Phan II
Vi trr va lwgng tw

Vi tir va lwgng twr

* Dinh nghia:

Cho A 12 mot tap hop khac rong. Gia str,
img v6i mdi X = a € A ta c6 mot ménh dé
p(a). Khi @6, ta n6i p = p(x) la mot vi tir
theo mot bién (xac dinh trén A)

Vi trr va lwgng twr

* Pinh nghia:

Tong quét, cho A;, A, A,...1a n tap hop
khdc trong. Gia sir rang Gng véi moi
(X1 X2 Xn) = (@g,ap,.,8,) €AXAX ... XA, ta
c6 mot ménh de p(ay,a,,.,a,). Khi dé ta ndi p
= P(Xq, X9, %) 18 mot vi tir theo n bién(xac
dinh trén A;xAx ... xA,)

Predicates and Quantifiers

Propositional functions or predicates are propositions
which contain variables
Example Let P denote the Predicate “is greater than 0”
and P(x) denote “x > 0"
x is called a variable

The predicate become a proposition once the variable
x has been assigned a value.
Example

What is the truth value of p(5), p(0) and p(-2)?

“6>0" is true, “0>0"is false and “-2>0" is false




Vi tr va legng tur

e Vidyul:
Xét p(n) = “n > 2” 1a mdt vi tir mot bién x4c dinh
trén tap cac s6 tu nhién N.
Ta thdy véi n = 3; 4 ta dugc cac ménh dé dung
p(3), p(4), con véin = 0,1 ta duge ménh d8 sai
p(0), p(1).

Vi tir va lwgng twr

e Vidu2
Xeét p(xy) = “X2+y =1 [a mot vi tir theo hai bién
xac dinh trén R?, ta thay p(0,1) la mot ménh dé
dung, trong khi p(1,1) 14 mot ménh dé sai.

Examples

Example:
Let Q(x,y) denote the statement “y =x + 2"
What is the truth value of
Q(2,4,) and Q(4, 1)
“4 =2+2"is true and “1 = 4+2" is false

Q(2,y) v —Q(0,3) is a proposition???
Q(1,3) v —Q(0,1) is a proposition ???

Q(2.y) v —Q(0,3) is not a proposition: y is not bounded
Q(1,3) v =Q(0,1) is a proposition which is true

Vi trr va lwgng twr

* Dinh nghia: Cho trude cac vi tir p(x), q(x) theo
mot bién X € A. Khi ay,

— Phu dinh ciia vi tir p(X) Ki hi¢u la —p(x) la vi tir ma khi
thay X béi mot phan tir co dinh cta A thi ta dugc ménh
de —(p(2))

— Phép ndi lién(twong img ndi roi, kéo theo...) cua p(x)
va q(x) duoc ky hiéu béi p(x) A q(x)( twong ung la
p(X)va(x), p(x)—>a(x)) la vi tir theo bién x ma khi thay
X boi phan tir co dinh a cia A ta dugc ménh dé
p(a)A q(a) (twong img la p(a) v 4(a), p(2)—>q(a))




Vi tr va legng tur

* Dinh nghia:
Cho p(x) la mot vi tir theo mot bién xac dinh trén A. Ta
dinh nghia cac ménh de luong tir hoa cla p(x) nhu sau:

— Ménh d& “V6i moi X thude A,p(x)”, ki hiéu bai “Vx € A p(x)”, la
ménh dé duoc dinh boi “Vx € A, p(x)” dtng khi va chi khi p(a)
ludn ding véimoigiatria e A. ’

— Mgénh dé “Ton tai(it nhat )(hay ¢6 (it nhat) mot X thude A, p(x))” ki
hiéu boi :“Ix € A, p(x)” , la ménh de duuc dinh boi “Ix € A,
p(x)” dung khi va chi khi c6 it nhat mot gia tri X = a, nao do sao
cho ménh dé p(ay) dung

+ Cha y: Cac ménh d@ luong tir héa & trén déu la cac ménh
dé cd chan tri xac dinh chir khong con 1a cac vi tir theo
bién X nira.

Universe of Discourse

Question
Let R be the three-variable predicate R(x,y,z):
Xty =z
Find the truth value of
R(2,-1,5), R(3,4,7) R(x,3,2)

A universe of discourse (U) is a domain for the
variables of a propositional function.

