 1a phép chi€u tr Y xudng V.
e i; la phép nhing tr P; vao P, .
e 1, 12 phép chi€u tir P, vao Ps.
e 0, dugc dinh bdi
o2(u, v) = (u,03(v)), V(u,v)eY

e Tir g 1a toan cAu va P; xa 4nh, nén ton tai ddng ciu o di tir
C vao B thod gp = B;. Pong ciu B, dugc dinh bdi

V(a,b)e Py, Ba(a, b) = fBi(a) + o(b).

TU cdc dinh nghia trén dé dang ta thdy dugc dong (1), dong (2)
va dong (3) khdp, ta chi cin ki€m tra cot (2) kh6p va biéu dd giao
hodn tirng 6 vudng.

-Véimoix € X ,tacd

azfo(x), 0]

or&e(X)

[ou(x), a3(0)]

[oui(x), 0]
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= jjo(X)
= ohE = 104
Véimoi (x,v) € Y, tacd
a30(X, v) = os(v)

(X, a3(Vv))

To02(X, V)
= 030 = Th0Ol

V&6imoi ae Py, taco

Bii(a)

Pa(a, 0)

fBi(a) + ¢(0)
= fPi(a)

= Boix = P

V§i moi (a, b) € Py, ta ¢6
gPa(a, b) =gfPi(a) + go(b)
= Ps(b)
= Psma(a, b)
= gh =Pm

Viy tit cd 6 vudng déu giao hodn .
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N N ~ N N N ~ g A <
TU oy, oz 1a don cau va By, B3 1a toan cau theo bo dé€ 5 ngan, ta
c6 o 12 don cdu va By1a toan ciu.

D€ y, néu goi iy 12 phép nhiing P; vio P, thi ¢ = Paiy, suy ra
ImfP; N Ime = ImPyi; N ImPaiz = 0. Mit khic, KerPs = ¢ (Kerg)
nhung Kerg = Imfp;, nén ¢ '(Kerg) = 9 (0) = Kere. Do d6 Imo =
Kerfs; = Ker. Nhu vdy véi (u, v)e Y, ta c6

Baoa(u, v) = Ba(u, az(v)) = fBi(w) + eoz(v) =0+ 0=0

Bay gi¢ néu (a, b)e KerP, thi Ba(a, b) = fBi(a) + ¢(b) = 0, do
ImfB; N Ime = 0 nén ta nhan dugc fBi(a) = 0 = @(b). T f don cau
nén Bi(a) = 0 suy ra ae Ima,, médt khiac Imas = Kerg do dé be
Imos. LAy xe X, veV sao cho a(x) = a va a3(v) = b, khi d6

(ou(x), v)e Y va ap(a(x), v) = (a, b)
diéu nay chitng té cot (2) khép.
Ciach khéac: St dung lai bi€u dd véi hai cot bién di chon 1a cic
cot khép :

o Bl
0>X—>P —>A—>0

3 B3
0->V->P3—>C—0

Chon P, = P, @ P3, ta dugc dong khép:
i| T

O—->P >P ®P;>P;—>0
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Xay dung déng ciu B;: P, ® P; — B nhu cich trén ta dugc bi€u
dd giao hodn véi hai dong khép:

il V%)
O— P —» P,—>» P;—>» 0

Bll f le g le

O—>A—>B——>C—>0

Khong may khé khiin d€ ki€ém tra diy ker clia bi€u d trén
0 —> X = Kerf; > Kerf, > Ker; =V — 01a khép va 1a day trén
cing cia bi€u d6 3 x 3 can tim.

2.7. Xét bi€u dd

g ]
B/Imf = B/Kerg—» Img—»C

N

J

Vi dong 2 1a khép nén Imf = Kerg va B/Imf = B/Kerg.Dinh nghia
anh xa h’: B/Imf —— J cho béi h’(b + Imf) = h(b), ta chitng minh
h’ hoan toan xdc dinh. That vay, néub + Imf=b’ + Imf, vay c6 a
€ Asaocho b=b’ +f(a) do dé

h(b) = h[b’ + f(a)] =h(b’) + hf(a) =h(b’)

d& thdy h’ 1a ddng ciu. Pdng ciu g’ 13 ding cAu cdm sinh tir
ddng cau g cho bdi g’ (b + Kerg) = g(b), g’ hoan toan xdc dinh tir
dinh Iy Noether. Pong ciu j 1a phép nhiing tif Img vio C. Do J 12
md dun ndi xa nén déng cdu @’ tr Img vio J ma ¢’ ddng ciu ¢
tr CvaolJ thod @ j=¢’.
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Pong ciu ¢ vira xdc dinh chinh 13 dong ciu cin tim. That vay,
vdimoib € B,

h(b) =h’(b + Imf) =h’(b + Kerg) = ¢’g’(b + kerg)

= @jg’(b + Kerg) = ¢jg(b) = og(b)

Vay pg=h.

2.8.
o B

A—»B —» C

IR

X Y J
TU hinh vudng bén trdi giao hodn , ta c6 gua = gfc = 0. Theo bai
tap (2.7) ton tai dong cdu ¢ tir C vao J thod ¢p = gp.

DPong ciu ¢ chinh 12 ddng cAu phai tim.
2.9. Gia st R 12 mién nguyén va X 12 md dun khong xoin chia
dudc . Gid st 11a Ideal ciia R va fla ddng ciu di tir I vao X.

_Né&uI=0,18y q € X thi f(0) =0=0.q

_NE&ul=#0,1ay A, 2 e L, L #0va A #0. Tr X chia dugc nén
tdn tai q, q” sao cho

{ f(,) = Aq
f(k’) - }\,’q’
Khi d6 AA> # 0 va :
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WG = ML) = FO) = fO0L) = M) = MAq = ANq
Do X khong xodnnénq = q’.
Trudng hdp A =0, f(A) = f(0) = 0 =0.q. Tém lai ta c6
fA)=Aq  v6imoikeR
Theo tiéu chuidn Baer thi X 12 md dun ndi xa.
2.10. Gia st cot (1) va cot (2) khép va

f g
0 > A > B > C >0

la day khép ngén. GoiM =X ® N; ® K,

N = {(x, u,0)e M) : x = -B;(u)}
khi d6 N 1a m6 dun con cia M. Bay gio ta dit
Y :=M/N, N;:=N;x N3
tr N7 va N3 noi xa ta ¢c6 N> ndi xa , cac dSng cau f, g, oy, B1, o,
Bs, dd dugc xdc dinh, cdc ddng ciu con lai dude dinh nghia nhu
sau (xem biéu dd ).

aQ

()
v
v
v

)

o

A

"i -
v v
ct— < «ZL ez we—o
[\
v
Z <TO<_O
w
N
S

(e)
v
=)

“—Z «—p» «—— O
=

[\S}

=

(98]

%)

— o
[\

]
v
v

ot X

v
v
]

o— R~
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e i; la phép nhing tr N; vao N,.
e 71; 12 phép chiu tir N, xudng N3

o Vxe X, ir(x) = (x, 0, 0) + N. Néu ixx) =0 thi (x,0,0)e N
do d@6 ton tai ue N; sao cho (x, 0, 0) = (-Bi(u), u, 0) suyrau=0
va x = -B1(0) = 0. Vay i, 1a don cau.

e V(x,u,Vv)+Ne Y, m[(x, u, k) + N|=k. Néu (x,u, k) + N =
x,u,k)+Nthi (x-x,u-u,k-k)e N, do dé c6 xe Nisao cho
x-x,u-u,k-k')=(-Bi(x), x, 0) suy ra k =k' vdy m, xdc dinh,
hon nita 7, con 12 toan cau.

e Tir f: A — B 13 don cAu va N; ndi xa do d6 ton tai dong
ciu ¢ : B = Ima; sao cho ¢f = a;. o dudgc x4dc dinh nhu sau

Vbe B, au(b) = [p(b), asg(b)]
e YV(u,v) e Ny, Ba(u, v) =(0, u, B3(v)).

Tu cdc dinh nghia trén dé dang ta thdy dugc dong (1), dong (2)
khép. Bay gid ta ki€m dong (3), cdt (2) khép va biéu db giao
hodn tirng 6 vudng.

o Vxe X, mixXx) = m[(x, 0, 0) + N] =0, vy Imi, < Kern,. Mit
khic (x,u,0)+ N = (x + Bi(u), 0, 0) + N =1ip[x + Bi(u)] vay Kermn,
 Imi,. Do @6 dong (3) khép.

eVéimoia e A,tacd

af(a) = [of(a), asg f(a)]
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[oi(a), 0]

iou(x)
= of = hoy
e V6i moi be B, ta cé
mon(b) =asg(b) = mian = asg
e V6imoi (u,v) € Ny, tacod
mPa(u, v) = 12(0, u, B3(vV)) = B3(v) = Pami(u, v)
= Bsm = mps
e Véimoiu € Ny, ta co
Paii(u) = Bo(u, 0) = (0, u, 0) + N=(Bi(u) , 0, 0) + N = i21(u)
= Poii = 2P
Vay tit cd 6 vudng déu giao hodn .

N N e N N N e 2 A <
e T oy, a3 1a don cau va By, B3 l1a toan cau theo bd d€ 5 ngan,
ta c6 o 12 don ciu va B,1a toan ciu

e P& y Img = Ima.; = Kerp,;. Do do;, v6i moi b € B
Baoa(b) = Bale(b), azg(b)]
= (0, ¢(b), B3azg(b) + N )

=(-P1p(b), (), 0) +N =0
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= Imocz c B3TC2
e LAy (u,v) € KerP,, khi dé (0, u, B3(v)) € N, vi vay
u € Kerf}; =Ima,; va v e Kerf33 = Imas

do d6 c6 ae A, be B sao cho a,(a) = u, azg(b) = v. Mit khac do
Img = Imo,; nén ton tai a'e A sao cho ay(a') = @(b). By gid 14y
phan ti f(a - a') + be B, ta ¢

Palf(a - a') + b] = (of(a - a) + @(b), msgf(a - a) + m3g(b))
= (ou(a) - ou(@’) + @(b), mag(b))

= (u,Vv)

Vay Kerf3; < Imay, suy ra cdt 2 khép.
Ciach khac: St dung bi€u dd trén vdi hai cot bién khép :

o B1 o3 B3
0>A—>N—>X—>0 va0—>C—->N;—-K—>0

Chon N =N; @ Nj, ta ¢6 day khép ché sau:

il T
O->N >N & N; —)N3—)0

Tuong tu cich trén, do N; ndi xa va f: A — B don cAu nén dong
cdu oy : A > N c6 thé md rong t6i ¢: B — Nj. Piéu d6 cho phép
dung déng cAuoy: B - N, =N; ® N3 ma vimoib € B:

ax(b) = (@(b),asg(b)) .
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Véi ddng ciu nay, bi€u dd vdi hai dong khdp sau 13 giao hodn:

f g
0O—>A—>B—>»C—>0

0L1l (le OL}i
il (%)
O— > N—"N,—> N;/> 0

Khong may khé khian dé ki€m tra ring diy Coker ctia bi€u db
nay la khép :

0— X = Cokera; — Cokera, — Cokeros; = K
va d6 chinh l1a dong dudi khép ctia biéu dd 3 x 3 phai tim.

2.11. Gid st ta ¢6 day khép ngdn

f g
0 > A > B > P >0

N N N ~ A . 2 A
Tur g 1a toan cdu nén cdm sinh dang ciu

¢ :P—— B/ Kerg
¢ — b, + Kerg

Véi b. € g'l(c). Goi N(B) 1a m6 dun ndi xa nhian B lam m6é dun
con, 1 1a phép nhing tu B vao N(B). Binh nghia anh xa

¢ : P— N(B)/ Kerg
c—>9(c)

Tir ¢’ 12 ding ciu, ta c6 @ 1a don ciu. Goi m 12 4nh xa ty nhién
tr N(B) vao N(B)/Kerg. Theo gia thi€t ton tai dong cdu y’ tir P
vao N(B) thod my’= ¢ (xembiéu dd).

114



f g
0 ,A_ ., B 4, P__ 4,0

iy ®
i
N(B) —» N(B)/Kerg ——0
Biy gid véic € P, tdn tai b, € g"'(c) sao cho ¢’(c) = b, + Kerg
Vay: b. + Kerg = ¢(c) = ny’(c) = y’(c) + Kerg
suy ra ton tai x. € Kerg sao cho y’(c) = b, + x¢ , do d6
Imy’ < B.

Tir bao ham nay dnh xa v : P—— B cho bdi y(c) = y’(c) hoan
toan xac dinh. Hon nita, véi moic € P, ta ¢c6

gy(c) = gy’ (c) = g(be + xc) = g(be) + g(Xc) = ¢
= gy =lc
Tic diy khép ngdn c6 nghich ddo phai, vi vdy day khép ngidn ché
ra, do d6 P 1a xa anh.

Chiéu thuan 12 hién nhién tir dinh nghia ctia m6 dun xa anh

2.12. Goi F(J), F(B) 1a cdc md dun ty do sinh ra bdi cdc cd sé
tuong tng 12 J va B. Cédc 4nh xa ddng nhi't 1; va 1z cdm sinh cdc
dong ciu my v g tuong wng l1an ludt tir F(J) vao J, F(B) vao B
thod
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nyly= 1y, mg|B = IB.

Gid st ta ¢6 day khép ngdn

2 [ A
Xét bi€u do sau

h
F(J) > F(B)
Ty 0 B
f g
0 ] - B - C "0

Do F(J) 12 md dun tu do nén ton tai duy nhat ddong ciu h tir F(J)
vao F(B) thod tinh chat h(x) = f(x) v6i moi xe J, mit khdc

Kerh = {31 x; : rie R, x; € J, h(Zh 1i x1) = 0}
={ZmliXi : € R, xj €J, 2 rih(x) =0}

Do mdi h(x;) nim trong co s& ctia F(B) nén ta ¢ r; = 0 v6i moi i,
vi vay Kerh = 0 titc h 1a don cdu. Ap dung gi3 thiét ta c6 ddng
ciu ¢ di tir F(B) vao J tho

([)h =Tj.
Dinh nghia 4nh xa

c:B—1J
b — o(b) = ¢(b)

Khi d6 v6i moi b, b’e B, véimoir, r’e R ta cé
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o(tb+1’b’)=0eb+1b’) =re)+r’eb’) =ro()+r’c(b’)
Viy o 1a ddng ciu. Hon nita vdi moi x € J,
of(x) = ch(x) = oh(x) = m;(X) =x

Vay of = 1; do d6 ddy khép ngdn ché ra, di€u nay ching 6 J 1a
mo6 dun nodi xa. Chiéu thudn 13 hi€n nhién tir dinh nghia cda mo
dun ndi xa.

