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Some Popular Boolean

Operators

Formal Name Nickname | Arity Symbol
Negationoperator NOT Unary -
Conjunctionoperator |AND Binary %]
Disjunctionoperator |OR Binary U
ExclusiveOR operator| XOR Binary A
Implicationoperator |IMPLIES |Binary -
Biconditionaloperator |IFF Binary z
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Ph®p t2nh m

The unarynegation operatofi & dlOT]
transforms a prop. into its logicaggation

Eglfp= Al have brown ha
thenp= A hotlkdaoave br own |




Ph®p t2nh m
APhépn " lii (@héph  ; phépgiao):
MMntha Xii & raim’ nlh®, QL €’kih i ~ u
b AGQ (L’ lafi RAQJ,lam’ nlhQ €L¢ nh
b:i
PZQL Yrkhdvac hkhiPvaQL™ n ¢l %n g

Ph®p t2nh m
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Ph®p t2nh m

AMe Anh deA 3HoAm nay,
rEé€a cheen” c¢chC dueng
cal hai coang vieac lau nhag vag ré0a cheun
laii, nedu hoam nay An chee giuup mei moat t
hai coang viedc trean, hoaéc khoang giutup m
hai thi meénh fiea tren sai

The Conjunction Operator

The binaryconjunction operatotZe AND
combines two propositions to form

their logicalconjunction @D
Eglfpf aL ¢Aff KI @S gl
gAtt KIS adSipgg & NI R
saladforluncand L g At f KI @S a

|Rememb€br:poﬁ' nts up |ike @D0O AAOQ, *
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Conjunction Truth Table Ph®p t2nh m
A Note that a P_d |pd
conjunction F F |F . PrO
p, Dp, DX Bp, F T |F Q
of npropositons T F |F 1 1 1
will have 2 rows
inits ruth table, '+ 1 IT 1 0 0
A Also: - and@operations together are suffi 0 1 0
cient to expressnyBoolean truth table! . @ :
N
Ph®p t2nh m Ph®p t2nh m
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The Disjunction Operator

The binarydisjunction operatofild OR)
combines two propositions to form their
logical disjunction

p=f My <car

g=i My <car

has a b
has a

7

n

Disjunction Truth Table

A Note thatpUg means
thatp is true, orqis
true,or both are true!

A So, this operation is
also callednclusive or,

Note
difference
T from AND

pUg= fi E i thh € [) g myb cao as because iincludesthe
my car has a bad carburetos Fier the dommard: possibility that botlp andq are true.
IMeaning is like ﬁand}/orc‘) ggiﬁ%;i‘?:‘}%é;g‘::z Aﬁ_'() amd tmget her are g
the other, or both,
Ph® t2nh m
P Ph®p t2nh 1
C¥ phanb i fi h awaih o dlc
1 1 1 n ©emphéptoan. Whhwt n€ ng
1 0 1 h® Ipotdrni
0 1 1 Ky hi® WA
0 0 : PYQ sail PvaQL™ n dciing

L Yarh @ ldumgsai




TheExclusive OrOperator

The binaryexclusiveor operatoriiAd X@QR

ExclusiveOr Truth Table

A Note thatpAq means

combines two propositions to form their : . P d|pAq
l ogi cal fexundtia®.i ve orf thatp is true, orgis FElF
p= Al wi || earn an A i tru_e, bulnot_bot_h! FTIT
g=fil will drop this <co ATh|soperat|qnls T F| T
N N . . calledexclusive or,
pAg= fil will either ea because iexcludesthe TT F} s
will drop it (but 1 possibility that bottp andq are true.  Tom %
Am0 aAdd tfio g enotueiversah r e
Ph®p t2nh m Ph®p t2nh m

A Phépkéothea
M M nlh® kéotheoQc _ tmim" nlh®vaQ, ki
hi buA- QU  l& i RéotheoQod hNJyB #i
thiQdo hday i RL . @d h ayl ifAQu
ki cfien, moldm  nthQ €°L¢ bhi
P- Qsaikhivac hkhiPL ¥mgQ sai.