Example
Let U = Z, the integers ={..., -2,-1,0,1, 2, ...}

Universal quantifier

The Universal Quantifier of P(x)
is the proposition
“P(x) is true for every x in the universe of discourse”

Notation: x P(x)

“For all x, P(x)’ “For every x, P(x)'
Example:

U={1,2,3} VxP(x) < P(1)AP(2) AP(3)
Example

What is the truth value of vx P(x) if P(x) is “3x <10”and
U is positive integers not exceedlng 4

P(1) A P(2) A P(3) A P(4) is false

Existential quantifier

The Existential Quantifier of P(x):

is the proposition

“P(x) is true for some x in the universe of discourse”
Notation: 3x P(x)

‘For some x P(x)’ ‘For at least an x in P(x)’
Example

U={1,2,3}, 3xP(x)< P@)vP(2)vP@3)
Example

What is the truth value of x P(x) if P(x) is “3x <10”and
U is positive integers not exceedlng 4

P@) v P@2) v P(3)v P(4)is True




Vi tr va legng tur

1) Ménh dé “Vx € R, x2+ 3x + 1 <07 12 mdt ménh dé sai
hay ding ?

Ménh d& sai vi tn tai x,= 1 € Rma xo2+ 3xy+ 1> 0

2) Ménh dé “3x € R, x2 + 3x + 1 <0” 12 mot ménh dé ding hay sai?

Ménh dé ding vi ton tai x,=-1 € R ma xo®+3xy+ 1 <0.
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Ménh dé “Vx € R, x2 + 1 >2x” 12 mot ménh dé diing
hay sai?

Ménh dé ding vi v6i Vx € R, , ta luén ludn c6
x2-2x+1>0

Ménh dé “Ix e R, x2 + 1 <0” 12 mot ménh dé
dung hay sai?

Vi trr va lwgng twr

* Pinh nghia:

Cho p(x, y) 1a mot vi tir theo hai tgié'n X, y xdc dinh trén
AxB. Ta dinh nghia cic ménh d€ lugng tr héa ctia p(x,
y) nhu sau:

“Vx e A\Vy € B, p(x,y)”=“Vx € A, (Vy € B, p(x,y))”
“Vx e A,y € B,p(x,y)"=“Vx € A, Ty € B, p(x,y))”
“Ix € A,Vy € B,p(x,y)”=“Ix € A, (Vy € B, p(x,y))”
“Ix e A,Jy € B,p(x,y)"="“Ix € A, (Fy € B, p(x,y))”
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Xé]th;/i tr p(X, y) = “x + 2y < 1” theo hai bi€n x, y xdc dinh trén

Ménh d&“Vx € R, Vy € R, x + 2y < 17 dung hay sai?

Ménh dé sai vi ton tai Xo =0, Yo =1 € Rma Xo+ 2y, > 1.

Ménh d&“Vx € R, 3y € R, x + 2y < 17 dung hay sai?

Ménh d& dung Vi véi mdi x =a € R, ton tai y, € R nhu
y,=-a/2,sa0cho a+2y,<1.




Vi tr va legng tur
Ménh @ “Ix € R, Vy € R, x + 2y < 1” ding hay sai

Ménh dé sai vi khong thé c6 x = a e R dé bit ding thirc
a+2y <1dugcthoa voimoiy € R (ching han, y =—a/2 + 2
khong thé thoa man bat dang thirc nay)

Ménh d&“3x € R, 3y € R, x + 2y < 1” ding hay sai?
Ménh d& dang Vi tdn tai X, = 0, Y, = 0 € R ching han, thoa
man
Xg+ 2y, < 1.
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Translate into English

Example
Translate the statement
7X(C(x) v 3y(C(y) AF(x.))) into English
Where C(x) is “x has a computer”
F(x,y) is “x and y are friends”
and U is x and y are students in your school

For every student x in your school x has a computer or
there is a student y such that y has a computer and x and y are friends.

sm

ExampleiLet U = R, the real numbers. P(x,y): xy =0
VxVy P(x,y)
Vx 3y P(x,y) IR0
3x Yy P(x,y) True
3x 3y P(xy) True
True

ample: Let U={1, 2, 3}. Find an expression equivalent to vx 3y P(x,y) where the
ariables are bound by substitution instead:

Solution: 3y P(1,y) A 3y P(2,y) A 3y P(3)y) &
[P(1,1) v P(1,2) v P(1,3)] A
[P2,1) v P(2,2) v P(2,3)] A
[P(3.1) v P(3,2) v P(3,3)]
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Cho p(x, y) 1a mdt vi tir theo hai bi€n x, y xdc dinh
trén AxB. Khi d6:
1) “Vx € A, Vy € B, p(x,y)”
& “Vy e B, Vx e A, p(x,y)”
2)“Ix € A,Jy € B, p(x, y)”
& “JdyeB,3xe A px,y)”
3)“Ix € A, Vy € B, p(x, y)”
= “VyeB,Ix e A, px,y)”
Chiéu ddo clia 3) néi chung khong diing.
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Vi tr va legng tur

* Chimg minh 3)
Giast “Ix € A, Vy € B, p(x, y)” 1a dling.

Vi du thé hién chiéu dao cta 3 1a chua chic dung:
«  Goip(x.y) la vi tir theo 2 bién thuc
p(xy) =“x+y=17,
« Néuthayytuyythix=1- ydéchox+y=1
nén ménh dé 3x € A, p(x, y) 1a dung.

Khi d0, ton tai a € A sao cho “Vy € B, p(x, y)” s N mer{h df VyeB,3x EA p(X’,Y) A 13ding
1 di hia 12 néu th —b < B bat kv thi * Nguoc lai, néu chon X = a tuy Y, ta co thé chon
a ung,'ng 1a aneAu ayy=>0D e : at ky ! | y:-adé “Vy e B, p(x, y)” I sai.
p(a,b) ding. Nhu vy, y =b € B tuy chon thi ta Pidu ndy chiing to, “3x € A, Vy € B, p(x, y)” Ia sai.
€O thé chon x =a dé “Ix € A, p(x, y)” l1a dung. » Do d6, phép kéo theo sau la sai:
Do d6, “Vy € B, 3x € A, p(X, y)” 1a ménh dé “Vy e B,3x € A, p(x,y)” > “Ix € A, Vy € B, p(x,
dung. y)
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Vi tw va lwgng twr Vi tw va lwong tw
«  Trong mot ménh dé lugng tir hoa tir mot Dinh ly:

vi tir theo nhiéu bién doc lap néu ta hoan a) Vé6i p(x) 1a mot vi tir theo mot bi€n xdc dinh trén

; Pl | ] A, ta c6:

vi hai luong tir ding canh nhau thi:
1. Ménh d‘é maoi ’vd~n con twong duong logic voi
ménh de cii néeu hai lwong tir ndy cung logi.
2. Ménh dé moi r)éy sé la mot hé qua logic cua
ménh dé cii néu hai luong tir trude khi hoan
vicodang3 ¥V
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vxeA p(x)<3xeA p(x)

Ixe A p(x)< VxeA p(x)

b) Phd dinh clia ménh dé Iugng tir héa tir vi tir p(x,,
X5, -.ey X,) €6 dUgc bing cch thay lugng tir V bing
lugng tir 3 va ngudgc lai, va thay vi tif p(x,, Xy, ..,
X,) bang vi tir .

PO XX, )




Negation

Equivalence involving the negation operator
—VX P(X) < 3Ix =P(X)
—3x P(X) & Vx —=P(X)

Multiple Quantifiers: read from left to right
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Phi dinh cla ménh dé “Hom nay, moi sinh vién 16p
TH1déu c6 mat” la gi ?

“Hom nay, c6 (it nhat) mot sinh vién 16p TH1ving mat”.

Phii dinh c@a ménh dé “Trong 16p TH2c6 (it nhat mot) sinh vién duge
thudng” 1a gi?

“Trong 16p TH2khong ¢6 sinh vién nao dugce thudng ™.
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0 b b N
Vi tw va lwgng twr
Phd dinh cda ménh dé “Vx € A,2x+1<0”1agi ?
Phii dinh cia ménh dé trénla “Ix € A, 2x+ 1>0".
Phii dinh ciia ménh dé

“Ve>0,36>0,Vx e R, | x—a| <8 - |f(x) — f(a)| <™.
(diéu kién d€ ham s f(x) lién tuc tai x = a)

Phii dinh ciia ménh dé trén 1a:
“Je>0,Vd>0,3x e R, | x—a| <3 A (f(x) — f(a)| 2 €)”.
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Qui tic dic biét hod phd dung:
Néu mot ménh dé dung cé dang luong tir
hoa trong d6 mot bién x € A bi budc bai
luong tir phd dung Vv, khi ay néu thay thé x
boia e A ta sé dugc mot ménh dé ding.