2.13. (=) Hién nhién tir dinh nghia clia song tuy&n tinh.
(«<=) Gia st ¢ 1a song cong tinh (chd ¥ do Z giao hodn nén Z-md
dun trdi va Z-md6 dun phai tring nhau).
Néuk €Z ma k e Z*, khi d6 ta co
oxk, y) =X+ Xx+...+X,Y)
-

k Ian

O, Y)+ (X, y) +...+0(X,y)

~—

k 1an
X, y+y+ ... +Yy)
H_J

k lan

= o(x, ky)
Ta c6: ¢(x, 0) =o(x, 0+ 0) =(x, 0) + o(x, 0)

= o(x,0) =0

= 0=0x,y+(-y) = oX,y) + o(x, -y)
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= 0(x,-y) = -0(x,y)
Hoan toan tuong tu khi hodn vi x, y ta nhan dugc
(X, -y) =-0(X, y)
Do d6 o(-X, ) = ¢(X, -y) 2)

NEu k < 0 thi: e(xk, y) = @(x(-k), -y) = ¢(x,(-K)(-y)) = ¢(x, Ky)
Bay gid v6i k=0 thi

0(x,0y) = 9(x,0) = 0 = 900,y) = ¢(x.0,y)

Tém lai trong pham tri Z-md dun thi song tuyén tinh va song

cong tinh tring nhau.

2. 14.
a) bat

A={m®t:me ,te };B={r®s:rse }
RG rang A c B, d€ thdy chiéu ddo 18y mn' ® pq”' € B. Khi d6
mn’' ® pq'1 = mn' ® nn'lpq'l
=m® n'lpq'1 €A
do d6 A =B diéu nay din t6i

<A>=7®Q =Q®Q=<B>

Mitkhic Z ® Q= Q doddétaco Q®Q = Q
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b) Liy mn' ® (pq' + Z) 1a phin t& trong tip sinh cia nhém

Q®Q/Z .Khidd
mn' ®(pq'+Z H)=mnlqq' ® (pq' +Z )
=mn'q'® p+Z )
= mn'lq'1 ®0
=0

Suyratipsinhcia Q ® Q/Z  chichita phantt 0, do dé

ta co
Q ®Q Z = {0}.

o)Liymn' ®a e Q® A, tir A 1a md dun xodn it ton tai 0 = k

€ 7 sao cho ka = 0. Khi d6

mn! ®a = mn'k! @ka

mn' k' ® 0

=0

Diéu nay chitng td tip sinh ctia Q ® A chi chita phan ti 0, do d6

Q®A = {0},
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2. 15.

Cach 1: Trudc tién ta xét bd dé sau

Bo de
i) Z4g® Zaqg= Zg
i) d+mZ ®1+nZ =0
Chirng minh.

1) Xét anh xa

T: de Zd—) Zd

k+dZ,1+dZ )—>kl+dZ

Ta chitng minh 4nh xa t hoan toan x4c dinh. That vay, néu ta c6
k+dZ ,1+dZ )=K +dZ ,'+dZ )

thi
k+dZ =k’+d Z val+dZ =1+dZ

suy ra tontair,s € Z saochok=k’ +rd, 1 =1" + sd. Khi d6

kl+dZ =& +rd)I’+sd)+dZ
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Kl + s+ +rsd)d +d Z

KT’ +d Z

D& dang ki€m dugc 12 4nh xa song tuyén tinh.

Biy gid n€u ¢ 12 4nh xa song tuyén tinh di tr ( Zgx Zyg)

vao m6 dun X batky. Ta x4c dinh 4nh xa f nhu sau

f: Zd—>X

k+dZ —->oek+dZ ,1+dZ )

Tinh todn don gidn ta ¢é dugc d 1a dong cAu. Hon nita véi moi
k+dZ,1+d7Z)e ZagxZa,tacd

frk+dZ ,1+dZ)=f(kl+d Z)
=okl+dZ ,1+d7)

=pk+dZ ,1+d Z)

suyra ¢ = ft.
Bay gid néu c¢6 dong ciu g tir Z4 vao X thod diéu kién ¢ = gt

thi v6imoik+de Zgy tacd

gk+dZ) = gtk+dZ ,1+d Z)
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ok+dZ ,1+d72)

ftk+dZ ,1+d Z)

fk+dZ)

Tic g = f do d6 f1a duy nhat .
Ap dung tinh cha't phS dung clia tich ten xd ta nhin dudc

Zd® Zd = Zd.

ii) Tor d = (m, n) do d6 tdn tai a, b € Z sao cho am + bn = d. Khi

do taco

O=(am+mZ ®1+nZ )+ (1+mZ ®bn+n Z)

=(am+mZ ®1+nZ)+(bn+mZ&1+n 7Z)

(am+bn)+mZ ®1+n7Z

d+mZ ®1+n7Z. (dpcm)

Xét cdc anh xaty nhién

C: ZIm—> Za; Wi Zn—> Za

k+mZ—->k +d Z l+nZ—>1+d Z
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DomZcdZ vanZ cdZ ,néncac anh xa ¢ va pu hoan

toan xdc dinh. Hon nita, dé thdy chiing 12 nhitng toan ciu diéu
ndy din d€n ddng cAuc ® uditt Z,Q® Z,vio Z,® Zg4

ciing 1a toan cAu. Tinh todn Ker(c ® p), ta dugc
Ker(c ® p) =
<{k+mZ®l+nZ :k+m Z € Kerc hodcl+n Z € Keru} >

=<{k+mZ ®l+nZ :k =rd hodcl=sd>

={0} (dobd dé (ii))
Ap dung b dé (i), ta c6

IZm® Ziy = Zg®Zyg = Zyg.
Bay gio n€u (m,n)=1 thi Zy=Z;= 0dodd Z, ®Z,= {0}.

Cach 2: Ta c6 thé chitng minh tryc ti€p Z o, ® Z = Z4theo
congthict(k+m Z,1+n Z)=kl+d Z .t xdc dinh hgp 1y vi
néuk’=k+mt, 'l +nsthik’l’=kl+dh ekl+d Z .DEé thdy

1 12 song cong tinh. N&u ¢6 4nh xa song cong tinh
¢@: Zm x Z,—> X thita dung dong ciu f: Z4 — X theo cong

thic f(t+d Z)=o(t+m Z, 1 + n Z). Anh xa f x4c dinh hgp 1y vi

néu t’ =t + dv. tuong tu cidch chitng minh bd dé (ii) ta c6
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¢d+mZ,1+n%2)=0,dodé o(dv+m Z,1 + n Z)=0, cho ta
ft+dZ ) =f(t' +d Z ). Hiénnhién fr = ¢. N€uc6 1 Z 4 > X

ma f't=¢thivéimoit+dZ €d Z, tacé:
ft+dZ )=F1t+m7Z ,1+n7Z)
=ot+mZ,1+nZ)
=f(t+7Zq)
=>f=1.
VAY 2 4= L ® Zn.
Cach 3: Xét tich ten x0 cdc toan ciu ty nhién p;: Z — m Z

vapy: Z—> ZomaPi(xX)=x+mZ,pxy)=y+nZ . Hién
nhienh=p ®py: Z®Z —>Zy® Z,latoan ciu, va

K =Ker(p; ® p2) = <{x®y : x =mt hay y = ms}>

Dé thay Ker(p;®p,) < D =<d®1> v6i d =(m, n). Hon nita vid =
(m,n) nén tén taia, b e ma d =ma + nb do d6 d®1 = (ma +
) ®1=ma®1+nb®1=ma®1+b®n e K. Viy:

D=<d® I>cKsuyraD=K.
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Theo dinh 1y Noether toan ciu h sinh ra ding ciu
W:(Z®Z)—> Zn® Z,.Stdungdingciub®: Z®Z =7

ma 0k ®1) =kl, thi 6(D) =0(D)=d Z . Vay:
Ligm @Lin=(ZOZ)IK=Z0K)= Z/dZ =7,

2.16. Gia st X va Y la hai nhém abel hitu han sinh. Goi {r;}ic ,
{si}jcy 1an lugt 12 tap sinh cla cda X va Y, trong d6 1, J 12 nhitng
tdp hitu han. Véimoi x, ® yy € X ® Y, ta c6

Xt &® Yk = Z m;eL ® Z NjkS;
Il Jed

= Z mj; Njk(r; @ sj)
el Jjed

Trong dé my, nj € Z v6imoii, ). Vivay, v6i mbéiae X®Y

2= 2 ph % ® Y

= Zhh Z Z m; N (1; & 8;)

el jed
Diéu nay ching t6 tAp A :={r; ®s;}ic1jes 12 tAp sinh cla X ® Y.
T luc lugng cta I, J hitu han ta nhian dugc A c6 luc lugng hitu
han (dpcm).

2.17. Goi a la phin tif sinh clia A. V6i moik € Z, ta c6
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2®a néu k 18
2k®a = {

0 néu kchin

suyra2 Z ® A =<2 ® a>.Maitkhdc

22®a) =2®2a =2®0 =0

Vi vdy 27Z ® A la nhém cyclic cap 2.
Vi phin tlf sinh (2 ® a) € 2Z ® A ta ¢

J1®1A2®a)= 1® 12 ®a)
=(2®a)
=(1 ® 2a)
=(1®0)
=0

Vivay j ® 14 la dong cAu 0 nhu da miéu ta.

2.18. B€ chitng minh bai todn ta chi cAn ching minh i ® j don
dnh . Goi A’ va B’ 14n ludt 12 mod dun con bu truc ti€p cia hai
mod dun A va B, nghia la

X=A®A, Y=BOPB

bit C:= (A®B) ® (A®B’) ® (A°®B) ® (A’®B’)
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Theo dinh ly tdng truc ti€p clia tich ten xd tdn tai ddng ciu g tir
C vao X ® Y. Goi a 12 phép nhiing (A ® B) vao C, xét diy dong
ciu
o g
A®RB— C—> XQ®Y
Véimoia®b € A ® B, theo dinh nghia ctia g ta ¢6
co(a®b)=ga®b,0,0,0)

=(a,0) ® (b, 0)

= i(a) ®j(b)

= (i®j)(a ® b)

Viy ga va (i®j) ddng nhat trén hé sinh, suy ra go = (i®j). Hon
nita, go 1a don c4u do d6 (i®j) 1a don cau (dpcm).

2.19. Gia st f lading ciu tir A vio A’, g 1a ding cdu tir B vao
B’. Khi d6 f ® g 1a toan ciu, hon nita

Ker(f®g) = <{a®b e A®B: f(a) =0 hodc g(b)=0}>
=<{a®be A®B: a=0 hoicb=0}= {0}
Do d6 f®g 1a ding cAu (dpcm).
Céach khac: do f: A » A’, g : B — B’ ddng ciu nén tdn tai cdc
ding cdu nguoc f': A > A va g’': B - B. Hién nhién riing:
fleg! = (fog)’, tic f ® g 1a ding ciu.
2.20.

(=) Gia st {A;}ic1 1a ho md dun det va
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f g
0 > X >Y > 7 >0

la diy kh6p ngidn bat ky. Tir dinh 1y khdp ctia tich ten xd va dinh

nghia ciia md dun det d€ chitng minh @ A; 12 md dun det ta chi
el

can chitng minh (1ga; ® ) 12 don ciu.

Do v6i mdi i, A; 1a mo dun det nén diy

1Ai®f 1Ai®g
00— AARRX—ARY—A®RZ—>0

cling 1a day khép, vi vay véimoii € I, ta c6 (1,;®f) 1a don cau.
Goi :
e ¢ 12 ding ciu tir P A®Y) vao (PA)®Y nhu
1€l 1€l
trong dinh 1y 2 chuong II

e ji la phépnhiing A;® Y vaotrong P (A; ®Y)

i€l
Véimoii e I xét diy dong cau
lAi®f ji ()
i€l i€l

Dit h; := ¢.ji.14®f, khi d6 h; 12 don ciu bdi cdc thanh phﬁn hop
ndi déu 1 don ciu, vi vay ta ¢6 ho don ciu
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thi: Ai®X > (PA)®Y : iel}
iel
Vi moi iel, goii; 1a phép nhiing thinh phin (A; ® X) vio trong
PA®X). Ap dung dinh 1y tinh phd dung ciia tich truc ti€p ta
el
c6 déng ciu o tir PA®X)vao (PA)®Y thod cij=h;.
iel iel

Liy x := Z (xj)e Ker o, khi d6
el

0=0(x)

=0 [Z 1i(x))]

el

= Z G 1i(x;)

el

Z hi(x;)

el

Vi vay hi(x;) = 0, bdi mdi h; 1a don ciu nén ta c6 x; = 0 véi moi i
e I titc x = 0, do d6 o 1a don cidu. Hon nita, tinh todn don gidn
trén phan tlf sinh ta c6 6 = 1,;® f (dpcm).

(<) Giéd st @ Aila mo6 dun det, cho ddy khdp ngin
iel

Véimoii eI, goi:
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ji1a phép nhing A; vao @ A;
iel

m; 12 phép chi€u tt @ A; xudng A, .
i€l

TU @ic;A; 12 md dun det nén lga; ® f 12 don ciu. Theo bai tip
2.18 ta c6 j; ® 1x 1a phép nhiing va

Ker(mi ® 1y) = < {a;®y : aje Kerm; hodcy =0}
Xét diy dong cau

Ji®Ix loai®f T®1y
A1®X—> @AI@X—> ®A1®Y—)A1®Y
i€l i€l

bit h = (mi®ly) (1ai®f) (ji®1x). Ta chitng minh h 1a don ciu,
that vay véi x := 2pn(a, ® x¢)€ Kerh, ta co
h(x) = (mi®ly) (1eai®f) (i®1x) [ Znn(ar ® x)]
= (mi®ly) (1oai®f) [ Zim(i(a) ® xx)
= Znn(mi®1y)Gi(ar) ® f(xx))

Theo tinh chit cia Ker(m®1y) ta c6 céc ji(a) € Kern; hodc cic
xx € Kerf. Do cd j;va f déu 12 don cdu nén cic a; = 0 hodc cic x
= 0 suy ra x = 0 diéu nay khiang dinh h 13 don cAu. Hon nita véi
moix:=(a, ®xx) € A;® X, tacd

h(x) = (m®1ly) (1eai®f) (i ®1x)(a; ® xk)

(mi®1y) (1oai®f) (ji(ay) ® xk)
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(m®1y)(i(ay) ® f(xx))

a;® f(xy)

(1ai®f)(a®xy)
nhau. T h 1adon dnh ta ¢cé dudc (1,;&®f) 1a don anh.
2.21. Gia st F 12 mo dun tu do, khi d6 ton tai tap chi s6 I sao cho

F = @R; trongdd R; = R véimoiiel
iel

Do mdi R 12 md dun det theo bai tdp 2.20 thi F 1a mo6 dun det.