Avid;Xétm' nlh@au:
AN /] i L Gtprithi t8i c6n h | bQigaid
Tac6cact r €h ngpu
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AToéi L Gtmivakhdéngcon h i bQigéi: M™ nLh@d
rangsai
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Ph®p t2nh m

AMe Anh deA 3ChieAu na\y
thaCm badn” c¢chC sai K
nhong toéi khoang gheu thaém bain.

A Ngobic laii, neau chieau nay toai baén thi dug
gheu thaém bain hay khoang, meéanh fiea tred
fiuing. Ngoagi ra, taat nhiedn nedu chieau ng
cou gheu thaém bain thi meénh fiea trean fiu
toai cou ralnh hay khoéang!).

Thelmplication Operator

Theimplication p- g states thap impliesq.
A

antecedent
consequent

l.e., If pis true, therg s true; but ifp is not true,
thenq could be either true or false.

E.g,letp= AYou study hard
g= AYou wi get a
I f you thdnyod will getaar d

p =h
od gasq idceuld go either way)

- q
go

Implication Truth Table

Ap- qisfalseonly when
pis true bufis not true.

Ap- q doesnot say
thatp causeq!

Ap- q doesnot require
thatp or g are ever true!

AEgAa(1=@) gs

Examples of Implications

A If this lecture ends, then the sun will rise

t o mo r uBor Faise?

Anlf Tuesday is a day
a penGueor@@lsy
AAalf 1+1=6, then Bush

(rudor False?

ARl f the moon is made

am richer t WaedFasel |
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A Pheugkeudheo hai chieau
p . P>Q MM nLhP kéotheoQvan g _ liuci, hmim’ nh L
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! ! ! Q0 hkhivacPhkhiQo h dal i ARRI ¢ fi n
1 0 0 val .c, Qo Jam’ nlhQacl  bhi
0 1 1 P2 QL Yarkhjvac hkhiPvaQcécungchant r
0 0 1
Ph®p t2nh m Ph®p t2nh m
Meah ¢4 Tom g ABC vun 1A v B = AR+ P 1 Q | PeQ
AC" 1 mt e o€ ding vinén fam ke ABC vobng i A i 1 1 1
Ifnof BC° =AB"4 AC' v gt i (th o) 1 0 0
0 1 0
0 0 1




Thebiconditionaloperator

Thebiconditionalp® q states thap is trueif and
only if (IFF) q is true.

p= fAiBush wins the 2004 ¢
g=AfBush will be presiden
p2 gq=dAl f, and only if, Bu
election, Bush will be

Biconditional Truth Table

Ap?2 gmeans thap andq

have thesametruth value. P qlp a
ANote this truth tableisthe F F| T

exactoppositeof A6 s ! FTl F

i p2 qmeans—_fQAq) TF =
Ap?2 qdoesnot imply T T T

p andq are true, or cause each other

Boolean Operations Summary

A We have seen 1 unaoperatorand 5 binary
operators Their truth tables are below.

P d|xp p@y pUg pAq p- g p* g

T
T
F
F

— ==
R
—4 -
—4nm-d

F
F
F
T

47T
-7

Some Alternative Notations

Name: notland or | xor |implies| iff
Propositional logic: x| @ U A _ a
Boolean algebra: P pg| + A
C/C++/Javaordwise)] | | && || 1= ==
C/C++/Javalfitwise): ~ | & | N

Logic gates: Lo T (>
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A Daingmeénhiedagnoabieduhoudiodiccadtaio
t0p

D4ng m

trén

- Calubieameanfieatdlutagaubieatadygiatdrolag
caumeanfkieathoanguacaupheupaumeéaniiea
fladgeudblimuiaréntheo moatrinh téinhaationmago
flofith6dgnjoddichaeododlcaudaam g o Hic

1

n h

Av, ilanE d Ymg nCh@acb i M'n nth@, g, r
_ n\g, m, giat ©.t hPAD, R Acacm’ nlhQ
c . pagq, rthitacoduyn h it m" nth@(P, Q, R).
Tav i HFE(p, q, ).