28




Vi tr va legng tur

Vi tr va lwong tor

Vi du: * Qui tic tong quét hod phd dung:
“Moi ngudi déu chét” Néu trong mot ménh dé lugng tir hod, khi ||
“Socrate | nguoi” thay mot bién budc boi lugng tir V bang
Véy “Socrate ciing chét? mot phan tu cod d}nh Anhun% tu}‘i y cia t@l?
hop twong ung ma ménh dé nhan dugc co
chan t‘rj 1 thi ban than ménh dé lugng tir hod
ban dau ciing co6 chén tri 1.
Inference Rules for Quantifiers Example
o c o c Every man has two legs, John Smith is a man.
- vxP(x) Universal instantiation Therefore, John Smith has two legs.
~.P(0)  (substitute any object o) Predicates: M(X): X is a man "

* P(9) (for g a general element of u.d.)
~vxP(x) Universal generalization

3xP(x)  Existential instantiation
-.P(c)  (substitute a new constant c)

P(0) (substitute any extant object 0)
~3xP(x) Existential generalization
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L(x): x has two legs

J: John Smith is a member of the universe
1. VX[M(X) — L(x)]
2. M(J) ~.L@J)

Proof 1. VX[M(x) — L(X)] Hypothesis 1

2. MJ) —> L) Step 1 and Ul
3. M(J) Hypothesis 2
4. L) Step 2 and 3 and mgdus

ponens

D




Dé thi

Dé thi
piERnh chan tri clia ménhyde sau: 3) Kiém tra tinh diing dén cua suy luan sau:
a) 2002 a) 2005
VXeR,(x2-4x -5=0)—(x>0) VxeR(P(X) v Q(X))
b) 2004 VXeR(=P(X)A Q(X)—R(x))
VXeR,(X 3- 4x2 +5x -2=0)<>(x2-3x+2 = 0)
VxeR(—R(X)—P(x))
2) 2003
Léy phi dinh ctia ménh d& sau: .
Ve>0,35>0, VX, X R, (jX-x |<8 —[f(x)-f(x’) |< &) IXeR, —P(x)
33 VxeR,Q(x) 34
Dé thi Dé thi
¢) 2007 4) 2007.Cho biét suy luan sau ding khdng ?Tai sa0?
VX(P(X) v Q(x))
¥ x (P() — Q(X) g
Ix (P(X) A = R(X))
I x (Q(X) A = R(X))

trong do P(x), Q(x) va R(x) la 3 vi tir
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Trong d6 P(x), Q(x) va R(x) la 3 vi tir va a la mot
ph?m tor ctia tap vi tru
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Dé thi

5) 2009.

a) Mot day sb thue {x,}duoc néi 1a thude O(n) néu ton tai s6
thyre duong C va sé tw nhién m sao cho [x,|< Cn mdi khi

n > m. Hay st dung ménh dé luong tir hda dé viét lai dinh

nghia trén.
b) Viét ra ménh dé hrong tir hda cho mot day sé thuc {x,}
khong thude O(n).
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Dé thi

6) 2010. Kiém tra tinh ding din cua suy luan sau
VX(P(X) v Q(x))
VX(=Q(x) VR(x))
Ix = P(x)

- AX R(X)
Trong d6 P(x), Q(x) va R(x) la 3 vi tir

38

e A
Bai tap
7)

Xét chan tri va tim phii dinh ctia cdc ménh dé sau:
a)Vx e R, x2—3x+2<0;

b)Ix e R, x2-3x+2<0;
c)VxeN,Vye R, x+y>0;
d)vVxe N IJyeR, x+y=>0;
e)dyeR, VxeN,x+y=0;
f)IxeN,FJyeR,x+y=>0;

g VxeZ VyeR x+y20;
h)VxeZ,3y e R, x+y 20;
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