Vi mbi md dun xa dnh déu ding cAu vdi hang ti truc ti€p cda
mo dun ty do X nao d6. Theo bai tAp 2.20 cdc hang tl¥ truc ti€p
cda X déu 12 mé dun det do d6 md dun xa 4nh 13 moé dun det.
Mb dun det c¢6 thé khong 13 md dun xa anh. Vi du ching han nhu
nhém(Q, +) 1a mé dun det nhung khdng phdi la md dun xa anh.

2.23. M chinh 13 khong gian véc td trén thé do d6 moi diy khép
ngin déu ché ra.
2.24. Dung dinh nghia.
2.25. Cha y vanh Z la vanh chinh.
2.26. Dung phan ching.
2.27. Xétday khép ngin
1 T
0—>1M)>M->MtM)—0
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v6iil1a phép nhiing, 7 13 phép chi€u. Ap dung bai tap 2.24.
2.28. Chi y moi  Z - m6 dun con chia dugc ctia m6 dun chia

dudc M déu 1a hang i truc ti€p. LAy 0 # x;€ M, véi moin eN

chon (n +1)xp4; = Xx,. Pdt A :=< {x;} >, chitng minh A; =

Bi€u dién M = A; @ B, 4p dung quy nap siéu han.
2.29. i) Dung dinh nghia.
ii) Ap dung bai tap 2.27.

iii) Xét tdc dong (m + pZ). X = mx.

iv) Tinh todn truc ti€p.

2.30. Phan tich M =1t(M) @ M/t(M) va t(M) = @ t(M)p, Vi Q

peQ
12 tip cdc s6 nguyén t5. Ap dung bai tap 2.28.
2.31. V6if:1— Hom, (R, M), xét Z - ddéng cau g:1— M cho

bdi g(r) = f(r)(1), cdm sinh ddng cAu m3 rong g': R - M. Tim
dong cAuf : R - Hom , (R, M) 132 mé rong clia ddng ciu f.

2.32. Goif :R > Mla ddg cAumd rongciaf:J] — A, v6ilJla
idéan cia R. Chitng minh f'(1)e A.

2.33. i) C6 dinhr € R, xét 4nh xa song tuyén tinh
f:MxL —>M®sL chobdif(m,]) =rm ® 1, Goi 15 1a
dnh xa ten xd tr M ®s L vao M ®s L. Dinh nghia
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X m® L) =15 (Xm; Q1.
1) tuong ty nhu trong (1).

2.34. Co dinhze L. Xét 4nhxaf,: NxM —> N Qg (M ®s L),
f,X,y)=x® (y®z),f,cdimsinh 1, : N®r M - N ® (M ®g L)
dinh nghia g: (N®r M) x L > N ®r (M ®s L), g(X, z) = 1,(X)
nang g thinh ddng cAu ten xd t. Chitng minh 1 13 ddng ciu.

2.35. V&i moire R, dinh nghia f, : M — M, f,(m) = r m. Pinh
nghia ¢ : R > Hom(M ®g N, M ®g N), h(r) =, ® 1. Ap dung
baitap 1.1.

2.36. 1) Ap dung bai tip 2.34.

i) Goi {X, X2, ..., Xa} VA {Y1,¥2, ..., ym} lAnIuot1a cos§ clia
Uva V. Chiing minh {xi®y; :1<i< n 1< j< m} laco
sG cia U ® V.

237. Xétf . MxN—>N®M, f(m,n) =n ® m.
2.38. i) BPinhnghia f: RI xM — M/ IM , f(r + [, m) = rm + IM.
Nang f thanh d4nh xa ten xd 1. Pinh nghia g : M/IM - R/I ® M,
g(m +IM) = (1 +I) ® m. Chirng minh gf =1 va fg =1.

ii) Xétday khép

i T
0->J—>R—>RIJ—>0
va biéu dd
1®i 1®mn

RI®J— RI®R—> RAI®RI—>0

IR B

I+J)))I— R/I — R/I+J) —0
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i, j nhing p, 7 chi€u. Chting minh f 13 ding cdu va 6
vudng trdi giao hodn.

2.39. VGi moi a € A, xét dnh xa L, A — A 1a phép nhan trdi béGi
a. h: A —> HomrM ®g A, M @r A ) cho bdi a — 1y ®L,. Chiing
minh h 12 d6ng ciu vanh .

Pinh nghia a.x = h(a)x v6i moi x eM @R A.

2.40. Cac budc chitng minh
1) V6imdib € B, chirng minh Ly : M ®4 A > M ®r B la
dong cau R-md dun.

i) Chdng minh f: (M ®g A) x B—> M ®g B cho bdi
f(x, b) = Ly(x) 12 A-song tuyén tinh.

iii) Nang f thanh L; A-ddng ciu tir (M ®g A) ®, B vio
cho bdi Li{(m®a)b] = Ly(m®a) . Chitng minh rang L 1a
dong cdu B-md dun.

iv) Ching minh L, tr M ® B vao (M ®r A) ® o B cho
bdi Ly(m®b) = (m®1)®b 1a ddong cdu B-md dun va la
anh xa ngudc cta L.

2.40. Tuong ty nhu bai 2.39.

2.41.Xétanhxa g: M x A — X, g(m, a) = af(m).

2.42.1) D€ y M,(R) 1a R-m6 dun ty do véi co s& {e;}, 6 diy e 1a
ma trin ¢ hé s6 § vi tri ij biang 1, cdc vi tri cOn lai bing
khong, M(R) ®4 A cé cosdla {e;® 1}. Ap dung bai 2.20.

iii)  Ap dung ().
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CHUONG 111

3.1. VG6i mdi qe N, do nhém aben ty do Xy 12 Z-md dun
twdo, nén theo baitap 1.2.6 ta c6 :
Xq+1 = Keraq+1 (—D Aq+1.

201 8g4+1: Ags1 = Kerdg ma 8q.1(a) = kerdg,1 (1 Ags1 = {0}. Vay Sg4i
12 don cAu. B8 sung mo6 dun 0 va cdc dong cAu 0 vé hai phia clia
d¢+1 ta dudc phiic g-biét 1ap S Hon nita ro rang la:

o
X = Su
2

3.2. Gia st S la phtc g-biét 1ap trong d6 Sq va Sq.i 12 nhitng
nhém aben hitu han sinh véi 0 13 don cau tir Sq+1 Va0 Sq. Goir la
hang ctiia S, s 12 hang clia Sq.1, {Xi, X2, . . ., Xs} 12 c¢d s§ clia Sg41.
Khi d6 ta ¢ cdc két qua sau :

e s<r bdiola don cau.

e V6imoil<i<s, Zx; = Z vaZoXx) =7

e Spr1= Zx1D9 ZxD...0 ZX, D A1 @. ., DA,

r-s 1an
Trong d6 Agy1=....=A;=0

Goi {O(x1), . . ., O(Xs), ¥s+15 - - -» ¥r} 12 cd s clia Sy. Ta dinh nghia
01 Zxi— 7 0(x;)1a ddng ciu nhin dugc tir sy han ché cdad
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tréncidc Zx; nful <i<s vd o, :Aj>Zy; néus+tl <i<r,
khi d6 16 rang cdc 6, =0 néus+1 < i< rva d=® ¢ .V6i moi 1
<i<r

diat X; 1a phitc biét 1ap véi 6; 1a don ciu ndi da néi & trén thi cdc
X; 12 phifc s6 cAp va S = ®X;.

3.3. Ap dung k&t qui bai tdp 3.1 va bai tdp 3.2 ta c6 k&t qui
chirng minh.

34.
Theo diéu kién bai todn. Ta cé cic bién ddi diy chuyén tir
phitc duong X tdi phifc tAim thuéng A va ngugc lai:

0 0>
0 X X «— X,

a0

0 A% 0o - 0

Thod: ef =1, va tdn tai bi€n ddi day chuyén s: 1x = fe diéu nay
c6 nghia 12 phitc X va phifc tAm thudng A 13 tuong dudng dong
luan véi nhau. Vi vay: Hy(X) = A, nén ta c6 dugc k&t luan :

Ho(X) =0khin>0 va Hy(X) = A.
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3.5.

L2 On+2
0 > X > Yo > K

n+2
°

al ai
Ln+1 On+l
00— Xn+l—’ Yn+l—> I<n+l—’ 0
0 0 0
T
0— X, > Ya > K,
0
n-1 l

Vo

&n

n+2 0

(¢

>0

(&
00— Xpo—>Yp ) —» K. y— 0

Chitng minh sy xdc dinh cda Og.

C& dinh ke Ky, 12 chu trinh, dau tién ta chitng minh su xdc
dinh ctia O hoan toan khong phu thudc vao su chon ye Y, dé
thod o,41(y) = k. That vdy, n€ucé y,y’ € Yy sao cho

ont1(y) = onr1(y’) = k
Khi d6 on41(y —y’) =0 tic (y—-y’) € Kercp,.

Tir dong hai 12 khép nén kerc,,; = Imae,,, 4t tdn tai X € Xy
ma &,+1(X’’) = y—y’, suyra

y =y +&4(x") (1)

Ta c6
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6nd(y) = Oonu(y) = dk) = 0

suy ra d(y) € Kero,. Lap ludn tuong tu ta c6 d(y’) € Kerc,. Do
dong 3 khép nén Kero, = Ime, . Vay cb x, x’ € X, sao cho

@&n(x) =0(y) ; @a(x’) =0y’) (2)
Tu (1) va (2) ta nhan dudgc
a®y)

Oly +@&nn(x)]

&n(X)

O(y’) + O (x7)

&n(x') + &,0(x”")

do d6 ®&,(x —x’) = &,0(x’’) . Tl gid thiét &, 12 don ciu, ta nhidn
dugc

(x—x’) = 0(x”’) hay x = X’ +0(x”") (3)

Mit khdac 0(x’’) chinh 1a bs cia X, vi viy tir (3) clsx = clsx’.
Diéu nay chitng t& dg khong phu thudc vao su Iva chon ye Y,y
dé thod o(y) = k.

Bay gio ta s€ chitng minh 0g khdng phu thudc vao sy chon lya
phin tr dai dién cda clsk. That vay nfu k, k* € Koy ma k, k’ 12
céc chu trinh va (k — k) bd clia Kyi1. TU onio 12 todn dnh 4t tdn
taiy’ € Yps sao cho

aGn+2(y,) = Gn+la(y,) =k -K

= k = K +0ud(y) )
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LAYy € Y1 ma Gn41(y) = k. Khi dé do (4)
Ons1[ Y +0(Y)] = Ona1(y) + 0nn10(y’) =k

NEu x, X’ € @&, ma &,(x) = 0(y), &(x’) = [y +d(y’)]. Khi d6
&(x’) = d(y) +00(y’) =0d(y) = @u(x)

Do @, 12 don dnhnén: x =x" diéu ndy din dé&n Ok (clsk) =
Oe(clsk’) .

Cu6i cling d€ ki€m tra O 13 ddng cAu. LAy clsk va clsk’ nim
trong H,;((K). T chi'ng minh phin trén ta hoan toan ¢ quyén
chon ¢d dinh k 1am phin t& dai dién cho clsk, k’ 1am phan ti dai
dién cho clsk’ va y, y° € Y41 thod o41(y) = Kk, oni(y’) = k.
Khi d6

Cnri(y +y’) =k+K

LAy x, X’ € X, ma &,(x) = 0(y) va &,(x’) = A(y’), ta c6 Og(clsk) =
clsx’, Og(clsk’) = clsx’. Mit khac

(X +XxX) = &%) + &(X")

oly) + ay’)

Ay +y’)
Diéu nay ching té

Oglcls(k +k*)] = cls(x +x7)
= Og(clsk + cIsk’) = clsx + clsx’

= Og(clsk) + Ogcls(k’)
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Vay Ok 12 dong cau.

3.6.

Cn x,
0 — Hom(K,, G) — Hom(Y,,G) —Hom(X,,G) —0

°| T
(7[1.4.]>‘< &n+1*

0~ Hom(Ky+1,G) —> Hom(Y,41,G) —"Hom(X+1,G) —> 0
) ) )

c7n+2* 33n+2*
0~ Hom(K;2,G) — > Hom(Y,:2,G) ~ > Hom(X,,12,G) ~— >0

M0 t4 dong cAu ndi g .

Né&u fe Hom(X,, G) 1a chu trinh, trudc hét do &, 12 toan dnh,
it tdn tai ge Hom(Y,, G) ma @, (g) =f. Khi d6

i1 O(2) = Seey (2) = 3(H) =0

Tic o(y)e Kere,., . Do dong—egttta»1a khdp nén Kerae,,; =
ImG,, , 4t ton tai h € Hom(Kyy, G) ma oy (h) =3(g). Bdi
Ons2 8(h) = 8o (h) = 88(g) = 0. Tdc h 1a chu tinh cia
Hom(K,;1,G), ta md ta cdc 1ap ludn trén bing biéu dd miéu ta
sau. g f e Hom(X,, G)

o
ES Ed
On+l En+1

Hom(K,;,G)>h —>3(g) — >0
o

On+2
>0
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Dit dg (clsf) = clsh. Pong cdu ndi g chinh 1a ddng cdu H'(X, G)
vao H™!(K, G). Viéc kiém tra tinh ding din cia d¢ dudc tién
hanh hoan toan tuong ty nhu bai tap 3.5.