ABT rclgant #ab [ mhgt ItEact r <h ‘nghan

Ddng m

t ©6t hxWral “vi, dd nng nth@theochant r

c.cacb i Mnnth@, g, rN/Jconb i B may
s €62"dongc h € &bngtiéull Q

1

n h

Cho E vi F1a hai dang ménh dé theo n bién py, p;...., p,. Ta néi:

Ddng m

a) E 14 mdt hing ding (twong wng, hing sai) ki hiéu
bdi 1 (tung ing, 0), néu E lubn lusn nhin chin tri ding (tidng iing, sai).

b) F1a hé qua ctia E, k¥ hiéu E = F, néu dang ménh dé
mot hiing ding.

E-Fla

¢) E tudng dudng logic (hay tudng duong) vdi F, ky hiéu E & F,
1€u dang ménh @€ E ¢ F 13 mdt hing diing.

1

Tautologies and Contradictions

Atautologyis a compound proposition that is
true no matter whatthe truth values of its
atomic propositions are!

ExpUxp [What is its truth table?]

Acontradictionis a compound proposition that
isfalseno matter what! Ex.p @xp [Truth
table?]

Other compound props. areontingencies

11



Logical Equivalence

Compound propositiom is logically equivalent
to compound propositiory, written pU g, IFF
the compound propositiop? qis a tautology.

Compound propositionp andq are logically
equivalent to each othel~Fp andq contain
the same truth values as each otheralhrows
of their truth tables.

Proving Equivalence
via Truth Tables

Ex.Prove thatpUq U x (xp @%q).

QIqu\xp\xq xp@xq |x(xp@xq)
F TIT T F
FT T T|F F T
TH T FI|T F T
TTAT F|F F T

D4dng m nh

1. Quyt dimyt ht/hl
Trongd 4 mng nlh@, n Jtathayt hb/j Wh_ ¢
conFb “ in, d 4mg n’h® € hn@h lngic
thid U mg nth@wul €’v adnt €hln@hn g
logicv | H.

2. Quyt dimayt ht/h2
Gid'dUmg nth@(p,q. )lam h Jh &nNy/] ia

thayt hn/h . migix u Blt trongEb " m_ Ep 6 ,60)0 ,
é

thid 4 mg n’h@ h d ©"theocach i @m ,p 6 , 6,0
v Xadnlalh i gan g

Ddng m nh

Cacl ulddic: Vv, i lagacb igMn nrh
LAlam, h s darvgOlam, h Jsa ta
cécact €hln@hlogr saul ©y
1) Ludul3ng

pdpU p
pUpU p

12



Ddng m nh
2) Luat giao hodn
pAqQ—=gAp
vipvq<sqvp
3) Luit k&t hop
PADATEPA(QAT) (2 PAQAT)
va(pvq vIi<pv(gvr)
4) Luét phén phéi (Ludt phin bo)
prl@v S PAQV DAL
vapv@an<(@Evagalpv

5) Luit kéo theo
P29 PVvg

6) Ludt phi dinh cia phi dinh
(P) <o

7) Ludt phi dinh De Morgan

pAqQePVY
pPvVqePAg

Vi Po>a=pPAq

8) Ludt phdn ddo
P—=qeoa—p
9) Luit tudng dudng
PeqoP20n@2p
10) Luat trung hda
parlsp

va pv0sp

11) Luét phan tif bi
pAD <0

vi pvp <1

12) Luit théng tri
pA0=0

va pvlied

13



13) Luat hap thu
pA(PvVQ <SP
va pvprg<p
14) Luat don gidn
Pra=rp
15) Luat md rong
P=p@vaq