3.7. T4c dong ham ti¥ hiép bi€n Hom(G, -) 1én ddy khép ngin
ché ra cac phtc

E:0 > X >Y > K >0

Ta dudc day khép ngdn ché ra cdc phitc nhom aben.
E": 0 » Hom(G, X) - Hom(G, Y) - Hom(G, K) — 0
Bdi v6imdine  diy
0 - Hom(G, X,) > Hom(G, Y,) > Hom(G, K,) > 0
1a khép va ché, do ham t (G, -) bdo toan tinh khép ché cia day

0 > X, > Y, > K, >0

Tuong ty cadch xay dung O trong dinh ly 1 chuong III, 4p dung
dinh 1y ddy dong diéu khép, ta c6 day khép dong diéu.
Op+ Opx
..Hy11(G, K) = Hy(G, X) - Hy(G, Y) » Hy(G, K) >

—> H,.1(G, X) > H,.1(G,Y) > H.1(G,K) > . ..
3.8. Tir ddy khép ngdn ché ra cdc phitc
E:0A->B—->C—->0

V6imoin e N, ta c6 cdc day khép ngidn ché ra sau:
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0 - Hom(C, X,) - Hom(B, X,) - Hom(A, X;) = 0

0 - Hom(X;, A) - Hom(X, B) »> Hom(X, C) - 0

Ap dung dinh 1y ddy ddi dong diéu khép ta dudc:

a) Diy doi dong diéu khép

.. .H™'(A, X) > H'(C, X) - Hy(B, X") - H'(A, X) —>
— H"(C,X) > H"'(B, X) > H"'(A, X) > . ..

b) Diy ddi ddng diéu khép

.. H" (X, C) > H'(X, A) » H" (X, B) > H"(X, C) —>

—H"'(X,A) > H"'(X,B) > H"'(X,0) —> . ..

3.9. Tac dong ham t¢ Hom(-, X) 1én diy khép ngin

E: 0 > A > B > C >0

Ta dudc diay khép ngédn ra cdc phitc nhém aben.
E": 0 — Hom(C, X) — Hom(B, X) — Hom(A, X) — 0
B&i v6i mdine N day
0 - Hom(C, X,) > Hom(B, X;,) > Hom(A, X,) > 0

1a khép, do X, 12 md dun ndi xa va ham t& Hom( - , X,) bdo toan
tinh khép ché clia diy khép ngin E.

142



Ap dung dinh 1y diy d&i dong diéu khép, ta c6 diy khdp ddi
dong diéu.

.. H™(C, X) = H(A, X) = H"(B, X") > HY(C, X) -
- H"'(A, X) > H"'B,X) > H"'(C, X" > . ..

3.10.

0 0
——x X t——x  ——

n+1
fn—ll lgn—l fn+1l %nﬂ

X’n—l X’n X,n+1

Tir f ddng luan day chuyén véi g, do d6 tdn tai s sao cho
Sn_]a + a ’Sn = fn' Zn
Suyra f,—58,10 = g,+ sy (D)

Of Of
<_Xn-1®Xn’ — Xn®Xn+1’<_Xn+1®Xn+2’ —

hn hn+] hn+2
b Ne T\

<_Xn—1®Xn’ Xn@XnH’ n+1@Xn+2’ «
th &n\ o+l En+1\ T2
LN N

TTXe®X T X @ Xeui®Xa T

V@i moin € Z ta dinh nghia
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hn+1 : )(neB Xn+1, — ><n<"B Xn+1’
(x,X’) > (X, 8p(X) + X°)

tn+l : )(n(-D Xn+l’ —> )(n(-B Xn+l,
(X7 X,) — (X9 'Sn(X) + X’)

Khi d6 h = {h,} va t={t,} 1a cdc bi€n d6i diy chuyén tuong ng
tor M(f) vao M(g) va tor M(g) vao M(f). That vy, vdi moin € Z,

v8imoi (X, x’) € X, D X1, ta cod
hpdi(x, X) = hy(-0(x), 0’ (x*)) + f(x)
= (-0(x), -$p10(x) + 0’ (x") + f(x))

(-0(x), O,sn(x) + 0"(x) + g(x))  (tr (1))

do(X, sn(X) +X)

8ghn+l(X’ X’ )

vay hadr = Sghon
Orthr1(X, X7) = (X, -sp(X) + X7)
= (0X), -0"s:(X) + &' (X)) +£(x))
= (-000), 5110(0) + &' (X)) + g(x) (8t (1)
= 1,(-0(x), &' (") + g(x))
= tx0q(X, X)

Vay Ortne1 = a0y
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Hon nita, véi moin € Z

torthne1 (X, X7) = tar1(X, Sa(X) +X7)
= (X, - 8n(X) + sa(X) + X7)
= (x,x)
Vay th = Lyg. Tudng tu ta c6 ht = 1y

Bay gid v6i moi n € Z, ta dinh nghia déng cAu luin diy chuyén
&, Xn1 @ Xy = Xy D Xt
x,x)—> 0

Khi @6
83n8f + 8f Xn+l = 0

= Ixnexn+1’ — Ixn@xn+1®
= Ixn@xn+1’ — tasrthngt
suy ra 1y = th. Hoan toan tuong ty ta c6 1y = ht. Vay

M(f) = M(g), do d6 H'(M(f)) = H,(M(g)). Vif =z g X > X’
nén fi=g:: Hy(X) — Hy(X’) véimoin. Tir cdc két qua c6
dugc & trén, hién nhién hai diy déng diét khSp tuong tng vdi
hai n6n 4nh xa M(f) va M(g) sau:

1+ TCx s
...~ H,X) > H,Mp) > H,. i (X) > H (X)) > ...

...~ Hy(X’) > Hi(My) = Hpi(X) > Hia(X0) > ..
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3.11.
Cach 1:
f g
A > B > C >0
Otl Bl Y
h t
0 > A’ > B’ > C
f’ g 0 h’ t’

Kera — Kerfy — Kery —> A’/Ima — B’/Imp — C’/Imy
Dinh nghia
f’: Kero. — Kerf chinh 12 vé&t clia f trén Kera
g’: Kerp — Kery chinh 13 vét clia g trén Kerp

h’ : A’/ Ima.—— B’/ Imf
a + Ima — h(a) + Imp
t’: B’/ Imp —— C’/Imy
b’ + Imp — t(b’) + Imy
DPong cau ndi 0 : Kery - A’/Ima dugc xdc dinh nhu sau. V&i moi
c € Kery, tir g 12 toan dnh 4t c6 b € B sao cho g(b) =c. Ta ¢6 :

tB(b) = yg(b) = y(c) = 0 tic B(b) € Kert. Dong 1a khép nén
Kert = Imh, do d6 tdn taia’ € A’ sao cho h(a’) = B(b). bit
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d(c) = a’ + Ima. Viéc ki€m tra tinh ding din clia 0 nghia 1a
khong phu thudc vao su chon lya b sao cho g(b) = ¢, dugc thuc
hién hoan toan tuong ty nhu trong bai tap 3.5

Ta co
Bf(Kera) = ha(Kera) = 0 f(kera) < Kerf3
=
y2(Kerp) = tB(Kerp) = 0 o(KerP)  Kery

nén f* va g’ dugc dinh nghia t5t. Biy gid ta ki€m tra h’ va t’ dugc
dinh nghia t6t. That vay, gid st ta c6 X’ + Ima. = y’ + Imo khi
d6 (x’—y’) eIma. Viycéa € Ama h(x’)—h(y’) =hx’ -y’) =
hoa(a) = Bt(a) suy ra h(x’) —h(y’) € Imp tic

h(x’) + ImB =h(y’) + Imp

do dé h’ dugc dinh nghia t6t. Lap ludn tuong tu ta ¢ t’ ciing dinh
nghia t6t.

Cudi cling ta kiém tra diy sau khép. Hién nhién Imf’ < Kerg’.
Liy b e Kerg’, khi d6 g’(b) = g(b) = 0. Do dong 12 khép nén cé
a € Ama f(a) =b. Mdtkhic b € Kerf nén B(b) =0, suy ra

ha(a) = Bf(a) = p(b) = 0.

Tirh 13 don cAu nén ta c6 a(a) = 0. Vay Kerg’ < Imf” diéu nay
din t6i

Imf” = Kerg’ (D)
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LAy b € KerP, khi d6 ton tai a’ € A sao cho h(a’) = B(b) = 0. Tir
hla donciunéna’ =0, suyra ogb) = dg’(b) = a’ + Ima. =0
tic g’(b) < Ker 0.

Pé€ thdy bao ham ngudc ta 14y ¢ € Kerd, khi d6 ton tai b
B, a'e Ima sao cho g(b) = ¢ va h(a’) = B(b) . Tt dong 1a khép
dod6 céoae Ama a(a)=2a’. Vay

h(a’) = ha(a) = pf(a) = P(b)
suy ra B[b—f(a)] = 0 tic (b—f(a)) € Ker. Hon nita,
g’[b-1f(a)] = g[b-f(a)] = g(b) —gf(a)=c
suy ra Kerd < Img’ diéu nay din dén
Kerd = Img’ )

LAy c € Kery, khi d6 tdn tai b € B sao cho g(b) =c, h(a’) = B(b)
va d(c) =a’ + Ima. Vi vay

h’d(c) = h’(a’ + Ima)

h(a’) + Imp

B(b) + Imp
=0

Tdc Imo c Kerh’.

Liy a’ +Imo ma h’(a’ + Ima) = 0. Khi d6 h(a’) € Imp vay
c6 b € Bma h(a’) = p(b). Theo dinh nghia cta 0 thi
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og(b) =a’ + Ima

Mait khdac og(b) = tB(b) = th(a’) = 0, suy ra g(b) € Kery tic
Kerh’ < Imo diéu nay dan tdi

Kerh’ = Imo 3)
Hién nhién 'h’ =0 do d6 Imh’ < Kert’.

Liy b’ + ImB ma t(b’ + ImP) = 0. Khi do, t(b’) € Imy, vi vay
tdn taic € C ma y(c) = t(b’). Tir g 12 toan d4nh 4t c6 b € B sao
cho g(b) =c, do do6

tb") = y(©) =yg(b) = tB(b)
b’ - B(b)] = 0

Tic b’ - B(b) e Kert. Tir dong 12 khép nén Kert = Imh do d6 tdn
taia’ € A’mah(a’) = b’ - (b) suyra

h’(@a’ + Ima) = h(a)’ + ImP

b’ - B(b) + Tmp
= b +Imp
Viy Kert’ < Imh’. Piéu nay din dén
Kert’” = Imh’ 4)

Céc dang thic (1), (2), (3) va (4) cho ta di€u cAn ching minh.
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Cach2: 0 0 0

Voeoov e Y

g
0O—>» A/ Ketf —» B —» Imt —» 0

o’ p 0 Y
VN9
O — A’ —»B ——»C —»0
0 l 0 l 0 l
0 0 0
St dung bi€u d6 trén, d& thay do h don cdu va hinh vudng dau
giao hodn nén ta c6 Kerf < Kera, va do g toan ciu va hinh

vudng sau giao hodn ma y(C) < Imt. Tir d6 ta c6 day khép
ngin cdc phic : (hinh & bén trén)

Trong d6 f’(a + kerf) = f(a) 1a don ciu va o’(a + Kerf ) = a(a) .
Ap dung dinh ly diy dong diéu khdp ta c6 day khép sau:

0 —» Kera” — Kerfp —» Kery > A’/a’(A) -
— B’/ BB) > Imt/y(C) >0

Chi ¥ ring: Ker’ = Kero. / Kerf cho ta phép chi€u:

p: Kera — Kera / Kerf§ = Kero’

12 toan cdu. TU o’(A) = a(A) cho ta A’/ (A) = A’/au(A) va
phép nhiing j’: Imt — C’ cho ta nhing j« : Imt/ y(c) = C’/y(C).

Nhu vay ndi hai ddu diy trén cdc toan ciu p va phép nhiing j- ta
dudc day sau la khép:
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Kera — Kerp — Kery — A’/a(A) — B’/B(B) — C’/y(C)

\ Y \
Kero’ Imt/y(C)
3.12.(=) Gia st ue G ma u = u; véi mot i nao d6. Goi
m m
X = lelocjuj , yi= JZIZBjuJ‘ ,
m m
2% = E B =1

=i

12 hai di€m phan biét nim trong G ma doan thing di qua hai
di€m d6 chita u. Phuong trinh doan thing di qua x, y ¢6 dang

m
f() = x + (1-ty = D [toy+ (1 - OB;ly; , te[0, 1]
=

dou e ([0, 1]) nén tdn tai ty € [0, 1] ma

m
u=uy= Z [tOLj +(1- t)Bj]Uj
H
Tap hop {uj, uy, ..., uy} doc lap afin nén ta cé

'[()(Xj+(1—t0)Bj =0 néu 1] (1)
tooj+ (1 -t)Bj = 1 néu i=)] (2

Néu to=0hoidc to=1 thiu=y hoic u=x, khidé ta cé diéu
chitng minh. Gid st ty € (0, 1) tr (1) ta ¢6
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toaj + (1 _tO)Bj =0 véimoij#i
= t()(OLj - BJ) + Bj =0 véimoij#i

cOng thém gid thi€t cdc Bj >0, ta nhdn dugc o; < B, Vj #i. Mit
khéc

m m
2 0= 2 Bi=1
H H
nén a; > ;. Vay tr (2) ta nhan dugc
1 = tooi + (1 -to)Bi < tooti + (I —to)oi = o (3)
Bdi o; < 1 nén d€ ding thitc & (3) x4y ra ta phai c6
o = Bi =1
suyraa; = Bj = 0 v6imoij=i hay x =y =u. Diéunay vd ly
vdi gid thi€t x va y 12 hai di€m phan biét, do d6 ta phdi cé to = 1
hodc ty = 0 (dpcm).
m 2 N
(<) Gid st u:= ) ojuj € G 1a di€m luon nim & hai ddu mit
H
clia doan thang bat ky nim trong G chia né. T cdc o > 0 va

Yo =1 4t tn tai chi s§ ie {0, 1,..., m} sao cho 0 <oy < 1.
N&u o; # 1. Xét phuong trinh doan thing nim trong G

f() = twi+(1-0) Y a5 (1 - )’y te [0,1]
1# ]

khi dé
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m
f(OLi) =oyu; + (1 -oy) Z Otj(l - Oti)_lllj = Z ou;=1u
i# ] =
tic u e f([0,1]). Theo gia thi€t, u = u; hodcu = Z oy(1 - oci)'luj
i# ]
Né&u u = u; thi ta cc’) a; =1 mau thuin véi gid thi€t o; # 1. Con néu
u = Z (1 - o) 'u; thi ta c6 o = 0 didu nay ciing mau thufin
i# ]

véi gid thi€t o; = 0. Tém laitacé o= 1, diéu nay cho ta u = u;.
Cach khéc:

Ta chitng minh bai todn bing ménh dé phin ddo. That vay néu

m

u#u; v6imoijthiu= Zocjujvéi Zocj:1V3?10£0Lj< 1. Suy ra
H H
c6 it nhat o, € (0, 1). Khi d6:

u=o4u;+ (1- oy Z o; (1 - oci)'luj véiu’ = Z o (1- (X,i)_lu]'
i# ] i# ]

phin tif thudc bao 18i da cho. Piéu nay c6 nghia u thudc vao
doan thing ndi u;va u’ vau ¢ {u;, u’}.
m

m
N&u u thudc doan thing ndia = Y oju; va b= Bu; véi
H H

ZOLJ = ZBJ =1,0< 04 Bj<1vau=#a,u=bthi trudc héta =

b do d6 ton tai it nhat hai chi s6 i # 1 ma a; # B . Pong thdi ton
m

taite(0, ) mau=ta+(1-tb)= Z (to; + (1 - )Bju; . Tu cdc
=
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diéu kién trén ta c6: o+ (1 - B;) = 0 va toy + (1 - )P = O tifc u phu
thudc cdc y; va khong thé dong thdi tring v6i bat k¥ mot u; nao.

3.13. Gia st X 1a khong gian to pd chi c6 mot di€ém a. Khi dé
trong mdi n-chiéu, X chi c6 mdt don hinh ky di d6 1a 4nh xa lién
tuc T, : A" = {a} mang toan bd A" vio mot di€m a. Suy ra mdi
todn t 14y bién d;T, chinh 12 T,.; chomdii=0,1,...,n. T oT
12 tdng dan di'u clia cdc toan ti 14y bién d;T, suy ra 0Tom = Tomg
va 0Tom.1 = 0. Piéu nay chitng td néu s6 chiéu 1a chin thi S(X)
khong c6 chu trinh ngoai trir 0, con khi s& chiéu 1é moi phan ti
cla Sy, déu 1a chu trinh va cling 12 by. Suy ra

H,(X) = 0 khin > 1 va Hy(X) =

3.14. Biéu dién mot di€ém nim trong don hinh miu n-chiéu biing
toa dd huéng tim (xo, X1, . . . , Xp) clia nd. Khi d6 don hinh ky di

n-chiéu T c6 th€ xem nhu ham n +1 bién x;, trong d6 cdc bién x;
n
khong am va ) x;= 1. Toan tit 14y bién thi i c6 thé xét nhu
1=0
ham s& dugc dinh nghia bsi

diT(Xo,Xl, ey Xn) = T(Xo, e Xicls O, Xitls o = « » Xn)

nghia 13 14y bi€n thi i bing gid tri 0. P chiing minh cong thic
didiT = d;.1diT v6i i <j, ta ti€n hanh nhu sau diu tién dit x; = 0 va
sau d6 x; = 0 trong T(Xo, X1, . . . , Xn) V&ii < j thi cling nhu dau
tién dit x; = 0, ddnh chi s6 lai rdi dit 0 vao vi tri j —1 méi.

3.15.
Do yéu ciu bai todn chi doi héi 1a Hy(X) = X, nén ta chi can
chirng minh day
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€ 0
0 Z <« Sp(X) < S1(X)

1a day khép. That vay: néu

z=a;+...+ax—b;-...-byx € Kere < So(X), trong d6 céc a;,
b; 1a cdc don hinh ki di 0-chiéu bién A vao a; hay b; thudc X, thi
doe(z)=0nénk=t doddz=(a;—by)+(az—by) +...+ (ac-by
diéu nay chitng té hé sinh clia Kere gdm topan cdc phin tif dang
(aj — b;). Tuy nhién do X 12 khong gian lién thong tuyé&n tinh nén
4t ton tai don hinh ki di T bién A; — X ma hai bién 13 a;,b;do d6
OT = a; - b; . Vay hé sinh ctia Imt cling bao gdm cdc phan ti¥ (a; -
b;) nhu Kera, suy ra Imo = Kere (dpcm).

3.16. Gia st C 1 tap 10i trong khong gian Euclide, cd dinh diém
we C, goi o 1a 4nh xa hiing di tir C vao {w} dinh nghia 4nh xa

0:Cx[0,1]—> C
o(u,t) > tw+ (1 -t)u

Khi d6

¢(u,0) = 0.w+(1-0)u

u = Ic(uw)
ou, )= 1w+{-1Du =w =oa(u)
Diéu nay chitng té C co rit vao diém we C
ii) Gia st X la khong gian td po co rit vao di€m ae X, khi dé

tdn tai 4nh xa lién tuc ¢ : X x [0, 1] = X sao cho ¢(x, 0) =x va
o(x, 1) =a, v6i moi xe X .

Xét bi€u dd
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€ 0 0
T L SX)* Si(X) SHX)

RN

<_
/R SO(X) I(X) Sz(X)

Trong bi€u d6 trén ddong ciu & 12 déng cAu mang cic don hinh ky
di 0-chiéu vao phadnti 1 ciaZ .Pongcauf: Z — SoX)Ila

ddng cidu mang 1 vao don hinh O-chiéu d4nh xa vao a. Tir dinh
nghia trén dé dang thi'y dudc

ef =1 (1)

véi moi n > 0, ddng luin diy chuyén s dudc xdc dinh nhu sau :
Sn : Sp(X) = Sp+1(X) cho bdi

SHT(X07 Xla LR Xl’l) = (P(T(X17 L ] Xl’l)a XO)

T cdc 4nh xa @ 1a 4nh xa lién tuc do d6 s, dugc dinh nghia t6t.
Theo dinh nghia nay, v6i moin 2> 1, ta c6

dOSnT(XO, X17 L] Xn) = SHT(O7 Xla L] Xl’l)

=o(T(xy, ..., Xn), 0)

= T(X19 X2y oo vy Xn)
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= dosaT=T

di+lsl’lT(X07 le et Xn) = SIIT(XO’ L] Xi7 Xi+27 ..

= (P(T(Xl’ ey Xip X2, - e

= Sn—ldiT(XOa LR Xn)
= disiSnT =spdiT
Tain=0, taco

disoT(x0, x1) = soT(1, 0)

o(T(0), 1)
= a = feT(xo, X1)
= d;soT = feT

Véimoin>0tacd

n
Osn(T) = Z (-1)'dis, T
1=0

2)

. 7Xn)

L Xﬂ)9 XO)

3)

4

n
=T + Z(-l)idisnT (theo (2))
=H

n
=T + Z(-l)isn_ldi_lT (theo (3))
=H

n .
=T+ Sn—lZ('l)ldi—lT
=
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n-1 .
T - sy z (-1)'diT (d6i bi€n)

1=0
=T - 80T
Suy ra: Sp-10 + Osy, =1 5
Tain=0, taco
0soT = dosoT -disoT = T - fe(T)
Suy ra 0sp =1 - fg (6)

Tt (1), (5) va (6), chitng minh hoan toan tuong ty nhu trong bai
tap 3.4 ta c6 dugc

Hy(S(X)) = Zva Hy(S(X)) = 0 v6in>0.

Cach khac:(ciu ii)

Vi X co rit vao diém xy € X nén cdc 4nh xa lién tuc 1x va
¢(X) 1a ddng luan véi nhau . Do d6 H,(1x) = Hy(e) : Hy(S(X)) —
H,(S(X)) véi moi n. Vi ring Hy(1x) = 1 Hn(S(X))» N€N dé chitng minh
H,(S(X)) =0 v6i moin >0, ta can chitng minh Hy(¢) = 0. Trudc
hé&t d& thay riing phic ki di ctia khong gian chi gdm mot diém
{Xo} 1a S({Xo}) : 0 1 0

0—7Z 7 «7Z «<7 «...

do vay Hy(S({x0})) =0, v6i moi n va Hy(S({x0})) =Z .Ta

phéan tich d4nh xa ¢ thanh tich hai dnh xa:

Po J
X > {xo}—> X
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va do d6 ta dugc Hy(¢) = Ha(j) .Hu(po) ma hién nhién 1a Hy(qg) =
0 v6i moi n > 0 bdi Hy(S({x0})) = 0. Vay Hy(p) = 0 v6i moi n. Khi
n =0, do Hy(¢) = Ho(1x) , nén Ho(po) phdi 12 don ciu va do dé 1a
ding cdu : Ho(po) = Ho(S({x0})) = Z
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CHUONG IV

4.1. Gid st A 1a R — md dun. Ta di bi€t moi md dun déu nhiing
vao dude mot md dun ndi xa ndo d6. Do d6 ton tai ddy khép

80
0->A-X

Trong d6 X% 12 mo dun nodi xa. Lai vi X% A dudc nhing vao md
dun ndi xa X', nén ta c6 diy ddéng cau

T i
xX? 5 x%A 5 X!

dat 8' =iy, khi d6 8' 1a ddng cau di tir X° vao X' véi
Kerd' = (i1m)'(0) = A.

Ti€p theo X'/Imd' duge nhung vao md dun ndi xa X? nén ta c6
diy dong cau

V%) iz
X' - X'/Ims! — X?

Dit 8% = iym,, khi d6 8% 12 ddng cdu di tir X' vao X* ¢6
Kerd® = (im) '(0) = Imd'.

Biing quy nap todn hoc ta thi€t 1ap dugc diy khép cdc mo dun nodi
Xa

X L
05AX' X' X2 ..
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Day trén chinh 12 phép gidi ndi xa ma ta cin tim.

DPé€ chitng minh hai phép gidi noi xa tuong duong ddng luin véi
nhau. Trudc tién ta cAn hai ménh dé sau.

Ménh dé 1. Cho h : A — B 13 ddng cAu ciia md dun A vio md
dun B va

0 ) 0
X:055AX X X2 ..

1a phép gidi ndi xa batky cia A, va

(e} (e} (e}
Y:05BoY oY 5Y ...

12 phép gidi ndi xa bat ky cda B. Khi dé tdn tai cdc dong cau
{fi: X">Y" : ne N}
sao cho bi€u dd sau giao hodn

S S S S
X:0— A — X'—X' X — . —X"—>.

L

Y:0O"B Y Y PY2 > Py

Nghia 12 {f, : X" > Y" : n € N} va h lap thanh bién ddi day

chuyéntir X vao Y
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Chitng minh.
Xét biéu dd

80
0—>A—* X
! hl\fol

(e}

0 IB ’

Vi & 1a don cdu va Y’ 1a md dun nodi xa nén tdn tai fo tir X° vao
Y’ sao cho hinh vudng bén phai giao hodn nghia 1a

f8° = c’h
Gia st véi 0 <m < n ta da xdy dung dugc cic dong ciu
fn: X" —>Y"
Sao cho biéu db sau giao hodn

) )
Xm—l B — Xm —> XHH'I

TN

Ym-l —> YIIl —> YITH'I

Xét biu db
S S
Xn—l B Xn — >

n+1
fn-ll fn l \ lfnﬂ
o o

Yl’l—l —> Yn —> YIH—I
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Tir Y™' 1a mo dun ndi xa céc dong 1a khdp. Ap dung bai tip 3.7,
ton tai ddng cdu fo. tf X™' vao Y™' sao cho hinh vudng bén
phéi giao hodn. Nhu th€ ta dd hoan thanh viéc thi€t 1ap mot bién
ddi day chuyén f: X — Y va ménh dé dudc chitng minh.

Ménh dé 2. Cho X va Y 1a hai phép gidi ndi xa clia cdc mo dun
Ava B, f={f, h} va g={g, h} 1a cic bi€n d8i day chuyén tir
X vao Y. Khi d6 f ddng luan day chuyén véi g.

Chitng minh . Ta phai xay dung dong ciu
K": X" > Y"
sao cho k™'8 + ok” = f, -g, vdimoin e N.

Pitk’=0: X’ — B. Gi4 st v6in > 0 ta dd dung dudc cic dong
ciu

K": X" >Y" 0<m<n
sao cho k™' + ok™ = fy - gn
xét bi€u dd

) 0
Xn-l > Xl’l _>Xn+l

t, l Aﬂ(nﬂ

Yn
Trong d6 t,:= f, - g, - ok"

Khi d6 ta cé
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tnd = fud - 2ud - 8k"S

ofp1 - 6gn1 - o(ok™ +fu1 - gu1)

_o58k™!

=0

Tir X" 12 mé dun ndi xa va dong 12 khép. Ap dung bai tip 2.6 ton
tai ddng ciu

kn+1 . Xn+l N Yn+1

sao cho K8 =ty =1, - g, - ok"

hay k™8 +8k" = f, - g,

Bay gi¢ gia su
X:05A-X X' X ...
Y:05A-5Y 5Y' 5 Y 5 .

la hai phép giai ndi xa cia cing mo6 dun A.

Khi d6 ton tai bi€n ddi day chuyén

f={f:X">Y":n>-1}
g ={g:Y'>X":n>-1}

trong d6 f.; va g 12 cdc ty dong cAu ddng nhit ciia A. Nhu vay
gf dong luin véi tr ddng cAu dong nhit cda X, fg ddng ludn véi
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tr ddng cAu déng nhit clia Y diéu nay két thic chitng minh bai
todn.

4.2. Gia st A 12 mo6 dun trén vanh chinh R. Tir moi m6 dun déu
diang cAu vdi md dun thuong clia md dun tu do. Do d6 ta thu dugc
day khép ngin

1 T
0-Xi>Xo—>A—>0

6} day Xo 1a md dun ty do, X¢/X; = A, i 1a phép nhing, w 1a dnh
xa tu nhién. Do X; 1a m6 dun con cia mod dun ty do X, trén vanh
chinh nén X; 1a md dun ty do. Nhv vay diy khép ngin & trén c6
thé xét nhu 14 phép gidi tw do clia A véi X, = 0 vdimoin > 1.

4.3. Gia st

Oo 01 02 On
Y: 0B Yo« Y < Yo ... <Y ...

la phép gidi xa dnh cda B. Véimoin eN , dit
e i, la phép nhiing Kerd, vao Y,.
¢ 3, : Y, — Imd, cho bdi 8,(y) = du(y) v6i moi ye Y.
e 1 12 dong cdu dong nhat trén A.