Ddng m nh L

16)L u eitg :n
pgq- pU 1
p- (PDa)U p- q
(PUg)- qU p- g
p- (PUQU 1

Equivalence Laws Examples

A ldentity: p@TU p  pFU p

ADomination pUTU T p@FU F

Aldempotent pUpU p @Up

A Double negation: x >xpU p

A Commutative: pqU qUp pgU o2p

A Associative:  (pUg)Ur U pU(qUr)
(p2o)zr U peAagr)

More Equivalence Laws

A Distributive  pU(q@) U (pUg)@(pUr)
pAqUN U (p@o)U(par)

AsS a2NBI yQa
x(p@g) U xpUxq Q
x(pU) U xp@xq Py

A Trivial tautology/contradiction Augustus
pprU T pgpr = De Morgan

(1806-1871)




Defining Operators via Equivalences

Using equivalences, we cdefineoperators in
terms of other operators.

A Exclusive or:pAqU (pUg)@ xp2u)
pPAqU (pd q)U(ad >p)

Almplies: p- qU xpUq

A Biconditionalp? qU (p- q)@(g- p)
P qU x(pAqg)

An Example Problem

A Check using a symbolic derivation whether
(PDxq)- (PATr) U xpUqUxr.

(PDxq)-_(PANU
[Expand definition of [x(p@xq)UpAT)
[Defn. ofA] U x(p@xq) U((pUr)@x(p Dr))
w5S8a2NBAlFlyQa [ 68

U (xpUaq) U((pUr)@x(par))

U [associative lawgont.

Example Continued...

(xpUqU(pUn@x@Ean)U [Ucommutes]

U (@Uxp)U((pUr) @x(p@r)) [Uassociative]
U qUxpU((pUr) @x(p@r))) [distrib.Uoverd
U qU((xpU(pUn)@(xpUx(par)
[assoc.U qU((xpUp)Ur)@(xpUx(par)))
[trivail taut.] U qU(@TUr) @(xpUx(p3r)))
[domination]U qU T @(xp Ux(p @r)))
[identity] U qU(xpUx(@p®@r)U cont.

End of Long Example

qU(xpUx(par))

®5 Sa2 NH g yREUExp Uxr))
[Assoc] U qU((xpUxp)Uxr)
[ldempotent] U qU(xp Uxr)
[Assoc] U (qUxp)Uxr
[Commut] U xpUqgUxr

Q.E.D. (quod erat demonstrandum)

(Which was to be shown.)

15



DYng m nh L

AnWw h_mighm d Ymg n’h@h un g
L Yaphgumsaj cacd U mg nth@it €hn g
L ©hldgic,d U mg nlh@aylah 'qu [
logicc . dal mg nlh@ia, taco caccachsau
-Ldip[ migint r

-S'd, mphgpthayt h J]

vz d,

Cho p, q, r lag calic biedn meénh fiea. Chéung
raeng:

(xp- nd@- nU (p- a)- r 1)

Chuung tasc  (cliddng minh (1) baéng hai caug

Cauch:1 adp badng chaan tro .

Cédch 2: Bién d6i va si dung céc luit logic ta c6:
(PoDAQoD)

< (pviDa(gv-—r) (Luat kéo theo)

< (PAqQ)vr (Ludt phin phoi)
&poqvr (Luat pht dinh De Morgan)

S(p—>q) o1 (Luit kéo theo)

Qui t dic

A Trongcécc h _ minhtoanh ™ ,x u phétt m, ¢~
k h3ln'gh bamp,g,ré (t i IQRtadpd ., rapqui
t &eyd i | Wuyrachanlic , ma m’ nth@ma
tag’ lak Jtu.dn