Qua cach dat trénta co

100n+1 = Ony1, VOi moine N

Bay gid phan tich Y thanh nhitng day khép ngin sau
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S0 i
0B« Yy« Keroy« 0

81 11
0 Imd; « Y« Kerd; <0
82 iz

0« Imo, « Y, <« Kero, « 0

8[1 in

Theo tinh chat cda tich xodn, ta thu dugc cdc day khép sau

1® iy
0—A®B«—A® Yy<«—A ® Kerdy «—Tor(A, B) «——

«—Tor(A, Yo) =0 «—Tor(A, Kerdy) «— Tory(A, B) «—

«——0= TOI'Q(A, Y1) Ce (1)

1® 5, 1®1
0«—AR®Imoi«—A®Y «— A®Keroj«—... (2)

Day (1) cho ta
Tor(A, B) = Ker(1 ®ip) va Tory(A, B) = Tor(A, Kerdy)
Ta c6

Ker(l ® 81) =< {a®y1 cAR® Y1 RARS Ker81} >
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< {a®yle AX®RY;: MRS Ker i081} >

<{a®y e A®Y,:y € Kero,} >

<{a®y; e A®Y,:y € imoy} >
= Im(1 ® 0,).
suy ra

HA®Y) = Ker(1 ® 0;) / Im(1 ® 0»)

I

Ker[(1 ® ip)(1 ® 8;)] / Ker(1 ® 8;)

I

Ker(1 ® ip)

I

Tor(A, B)
Gid st v8imoi 1 <m<n,tacd
Hno(A®Y) = Tory(A, B) va Tory,1(A, B) = Tor(A, Kerdy.1)

Xét day khdp sau

1® 1,
0 A®Imon «—A® Y, «—A ® Kerd, «— Tor(A, Imo,)

«—Tor(A, Y,) =0<«—Tor(A, Kerd,) «— Tor,(A, Imd,)

<— 0=Torx(A, Yy) ... (3)

Day (3) cho ta
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Tor(A, Imd,) = Ker(l ® i)
Ta co
Ker(l ® 8n+1) =< {a®yn+1 S A ® Yn+] . yn+le Ker8n+1} >

=< {a®yn+1e A® Yoi: yi€ Ker in8n+1} >

< {a®ypi1€ A® Yyi1 @ Ynr1€ Ker Opi1} >

< {a®yn+1e A® Yoi: yi€ im8n+2} >

Im(l ® 8n+2).
suy ra

Hoii(A®Y) = Ker(l ® One1) / Im(1 & 0Ony2)

I

Ker[(1 ® iy)(1 ® 8p41)] / Ker(1 & Op41)

I

Ker(1 ® i,)

=~ Tor(A, Imdo,)
=~ Tor(A, Kerd, 1)
= Tor,,1(A, B) (gid thi€t quy nap)

4.4. Gia st ta co

f
0O->A>P—>A->0

12 day khép ngédn clia cdc R — md dun phai
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g B
0—->B>Q—>B—0

la diy kh6ép ngin R — m6 dun trai trong d6 P va Q 12 cdc mo dun
xa anh. Goi Y 1a phép gidi xa anh tuy ycua B’

M1 o
Y:... > Y1 > Y.—>...2>Y =>Yy—>B >0

Do o 12 toan cAu va g 1a don cAu nén ta c6

Kerguy = Keryy va Imguy = Img = Kerf

bit
ey’ = P
*Lo = gHo
*u,’ = Upi, V6imoin>0
*Yy =Q

Y, =Y, v6imoin>0

Ta thu dudc phép gidi xa dnh ctia B

u'n+] sz H], MO,
Y : .. Yy =2 Y ' >..2>Y,>Y">Yy >B—>0
diéu nay tuong duong
Hn mooguo P
Y : .. Y92 Yy —>...oY >Yy>Q—>B—>0
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Ten xd v6i A’ ta thu dugc day nia khép

1@ 041 1®u'
L —ARY,—mAOYyyy — ... —mARY, —
1®|.12’ 1®M1’ 1®|J()’

—>ARY ) —m A ®Q—>A’®B—>0

Véin>1taco

12

Tor(A’, B) =Hy(A’ ® Y’) = Ker(1®u,”) / Im(1&®U'p4+1)
= Ker(1®uy 1)/ Tm(1®u,)
= Hai(A,Y)
Tain =1, do tinh khép ctia day
Y'1—>Yy—>B >0
va tich ten xd bdo toan tinh khép phai, nén ta thu dugc day khép

1®w, 1®wy
ARY | —> A ®Y(—>A ®B—0

Vivay

HA’®Y’) = Ker(1®u;,") / Im(1®p,’)

1

I

Ker(1®guo)/ Im(1®)

I

Ker(1®gpp)/ Ker(1®p)

I

Ker(1®g)

Tuong tu chon X 1a phép gidi xa anh cia:
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A X1 >Xp—>.. o X > Xp—0
khi n6i v6i day khép : f
0->-A">P—>A—>0

ta thu dugc phép gidi xa anh X’ cla A, va ten xd vGi B ta dugc:

X®B:.. > X3 ®B—>... - X;®B —>
—>Xo®B—>P®B—>A&®B—>0

Véin>1tacéo: Tory(A, B)=H,.1(X ® B) = Tor,.1(A’, B). con khi
n=1:HX ®B)=Ker(f® 1). Bdy gid vdin>2,taco

Tory(A, B) = Tor,1(A’, B)

I

Hoi(A’®Y’)  (baitap 4.3)
=~ Ho(A'®Y)

= Tor,2(A’,B’) (baitap4.3)

tain=2,tacé

1

Tory(A, B) = Tor(A’, B)

I

HA’®Y’)

I

Ker(1®g) (D)

Mait khac ti

0>A">P—>A—>0
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1a ddy khép ngdn va Q 1a md dun xa 4dnh, do d6 ta thu dugc day
khép ngdn sau

f®1
0— A ®Q—P®Q—AX®Q—>0

dic biét ta c6 f®1 12 don cau. Xét diy dong ciu sau

1®g 1
A®B —>A®Q—>P®Q

Ta co

Ker(f®g) = Ker[(f®1)(1®g)]

R

~ (1®g)'[Ker(f®1)]

I

(1®2)(0)

Ker(1®g) 2)

1

Véi (1) va (2), ta c6

Tory(A, B) = Ker(1®g) = Ker(f®g)

4.5. (a = b) Gia st ta ¢c6 Tor(A, B) = 0 v6i moi md dun trdi B
trén R. Cho C 12 R — m6 dun trdi bat ky. Tr moi md dun déu
ding cdu v6i mo dun thuong ciia mdt mo dun tu do ndo d6 . Do
d6 ta thu duge day khép ngin

i1 T
O M—->F—->C-—>0
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Trong d6 F 1a md dun ty do. Theo tinh chat cla tich xodn, tir day
khép trén ta thu dugc day khdp sau

Tory(A, F) »> Tor (A, C) — Tor(A, M)

Bdi gia thi€t ta c6 Tor(A, M) = 0 va tit F1a m6 dun xa 4nh nén
Tor,(A, F) = 0. Do d6 ta nhan dugc Tor,(A, C) = 0.

Gia st Torp(A,C)=0 véimoi 1< m < n. Khi d6 véi day khép
0 =Toru1(A, F) > Tory (A, C) > Tory(A, M) = 0

ta nhan dugc Tory (A, C) = 0. Viy theo nguyén 1y qui nap
Tor,(A, ¢) =0 v6i moin > 0.

(b=>¢c) Gid st f: X — Y 1a don ciu cda cdc mod dun trdi trén R.
Ta c6 day khép ngin

f g
0> X—>Y—>YImf—>0

& day g 1a phép chi€u ty nhién. Theo tinh chit tich xodn ta thu
dudc day khép

1®f
0= Tor(A, YImf) — A®X — AR®Y

diéu nay ching té i®f 12 don cau.

(c = d) Gid st v6i moi don ciu f cdc R — md dun trdi trén R ta
6 i®f ciing l1a don cau. Cho ddy khép ngén

f g
0 X->Y—>Z->0
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Tir tich ten xd chuyén mdi diy khép ngin thanh diy khSp phai.
Do d6 ta thu ducc day khép

i®f i®g
ARX—5>ARY—>AR®RZ——>0 (¥

theo gid thi€t thi i®f 1a don cau, do d6 ta nhan dugc

1®f i®g
0—>ARX—ARY—>ARZ—0

1a day khép ngén (dpcm).

(d = a) Gia st Ala R —md dun phdi va B 1a R — mé dun tréi.
Nhiing B vao diy khép ngin

f g
O M—->F—>B—>0

& day F1a m6 dun ty do va F/M = B. Theo gia thi€t day

1®f i®g
0O—> AM—ARF—A®B—>0

ciing 12 day khdp. Theo tinh chi't tich xodn diy

O+ 1®f
0 =Tor(A, F)—— Tor(A,B) —> AQOM —> AQ®F

1a khép. Mit khic Ker(i®f) = Imo« = 0, suy ra Tor(A, B) = 0.

(a = €) Gia str ta c6 Tor(A, B) = 0 v3i moi R - moé dun trdi B.
Cho day khép
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f g
0>A">A” >A->0

Theo tinh chat ten x0 ta ¢6 day khép phéi

1 g®1
A®B—>A"®B—>A®B—0

Tur tinh chat tich xodn ta c6 diy khép

@1
0=Tor(A,B)—> A’"®B—> A” ®B

dic biét f®1 1a don cau. Suy ra ta c6 ddy khép ngin

1 e®1
0—>A®B—>A"®B—>A®B——0

(e = a) Giad si Ala R —md dun phai va B 1a R — md dun trai.
Nhiing A vao day khop

f g
O->M—->F—>A-—>0

& day Fla mo dun tu do va F/M = A. Theo gi thi€t day

f®1 e®1
00— M®B—F®B—A®B—>0

ciing 12 day khdp. Theo tinh cha't tich xodn diy

O+ f®1
0=Tor(F,B)—> Tor(A,B)— M ®B——F®B
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1a khép. Mit khiac Ker(f®1) = Imo- = 0, suy ra Tor(A, B) =0.

4.6. Tir A va B 1a cdc nhém aben tu do nén ta c6 thé coi A va B
nhu 13 cdc Z - md dun. Do Z 13 vanh chinh theo bai tip 4.2 thi ton

tai phép gidi xa dnh cia A la

0 0 0 f g
X:i..oXpg—>...oX1>Xg—>A—> 0

Trong dé X, = 0 v6imoin > 2.Vi vy ta thu dugc day khdép

f®1 g ®1
., 0— X ®B— X ®B—> A®B——0

do @6 Tor(A, B) = Ker(f ®1).

Dbit M(A, B) := F/G. Theo gid thi€t ta c6 thé coi M(A, B) nhu 13
nhém aben sinh ra bdi cdc bd ba (a,b,n) e AxBxZ,v8in e Z

va na =0 trong A, nb = 0 trong B, thod cdc quan hé sau
i)(a+a’,b,n) = (a,b,n) + (a’,b,n) na=na’=nb=0
i) (a,b+b’,n) = (a,b,n) + (a,b’,n) nb=nb’=na=0
iii) (a, b, mn) = (ma, b, n) nma=0=nb

iv) (a, b, mn) = (a, mb, n) nmb =0 =na

Véi mdi (a, b, n) € M(A, B), ta chon ¢d dinh phin tif x, € X;
sao cho x, € fl[ng'l(a)]. Pinh nghia 4nh xa (xét gidm trén phan
tl sinh)
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¢o:M(A,B)—> Ker(f® 1)
(a,b,n) >x,®Db

Ta s& chitng minh 4nh xa ¢ dudc dinh nghia t5t. That vay, ta ¢6
glng'(a)] = ngg''(a) = na = 0

suy ra ng‘l(a) € Kerg = Imf. Do d6 fl[ng'l(a)] xac dinh. Mat
khic 14y x’e g'(a) ta c6

)X, ®b) = nx’®b = x’@®nb = x’®0 =0
Vay x, ® b € Ker(f ®1).

Cuobi ciing, do f 12 don cAu nén dé chitng minh 4nh xa ¢ dudc
x4c dinh ta chi cAn chitng minh phin ti x, ® b khong phu thudc
vao sy chon lyra phan ti trong g'l(a).

Gid st tacéy,y € g'(a), khi d6 (y —y’) € Kerg = Imf vay ton
tai x € X;saocho y =y’ +f(x) suy ra

fliny) ® b = f'[n (v’ + f(x)] ® b]

[f'(ny’) ® b] + (nx ® b)

[f'(ny’) ® b] + (x ® nb)

[f'(ny’) ® b] + (x ® 0)

fliny’) ® b

Tur cdc quan hé (i), (ii), (iii), (iv) , don thuan tinh todn ta suy ra
duoc ¢ 1a dong cau.

Lay phin tif x ® b € Ker(f®1), khi d6
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f(x) ®b=0.

Tu Xp 1a m6 dun ty do trén vanh chinh nén f(X;) cling 1a m6 dun
ty do trén vanh chinh, vi vdy v6i moi x € X, f(x) 1a phan tb
khong xodn. Suy ra néu b # 0 ma phan tf f(x) ® b =0, ta phai
c6 moOt me sao cho f(x) = mxova mb = 0 v6i mdt xg € X

nao do.

TU nhan xét trén vdi quy udc ghi chép nhu thé€. Ta dinh nghia
danh xa
vy : Ker(f ®1) - M(A, B)
y(x ® b) = (g(x¢), b, m) n€ub=0,x=0
Yy(x®b)=0  néux=0hoicb=0

Ta sé chitng minh y dudc dinh nghia tot.
That vdy néu b # 0 theo dinh nghia ta ¢6
mb =0, mg(xo) = g(mxy) = gf(x) = 0

suy ra (g(xo), b, m) € M(A, B). Gié st b = 0 va f(x) = mxo = m’x¢’
trong d6 m = m’. Bt

my =min {m € N: 3y e Xp, my =1(x) va mb =0}

Khi d6 ton tair,s € Z, sao cho

b

rmy=m, s my=m

suy ra néu f(x) = myy thi rxo =y va sxo’ = y. Do d6
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y(x®b) = (g(x0), b, m)
= (g(X0), b, rmy)
= (g(r xo), b, my)
= (g(y), b, my)
= (g(sx07), b, my)
= (g(x0"), b, smy)
= (g(x0"), b, m’)

Viy y hoan toan xdc dinh. By gi6 ta chitng minh y 13 dong cau,
that viy v6i b, b’1a hai phan tif khdc khong ta c6

y(x ® b) = (g(xo), b, m) vdi f(x) =mxp va mb=0
y(x®Db’)=(g(x0’),b’,m’) véif(x)=m’xp’va m’b’ =0
ditt=[m, m’]. Tir f(X;) 12 m6 dun tu do trén Z nén tdn tai phﬁn
ti'y € Xgsao cho f(x) =ty, rd rang tb =0 =tb’. Suy ra

y(x ®b) =(g(y), b, )
y(x®b’) =(g(y), b, 0

do @6
Y(x®@b) +y(x®b’) = (g(y), b, t) + (g(y), b’, )

(g(y),b+D’,t)

y(x @ (b+b’))
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gia su, ta c6 x, x”, b= 0 khi d6
Y(x ® b) = (g(x0), b, m) mxo="f(x), mb=0

y(x’ ®b)=(g(x0’),b,m’) m’xp‘=1(x), m’b=0

Goi k 1a cip cda b. Khi d6 tdn tair, r’e Z , sao cho

m=rk va m =rk

Y(x ®b) = (g(xo), b, m) = (g(rxo), b, k)
Y(x” ®b) = (g(xo), b, m’) = (g(r'xo"), b, k)
suy ra
Y(x®b) +yx ®b) = (grxo), b, k) +(g(r'x0"), b, k)

= (g(rxo +1'%0’), b, k)

f(x) = mxp=rkxo va f(x’) = m’xy’ = r'’kxo’
ta nhdn dugec f(x+x’) = k(rxo + r'kxp’) . Vi vy
Yy ®Db)+yx’®b)= (grxo+1'X0°), b, k) = y(x+x’ ®b)

Céc trudng hgp x =0, x> =0, b =0, b’ = 0 déu dé dang ki€m
dudc. Vi y bdo toan cdc hé thic clia cidc phin ti¥ sinh trong tich
ten xd nén y dudc md rong thanh ddng cAu trén toan thé tich ten
X0.
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V6i (a, b, n) € M(A, B), 14y x¢ € g (a) dit x, = f'(nxo) theo dinh
nghia cia ¢ ta ¢c6 yo(a, b, n) = y(x, ® b). RO rang f(x,) = nxg va
nb = 0 vy tir dinh nghia cla y ta c6 y(x, ® b) = (g(xo), b, n) = (a,
b, n). Suy ra ye va 1y dong nhit trén hé sinh nén ching bing
nhau.

Véi (x ® b) € Ker(f ®1), theo dinh nghia cia y thi
Y(x @ b) = (g(xo), b, n)
trong d6 nxo = f(x) va nb = 0. Rd rang x e ' {ng'[g(x)]} do d6
PY(x ® b) = p(g(x0), b, n) = (x ¥ b)

Nhu vy @y va lkerter) dOng nhat trén hé sinh vay chiing bing
nhau. Cic k&t qué ching minh trén cho ta

M(A,B) = Ker(f® 1) = Tor(A, B)

1

Cudi cling, néu A 1a md dun khong xodn tir diéu kién na =0 ta
c6 n =0 hoic a=0. Do dé M(A, B) chi chita cdc phan ti¥ sinh c6
dang (a, b, 0) hodc (0, b, n) . Mdt khic

(0,b,n)=(0-0,b,n)=(0,b,n)—(0,b,0)=0
(a,b,0)=(0.a,b,0)= (0,b,0)=0

Nhu vay M chi chita phan ti sinh 13 phan t¥ 0 do d6 M = 0. Tur
k&t qua M(A, B) = Tor(A, B), ta ¢c6 Tor(A, B) = 0. Trong trudng
hdp B 12 nhém aben khong xodn, chitng minh tuong tu ta ciing c6
Tor(A, B) =0.

4.7. Gid st ta c6 day khép ngin
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f g
0>A">F—>A—>0

Trong d6 F 1a md dun ty do, khi d6 Imf = A’. Mit khac tu F 1a
md dun ty do trén vanh chinh do d6 Imf 124 md dun ty do, diéu
nay ching t6 A’ 1a mo dun ty do. Nhu vy diy khép ngdn trén
hoan toan c¢6 thé xem nhu 12 phép gidi xa dnh clia A v6i Xo = F,
X;=A’convdin >1thi X,=0.Ten xd v6i B ta nhan dugc day
nita khdp sau

f®i e®i
0->..00>A"®B—>F®B—>A®B—>0

Suy ra Tory(A, B) = 0 v6imoin > 1 va Tor(A, B) = Ker(f ® 1).
4.8. Gia st ta c6 diy khép cic R — m6 dun trdi

f g
0—-B —->B—>B”—>0

Va A 12 m6 dun phdi trén vanh chinh. Theo bai tip 4.2 ton tai
phép gidi xa dnh

81 80
X:..oXs—>...00Xi>Xg>A—>0

trong d6 X, =0 v6i moin > 2. Do dé véin > 1 Tor, (A,C)= 0
v3i moi R — mé dun trai C.

Theo tinh chit cda tich xodn ta thu dudc day khdép sau

...0=Torx(A, B”’) - Tor(A, B) - Tor(A,B”’) —
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->A®B 5> A®B->A®B’ >0

4.9. Ky hiéu M(A, B) 1a nhém aben da miéu td nhu trong bai
gidi 4.6. Xét bd dé sau

o>,

d

(=3

B
1) MA ®B,C) = M(A,C) ©® M(B, C)
1) MA,B®C) = M(A,B) @ M(A, C)

iy MZwmZno) = Zq v6i d = (m,n)

Chitng minh.
i) Ti tinh chdt quan hé (i) ctia M(A, B) ta c6
MA @B, C)= M(A, C) + M(B, C)
Hon nira tt A (1B =0, nén M(A, C) (1M(B, C) =0. do d6
M(A @B, C)=M(A, C) ® M(B, C)
ii) Chitng minh tudng tuy nhu trong (i)

iii) Ta da bi€t moi nhém con clia mdt nhém cyclic 1a cyclic va

mot nhém con cyclic cAp k déu didng ciu theo nghia Z-md dun

vGi Z . bit

A={aeZ,:ma=0}
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hién nhién A 13 nhém con cyclic cffp d=(m,n)dodé6 A = Z,.

Xét dnh xa
O:A—>MZ n, Z )
a—>(1+mZ, a, m)
taco:m(l+mZ)=m+m Z =0 va ma =0, suy ra ¢ dugc dinh
nghia t6t. Hon nita véia, b € A, ta c6

o(a+b)=(1+mZ,a+b, m)
=(1+mZ,a,m)+ (1l +m Z, b, m)
=o¢(a) + ¢(b)

do d6 ¢ 1a ddng ciu. Ta dinh nghia 4nh xa sau

r+mZ,s+nZ,k)—> krs.m'+nZ

Tokr+mZ =0tacé m|krvi viy kr.s.m’ 1a s8 nguyén. Hon

nita ta con cé n | ks, vi vay

m(k.r.s.m'l) +nZ =krs+nZ =0
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biy gion€ur+mZ =r'+mZ vas+nZ =s +7Z thir=1" +

tmvas=s +1n véit,le Z .Khidb

y(r+mZ,s+nZ ,k) = krsm'+nZ

k(r’ + tm)(s’ + ln)m'1 +n 7

(kr’s’m'1 +n Z)+ (kts’ +nZ) +

+ (kr’'lInm” +n Z) + (ktln+n Z)
= kr'sm'+n Z
=y(’+nZ,s +7Z,k)

Viay y hoan toan x4c dinh .
Tir cdc tinh chat quan hé clia M(Z 1, Z ) ta ¢6 y 12 ddng cau.

Cudi cung, ta ¢6

oy(r+n Z,s+nZ,k)=(p(krsm'1+n 7Z)
=(1+mZ, krsm" +n Z, m)
={0+nZ,1+n Z,Kkrs)

=(r+mZ,s+nZ,k)
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yo(a) =y(l +m Z,a, m) =a.
vay MZ w, Z,) = A = Z 4 (dpcm).

Tir gid thi€t A va B 1a cdc nhém aben hitu han nén A va B ding
ciu véi tdng truc ti€p cda nhitng nhém con cyclic hitu han. Mt

khiac mdi nhém con cyclic hitu han cAip m ding ciu véi Z . Do
dé A va B ding ciu véi tdng truc ti€p cdc Z . Tt (i), (ii) trong

bd dé, dinh 1y téng truc ti€p clia tich ten x0, viéc chitng minh bai
todn tudng duong vdi viéc chirng minh

M(Zw, 2 1) = Zm®ZLn. (*)
dang c4u (*) 1a hi€n nhién tir (iii) ctia bd dé va bai tap 2.14.
4.10. Gia st ta c6 phép gidi xa dnh cia A la

Oo o1 0>
X0 AXg< X< Xpe. . X, ¢...

Tac dong ham t& Hom(-, B’) 1én day khép trén ta c6

Hom(d,, 1) Hom(dy, 1)
0—— Hom(A, B’) — Hom(X,, B’) —>

Hom(o,, 1)
—> Hom(X;, B’) ——> Hom(X,,B’)—— . ..

theo dinh nghia cta tich md rong ta c6

Ext(A, B’) = Ker[Hom(6,, 1)] / Im[Hom(d, 1)]
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V6ih: A — B, do X,1a md dun xa 4nh va g 1a toan cAu nén ton
tai ddng cdu oy, : Xo — B sao cho gay = hdy . Ap dung bai tip
1.18 ton tai duy nhat déng ciu py, : X;— B’ sao cho fu, = o) .
Ap dung bai tdp 2.4 ton tai ddng cAu 0 : X, — 0 sao cho pyd, =0

0o 0 02
O < A < XO < X] < X2
B

RSN Y
g f
< < B’ <

0

0 < B¢

Vay uy € Ker[Hom(d,, 1)] 8 day 1 12 ddng cAu dong nhat cla B’
Biy gid ta dinh nghia dnh xa

Ok : Hom(A, B”’) —— Ker[Hom(&», 1))/ Im[Hom(&;, 1)]
h — pp+ Im[Hom(0,, 1)]

Trudc ti€én ta chi'rng minh d4nh xa x4c dinh nghia 1a khong phu
thudc vao ddng ciu p, ma chi phu thudc tinh giao hodn cia biéu
dd. That vay, n€u ta ¢é w,’ thod diéu kién

gOCh’ = h60 va f},lh, = 0(}1,61
khi dé6 ta xac dinh anh xa
B : Xo— B’ cho bdi B(x) = (o - an’)(x)

tlr f 12 don cAu nén B hoan toan xdc dinh. Hon nita v6i moi x, x’
€ Xo, 20i b, b’ € B’ thoa

f(b’) = (o - ap’)(x"), f(b) = (o - o’ )(X)
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khi d6
b’ = (o - an’)(X)
b= f'(om- on’)(x)
f(b+b’)= (an-op’ )X +X")
b+b = (- ap’)(x +X)
suy ra

fl(och - (X +X7)

B(x +x°)

=b+b’
= (o - o )(X ) + (o - o )(X7)
= B(x) + B(x")

vay B 1a ddng cAu. Vi ddng cau B xdy dung & trén ta
c6 két qud sau

f(un” + o) = fun” + £ (an - an))dy
=fup’” + ol - an’0)
= fu,” + fu, - fun”  (biu dd giao hodn)
= fuy
= up’ + B0 = pn (tr f don ciu)

nhung 30, € Im[Hom(d, 1)] nén
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pn’ +Im[Hom(d,, )] = pp + Im[Hom(d,, 1)]

Viy O hoan toan x4c dinh, d& dang thdy dugc O 1a ddng ciu.
Véih € Hom(A, B”’), ta co

f%0(h) = fun + Im[Hom(dy, 1)]

on01 + Im[Hom(o, 1)]
=0

suy ra Imdg < Kerf*. P& thi'y dudc bao ham ngugc, 14y phan tir t
+ Im[Hom(d;, 1)]e Kerf* khi @6 ft € Im[Hom(é;, 1g)] tic ton tai
ddng ciu a. : Xy — B sao cho ft = a0,

Oo 0 0>
0« A < X < X < X5

hl goclftl

0« B« B « B’ < 0

ddng ciu h dugc xdc dinh nhu sau : v6i moi a € A chon c6 dinh x
e@o'l(a) dinh nghia h(a) = gou(x). Ta chitng minh h dugc dinh
nghia t0t, that vy néu x, x’ € dy '(a), tir dong 12 khdp nén ton tai
x1€ X1 sao cho x = x” + 01(x;) khi d6

go(x) = gaux’ + di(x1))

gou(x’) + gaoi(x;)

gox’) + gft(xy) = goux’)
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d& dang thdy dudc h 13 ddng ciu va hdy = ga, do d6 biéu dd trén
giao hodn diéu nay chitng té dg(h) = t + Im[Hom(d;, 1)] suy ra
Kerf* c Imog .