A N6i cach khag dungcacquit cbeyd i ' Wh ng
minh:
( p@q@rzé 96h qur logicla h

suy
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ui Tdc Su :
Q y Qui Tdc Su)
Tat h €méhinhhéaphépsuyl u B €d‘n g
o AQUI TdC MODUSP RONIEENS (
kh3bghh
? Quit chayl €’t ¢hW b Aum Guil g4n g
gp- 9%p g q
Ho Hiced s dh™
L / 0} - 4
\ h p
\ ¢
/X\J{]u An h'c chtm th® An h'd t’ ¢ .
Sy e e Qui Tdc Su)

Adinh vuéng I& hinh binh hanh
M* h3nh b3nh h” nh c¢c- hai L€ n

LiWm m i L€ ng.
Suy ra h3nh vulng c- hai L¥ nd
LiWm m i L€ ng

AQUI TdC TAM nO¥N LUxN( S
Quit chayl €'t dhW b Aum Qi @n g

gp- 92(a-r1 g(p-r)
Ho Hiced U dh™
p- q

g- r
\'p-r

17



=1

Mai tam giac vuéng c6 ¢ Unhhuy @n 1 ¢ Hugéc n h”
b unrau thi ching ta c6 m, t U nbhunnfpau kém g i | a
hai géc b snnpau.

AN J] thai tam gidc c6 ¢ U nthunrhau kém g i _hai géc
b *unnbau thi ching b J_nngau

Suy ra hai tam giac vuéng c6 ¢ Y nhhu y @n 1 ¢ Hpoc
n h’ bnunngau thi b vnnau

M, tonng raTam, tonng. hai Jm
fCéigihi Jpl dut
Suyram, tonn g rathil d(d)

Qui Tdc Su)

TdC MODUS TOLLENS

PHhuNG PHCP PH, n_ NH

Quit chayl €'t dhW b Au ottt ¢n g
gp- 9@ g- »
Ho Hiced Ui di™ p- q

X
\ xp

AQUlI

A Xétc h_ minh ATasuyl udn
p- r p-r
r- s r-s
tU s s- t
xt L t- u e <)
XU xu
\ xp \ xp

Avristotle
(ca. 384-322 B.C),

Qui Tdc Su

AQUI TdC TAM nOYyN LUxN
Quit chayl €'t dhW b A ot ¢n g
gprUq) g g-p gpUaq) Bp g

Y n g hcq amit <t /Jtionghait r €h ng

t hxWrg chingtab i dpin, t r €h nggithi
c h ebb &m €h ‘ng@nl i€ Yn g

\

R
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Qui Tdc Su)

Vé D,

AQUI TdC MAU THUxN A Hayc h_ minh: Ath_a-wF»nmm_ng
CH NG MI NH BdNG PH&N CH NG p_ r p
Tacot € hin@hlogic *p-q
N 7 = Xp-(q g- s
gnop 2. @) agUeg @ -Op2 ¢29
q- s Xr
AnW h_ mithv Bailam, h Vit gnag h ng \ xr -s -
minhn Jjthémp h " o hovaocéact i Q@i
L €’mc maut h u ¥n \' 0
Qui Tdc Su) VE D,

ACH. NG MI NH THEO TRh' NG
D, @énh ik gsn g

gp- Nq-r) g (W) -r

AY n g hmpgasuyrar vagsuyrar thi phayq
c | rmd hsWyrar.

AcCh_ mighr un g

(ng- 4n)@
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M t s° | udt

P Rule of AdditionPhépthén)
\ pUg
p2q Phépthrmgi Anlii Qn

p

p

q -

\ pZg Lud®@Phépn [iQn

T°"NG H

Qu T duc
APH4N Veé D,
nWwW h_ mirthm, phépsuyl u lAsaihay
pop, 4. @ 4

khénglam, h Ul ¢nTgc he’ Fonhram,

p h Vi,

Su)

t

VC D,
A OngMinh néir un g u A P:ﬁng Minhl €t ¢ ng
khongLetG_h@htlm‘lg €hng

ongtas @ g k1 . Melt |
khagn J]ungblyl g
vav ongblyp ‘mBM i
p h panxe.Bi 71 &
v “6ngMinh hayl’ 1ai
thit r Baugic | rs@