4. 11. Gia str

(o))} 01 (o)) Gn
Y:0--B->Yy—>Y —-Y,—>..>Y,—>...

la phép gidi ndi xa cia B. Véimoin e N , dit
e i, la phép nhing Imo, vao Y,

¢ 6,* : Y1 = Imo, cho bdi 6,*(y) = o,(y) v6i moi ye Y,

e 1 12 dong cAu dong nhat trén A.
Qua cach dat trénta cé

1,0,* = 6, V6l moi ne
Bay gid phén tich Y thanh nhitng daykhdp sau

Oo G]*
0->B—>Yy—>Imc; >0
i1 02*
0—>Imo;—> Y, —>Ime, >0
iy o3*
0—>Imc, > Y, > Ime; >0

In On+l
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Theo tinh chit cia tich m& rong , ta thu dugc cdc diy khép sau

0—— Hom(A, B)—— Hom(A, Yy) —— Hom(A, Keroy)
O
—> Ext(A, B)— Ext(A, Yy) =0—— Ext(A, Imo))
— > Ext’(A,B)—> 0=Ext’ (A, Yo)... (1)

Hom(1, i;) Hom(1, o1%)
0—— Hom(A, Imo;) —— Hom(A, Y,)—— Hom(A,Imo;) (2)

Day (1) cho Ext(A, B) = Imog va Extz(A, B) = Ext(A, Imo))

tdic ddng ham t Hom(A, - ) 1én Y ta c6 day nira khép sau

Hom(1, o) Hom(1, o)
0—— Hom(A, B)—— Hom(A, Yo) —> Hom(A, Y))

Hom(1, o,)
—— Hom(A, Y,)——. ..

theo dinh nghia HI(A, Y) = Ker[Hom(1, o,)]/ Im[Hom(1, o1)]
matkhacvéip: A —> Y tacéd

GQB =0 < isz*B =0 < GQ*B =0

diéu nay chirng té Ker[Hom(1, o;)] = Ker[Hom(1, 0,%)]

B oo

A—> Y — Imo,

AN

Y,
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tur day khép
i1 02*
O—->Imo;—>Y —>Imo,—0

ta thu dugc day khép sau

Hom(1, i;) Hom(1, ,%)
0—— Hom(A, Imo;) ——> Hom(A, Y;) —— Hom(A, Imo,)

do dé
Ker[Hom(1, o,)] = Ker[Hom(1, 5,*)] = Im[Hom(1, 1;)]

Suy ra H'(A,Y) = Im[Hom(1, i;)]/ Im[Hom(1, 51)]
Vi ky hi€éu tuong tu nhu trong bai tip 4.10 ta dinh
nghia 4nh xa sau ¢ : Im[Hom(1, i;)] —— Imdg

ith = Og(h)

0o 01 1))
X() < X] < X2

A <
Loarloo
o * o)

0« Imo < Yo ¢ B« 0

0«

Do oy 12 don cidu nén ¢ xdc dinh, hi€n nhién ¢ 14 toan ciu ta sé
chitng minh ¢ 13 ding cdu. P& y néu py va oy di xdc dinh thi
ddng cdu h 13 duy nhat d€ bi€u db giao hodn, thit vay néu ta c6
h> & trong bi€u db thod h’0y = o1*ou,, khi d6 h’ay, = hay do 0y 1a
toAn cAunénh="h’.
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Biy gid ta chitng minh Kergp = Im[Hom(1, o,)]. LAy ijheKere
khi d6 p, € Im[Hom(d;, 1)] vdy ton tai B : Xo — B sao cho py =
Bo; (xem biéu @6 & dudi)

Ta xdc dinh dong cAuy : A — Yo nhu sau : véi mdi ae A chon
c¢d dinh phan ti xe 8y '(a), y(a) := (an - ooP)(x). Pdng ciu y
dinh nghia & trén hoan todn x4c dinh, thit viy néu x, x’ e Kerdy!
thi ton tai x;€ X sao cho x = x’+ 9;(x;) suy ra

(0 - SoP)(X) = (0 - GoP)(X’ + O1(X1))
= (o - 6oP)(X’) + anli(X1) - coPOi(x1)

= (0 - ooPB)(X’) + on0i(X1) - Gon(X1) = (O - GoP)(X’)
f— G]*Y@o = G]*(Oth - G()B)

o 1*an - o1%c0B

= G]*OLh.
60 01 1))
0« X < X < X5
h l \ l \ th
O\ ImGl Y < 0
"y
Y

Tir tinh duy nhit clia h dé bi€u dd giao hodn, ta ¢6 h = 5%y suy
ra ith = o7y diéu nay chigng t6 i;h € Im[Hom(l, o;)] do d6
Kerec Im[Hom(1, o;)]. Bay gid vdi dong cAuy : A — Y ta ¢
o1y =1101*%y ddth = o;*y, ta xdc dinh déng ciu B : Xo — B nhu
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sau B := Go'l(och - y0p) do o 12 don ciAu nén B hoan toan x4c dinh.
Hon nira 60B81 = (OLh - y80)81 = ah81 - 78081 = OpUn = OQoHn

bdi 6 12 don cAu nén o1 = wn suy ra ppe Im[Hom(0,, 1)] diéu
nay chiing t6 o1y € Kergp. Viy Kere = Im[Hom(1, ;)] do d6 ta
c6 ding ciu

H'(A, Y) = Im[Hom(1, i;)/Im[Hom(1, 5,)] = Imds = Ext(A, B)
Gid st v8imoi 1 <m<n,tacd
H™(A,Y) = Ext™(A, B) va EXtm+1(A, B) = Ext(A, Imoy)

Xét cdc day khép sau

0—— Hom(A, Imoc,) — Hom(A, Y,) —— Hom(A, Imc,1)
n+1

OE

— Ext(A, Imo,) — Ext(A, Y, =0—— Ext(A, Imo,y)

— 5 Ext'(A, Imo,) —> 0=Ext’ (A, Yo) ... (D)

Hom(1, iy1) Hom(1, 6,2*)

0—— Hom(A, Imo,) —— Hom(A, Y,)—— Hom(A,Imo;) (2)
Tuong ty nhu trong chirng minh véin =1, ta c6
H™'(A, Y) = Ker[Hom(1, 6,:2)]/ Im[Hom(1, Gps1)]
= Im[Hom(1, i,;1)]/ Im[Hom(1, c4,1)]

= Im[ 52+

=~ Ext(A, Imo,)
~ Ext™!(A, B)
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Ext(A, Imo,s1) = ExtX(A, Imo,) = Ext(™?(A, B)
Theo quy nap bai todn dugc chirng minh.
4.12. Gia st ta c6 day khép ngin

f g
0—-B—>J—>B—>0

trong d6 J 12 md dun ndi xa. Goi

8 &
Y:0-B—>Yy>Y/'—>...>Y,

b

—> ...
la mot phép gidi ndi xa ciia B’. Bit
o'=f,0'=8%,06"=8""v6imoi n > 1

Yi=J,Ya=Yo

ta thu dugc phép gidi ndi xa cua B la:

0 1 2
(&) (&) (&)

Y:05BoYo>Y' ... oY > ...
hay
f 8% &'
Y:0--B->J—>Yy>Y/'—>..>Y/'—>...

tic dung ham t& Hom(A, -) vao hai phép gidi ndi xa cia B va B’
ta co

195



Hom(i, 8% Hom(i, 8")
0—— Hom(A, B’)—— Hom(A, Y¢’)— Hom(A, Y{")) —>

...——~> Hom(A, Y,)——> ...

Hom(i, f) Hom(i, 8°g) Hom(i, 8")
0—— Hom(A, B)—— Hom(A, J)—— Hom(A, Y¢')) —>

——> Hom(A,Y{))—> ...—> Hom(A, Y,)——> ...
Véin >1,tachd:

Ext"(A,B) = H'A,Y) (baitap4.10)

1

Ker[Hom(i, ")}/ Im[Hom(, c" )]

I

Ker[Hom(i, 8™")]/ Im[Hom(i, 8™%)]

N

Hn-l(A’ Y,)
=~ Ext"'(A, B")

Tai n = 1. Do tinh ch4t khép trdi clia ham t&r Hom(A, -), nén tr
day khép ngdn

f g
0—-B—>J—>B—>0

ta c6 dugc day khdp sau
Hom(i, f) Hom(i, g)

0—— Hom(A, B)— Hom(A, J) — Hom(A, B’)

Nhu vay Ker[Hom(i, g)] = Im[Hom(ji, f)].
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Xét diy dong cau
Hom(i, &°) n
Hom(A, B’) —> Im[Hom(1, §°)] —>
n—)Im[Hom(i, §%) / Im[Hom(i, §°g)]
Trong dé m la 4nh xa ty nhién. Dt
¢ := n.Hom(i, 80) ; C:= Im[Hom(, SOg)]

Khi d6 ¢ 1a toan cidu véi

Kergp = {h € Hom(A, B’) : Hom(, 80)(h) +C=0}

{h € Hom(A, B’) : 8’h € Im[Hom(i, 8°g)]}

{h € Hom(A, B’) : 3 te Hom(A, J), &°h = SOgt}

{h € Hom(A, B’) : 3te Hom(A, J),h = gt}
= {h € Hom(A, B’) : 3te Hom(A, J), h=Hom(, g) (t)}
= Im[Hom(i, g)]

Suy ra

Hom(A, B’)/ Ker¢p = Hom(A, B’) /Im[Hom(i, g)]

1

Im[Hom(i, 8/ Im[Hom(, 8°¢)]

Viy

Coker[Hom(i, g)]

I

Hom(A, B’)/ Im[Hom(i, g)]

1N

Im[Hom(, 8°)]/ Im[Hom(i, §°g)]
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I

Ker[Hom(i, 8")] / Im[Hom(i, §°g)]

I

H'(A,Y)

N

Ext(A, B)

4.13. Gia st ta c6 cdc day khép ngén nhitng R - md dun trai
f «
0->A>P->A->0

B g

0—->B—->J—->B—>0
trong d6 P 12 md dun xa dnh va J 1a mo6 dun ndi xa. Goi
8 8
Y:0--B—->Yy—>Y/'—>...>Y,/—>...
1a mot phép gidi ndi xa ctia B’. it
o'=f,0'=8%,06"=8""v6imoi n > 1
Yi=J,Y, =Yl
ta thu dugc phép gidi ndi xa cta B 1a:

0 1 2
(o) (&) (&)

Y:05BoYy oY 5. . oY > ...
hay
f &% &
Y:0--B—=>J—->Yy—>Y'—>...>Yui'—...

tic dung ham tr Hom(A, -) vao phép gidi ndi xa cia B ta c6
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Hom(l, f) Hom(1, 8°) Hom(l, 8")
0—— Hom(A, B)——> Hom(A, J)—— Hom(A, Y¢')) —>

——> Hom(A,Y{))——>...—> Hom(A, Y,)——> ...
vdimoin >2,taco

Ext(A, B) = ExT"'(A,B’)
tuong tu vGi phép gidi clia A’ 1a

0o o1
X0 A Xy X ...« X ...

Khi ndi v6i day khép : a f
O—AP—A 0

ta dugc phép gidi xa dnh ctia A 1a:

o f.60
XD AP Xy X ... X « ...

Tac ddng ham tf Hom( -, B’) vao phép giai trén ta dugc phtc:
Hom(X, B’) : 0 > Hom(A, B’) - Hom(P, B’) - Hom(Xy’, B’) ...

va v6in> 1 ta c6: Ext"(A, B’) =Ext"'(A’, B’). Vay v6in > 2.
K&t hop hai sy kién lai ta c6:

Ext'(A, B) = Ext™'(A, B’) = Ext"*(A’, B’)
Tai n=2, theo baitap 4.11 ta c6

Ext(A, B) = Ext(A,B’)
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N

Coker[Hom(1,g)] (bt4.12)

I

Hom(A’, B’) / Im[Hom(1, g)] (1)
Do tinh khép trdi cia ham t¢ Hom( -, J) nén tir day khép

f o
0O->A>P—>A—>0

Ta thu dugc diy dong cAd

Hom(a, 1) Hom(f, 1) Hom(l, g)
0—— Hom(A, J)— Hom(P,J) — Hom(A’,J)——>

—> Hom(A’, B’)

V6imoih:P — J, tir f 13 don cAu va J 13 mo dun ndi xa nén tdn
tai ddng cdu ¢ : P — J (Xem biéu d6 dudi)

sao cho of =h hay Hom(f, 1)(¢) = h’, chiing t6 Hom(f, 1) 1a toan
ciu. Vay ta c6

Im[Hom(f, g)] = Im[Hom(1, g) . Hom(f, 1)]
= Im[Hom(1, g)]
Suy ra, v6i (1) ta nhan dugc

Ext’(A,B) = Hom(A’, B’)/ Im[Hom(1, g)]
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= Hom(A’, B’) / Im[Hom(f,g)]
= Coker[Hom(f, g)]

4.14. (a = c) va (c = b) 12 hién nhién. P& chitng minh (b = a),
14y day khép ngén bat ky

0->X->Y—>Z2->0
theo tinh chA't tich m& rong ta c6 diy khép
0 — Hom(A, X) > Hom(A, Y) > Hom(A, Z) >
—> Ext(A, X) =0 > Ext(A,Y) > ...

vdy 0 - Hom(A, X) - Hom(A, Y) > Hom(A, Z) — 0 la day
khép ngidn, do d6 A 1a xa 4nh.

4.15. (a = c¢) va (c = b) la hi€n nhién. P& chitng minh (b = a),
14y day kh6p ngén bat ky

0-X->Y—>Z->0
theo tinh chA't tich m& rong ta c6 diy khép
0 > Hom(Z, B) > Hom(Y, B) -» Hom(Z, B) —
—>Ext(Z,B)=0—> Ext(Y,B) > ...

vady 0 - Hom(Z, B) - Hom(Y, B) > Hom(Z, B) — 0 1a day
khép ngdn, do d6 B 1a noi xa.

4.16. Tt A 1a md dun trén vanh chinh nén ta c¢6 phép gidi xa anh
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X:0A—Xg< X1« Xp¢...
trong d6 X, =0 v6imoin=>2. Vay tacd
Ext"(A, B’) = Ext"(A, B) = Ext"(A,B”’) = 0
Bay gid véi diy khép ngdn

f g
0>B->B—>B’—>0

voi tinh cha't tich m& rong ta c6 dugc
0 - Hom(A, B’) > Hom(A, B) > Hom(A, B”’) —»
— Ext(A, B’) > Ext(A, B) > Ext(A,B”’) >0 ...

la day khép (dpcm).
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	BAØI TAÄP 
	ÑAÏI SOÁ ÑOÀNG ÑIEÀU 
	                           LÔØI NOÙI ÑAÀU 
	     
	    Moân hoïc Ñaïi soá ñoàng ñieàu  thuoäc chöông trình ñaøo taïo cöû nhaân vaø thaïc syõ chuyeân ngaønh Toaùn – Tin hoïc. Ñeå phuïc vuï vieäc  giaûng daïy , hoïc taäp moân hoïc naøy chuùng toâi ñaõ bieân soaïn  cuoán Ñaïi soá ñoàng ñieàu vaø ñöôïc xuaát baûn bôûi  Nhaø xuaát baûn Ñaïi hoïc Quoác gia Thaønh phoá Hoà Chí Minh.Trong giaùo trình ñoù chuùng toâi ñaõ choïn loïc moät soá löôïng khaù nhieàu baøi taäp, ñaëc bieät coù nhöõng baøi taäp nhaèm boå sung nhöõng kieán thöùc  lyù thuyeát caàøn thieát. Do khuoân khoå cuaû cuoán saùch neân taát caû caùc baøi taäp ñoù ñeàu chöa coù lôøi giaûi hoaëc höôùng daãn. Vì vaäy  chuùng toâi tieáp tuïc bieân soaïn cuoán caùch naøy  nhaèm boå sung cho giaùo trình ñaõ coù ñeå giuùp baïn ñoïc ñöôïc deã daøng hôn trong vieäc  tham khaûo moân hoïc naøy. 