A q éngMinhn g k i’ c
lihlc A rv éongMinhmbBM i ¢
u A s.gial ® p h banxe.

r A tv°onghay$ Bmt ¢

35°=
&

mbM i vac_u clingbng Xp-q s=0
Minhl & €td hg€hng qor - s t=1
A Suyran JjangMinh khéng p=1
banxethiv ongtall « t- r q=0
khongl lamt r | r=1
p
\ xs - %
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Formal Proof Example

A Suppose we have the following premises:
Alt is not sunny and it

Proof Examplecont.

A Let us adopt the following abbreviations:

rJ ) X ) ; T sunny="H | t i s;coldmminty oi;s c ol
Aionly if We will swimi swim=A We wi | ;lcaneewii Wedo wi | |
Ailf we do not swim, the canpeary=A We wi |l | be homg
Al f we canoe, then we w . .
A Given these . the th A Then, the premises can be written as:
premises, prove the theorem .
i We wi | | b eusihgdnfeeence rales! y o (1)><sur_my®cold (2) swim- sunny
(3) xswim- canoe(4) canoe- early
Proof Examplecont Qui Tdc Suy
Step Proved by AVD? -
1. xsunny@cold Premise #1. Kiém tra suy ludn sau:
2.xsunny Simplification of 1.
3.swim sunny Premise #2. p—>(q—>r)
4. xswim Modus tollens on 2,3. pVvs
5.xswim canoe Premise #3.
6.canoe Modus ponens on 4,5. t > q
7.canoe early Premise #4. _
8.early Modus ponens on 6,7. 5
T > t
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1y
2)
3)
4)
5)
0)
7

5
pvs

p
p—>(@—>1
q—r
t—>q

t—=r

LTt

(Tién dé)

(Tién dé)

(Tam doan ludn rdi)
(Tién dé)

(Qui tdc khing dinh)
(Tién dé)

(Tam doan ludn)

(Ludt phdn ddo)

Vay suy ludn trén 14 ding.

Qui Tdc Suy

Avb2
Kiém tra suy ludn sau:
P—q
TVvs
pvr
SLqQ—s

(Gia thié€t phan chitng)
(Luat phi dinh De Morgan)

(Lu4t don gidn)

Qui
ADA YA
Ta cé
1) Gidstq s
2) GAS
3) qvas
4) p—gq (Tién dé)
5 P

(Qui tdc phi dinh)

Suy

Qui Tdc Suy

6) Tvs (Tiéndd)
7
8) PAT (Dinh nghia phép néi lién)

(Tt 3, 6, do tam doan ludn rdi)

=

9) pvr (Ludt phd dinh De Morgan)
10) pvr (Tién dé)
1) 0 (Luat phin tif bi)

.. Suy ludn trén 13 ding (Qui tic phdn ching).
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Qui Tdc

Kiém tra suy ludn sau:
p
poT
p—->(QvT)
qvs
S8

Suy

B"i1 tdp

1) nQhinHBK2000
Ki Whal @iY mg nth@aulah v ¢sn g
- @Un]- [(p- aq)Up- 1]

2)n Qhi KHTN 2001

Ki Wl $nhl Y gdm, sayl u sho

B" i tdp
3. Chop, q,facacb i Mn nthQ h  mighcac
d Y mg nlh®aulacach i &n g
a) ((p- a)@dp)- q.
b) (p- a)Dxq)- xp.
c) (pUq)Dxq)- p.
d)(p- @)* ((PD>q)- 0).
e)((p- a)d(@- n)- (p- n.
{(pUa)- N2 ((p- ND(Q- ).
9)(p- a)- ((@- n- (p- 1)
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