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Vi dA2: Moataathangcoun baadVlodboouéi
goani hoaé@ baacGoiix, lago&auchii heat
caathang Tim moahedhdudiedjui chox,
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M t S vV 2

s

Vouin =1, ta cog x1.
Vouin = 2, ta coy %2

VUi n > 2, ied khallo staitchia thagnh hai trédgng hoip loa
trég ladn nhau:

Trodeng hoip 1: Boduc fiaau tiedn goam 1 baac.

Khi fiou, caau thang ce#madc nean soé cauch fii heat caau
trong tro6gng hoip nagy,lag x
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M t s  v?2

Vaéayta cothe&houdie&gui tuyeartinh thuaan
nhaataa:

$&=&1ﬂm
X =1Lx =2.
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Trodenfoip2: Bodudiaatieargoan2 baac
Khi fiolgaadhang cogm-2 badoearso&auclkii heat
caathangtrong tro6gndipnagiae,, ,.
Theo nguyeafytcoangso&auclhii heataathanglag
Xp.1 + X,p - DO fiolia coll
Xn = Xn-l + Xn»2

&
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Example3: The tower of Hanoi puzzle consists of thre!
pegs mounted on'a board and disks with different size

=

How can we move the disks to the 2nd peg, following the
le:larger disks are never placed on top of smallerones




How can we move the disks to th# geg, onein a
time,following the rulelarger disks are never placed
on top of smaller ones?

el

We need one more move to take the largest disk t

Then carrynd 1) smaller disks fronfpeg to the ®
peg, using at ledst s, moves .

LetH, be the minimum number of moves to compl
puzzle. First we must move the top 1) disks to the'
peg, using at leddt s, moves

2 |4

Modeling with Recurrence
Relations

First, move the topn(i 1) disks to the '8 peg, using at
leastH,,; ; moves ‘
!

one more move to take the largest disk to peg 2 {

carry(ni 1) smaller disks from'8peg to the ® peg,
using at least,,; ; moves .

Thus H,=2H,;, +1
In fact we can prove by induction that

Hn=2Hn'|'1+1 |
__zd




We can prove by induction that
Hn = 2HnT 1 +1

To solve this recurrence relation, we write
Hn +1= 2Hn'|' 1 + 2 = 2Hn]‘ 1+ 1)

This is a geometric progression, so the solution is:

H,+1=C2"
SinceH; = 1, we haveC = 1 and
H,=2"7 1
E.g. Hg, = 18,446,744,073,709,551,615:
It takes 500 billion years to solve the puzzle !!
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H th ¢ L qui ¢t

Xeuhedhouéiedui tuyeaninh thuaamhaat

Xn = a-an-l +¥ + aan-k (2)

Phoong trinh faéc trong cuda (2) lag phddng t
baac k nonh bédi:

|k-ql*kl-¥-a=0
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3

H th ¢ L

Trodeng héip k=1
Phoong trinh Aaéc tréng (*) tré0 thagnh
I = al = 0

nean cou nghieéain,laga,

Khi fiou, (2) coli nghieam toang quaut lag:

x,=Cl/g
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qgui t

|

H th ¢ L gui tu
vz d,: H th_c L qui
82x,- 3%, 0;
|
i%=1

lag moat hea thouc fied qui tuyeén tinh thuaan nha
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H

H th ¢ L qgui t .

Phoéng trinh fiaéc tréng:l 23 = 0 cou nghieam
lag | ;= 3/2

Do fioli nghieam toang quaut lag:

=C
X geég
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H H

H th ¢ L gui tu

Tog fiedu kiedn ban fgaul xa cou :
c+2

Suy ra: 2
c=2
3

3

Do fou nghieam cuda hea thouc fied qui fad ¢
o nzl
a3 o0

o

e
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3 H

H th ¢ L qgui t

Tré6eng héip k = 2:
Phoong trinh Aaéc trong (*) tréa thagnh:

12-al -a,= 0 (*)

a) Neau (*) cou hai nghiedm thdic phaén e
| ,thi (2) cou nghieam toang quaut lag:

x,=A] B/
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b) Ne&u (*) cou nghiedm keug ghtiic (2) cou
nghieam todng quaut lag:

X, =(A 1B/

28
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H th ¢ L qui t vz d,

¢) Neau (*) cou hai nghiedm phouc liean hoip

Giadi cauc hea thouc fied qui sau:
vieat dodui daing 166ing gialc :

2x,4 3 3]
/ =r(cos/ 1 sin | V2 ood, 213X, X,
thi (2) cou nghieam toang quaut lag: V 2 dﬁ_:\lé4xrzl' 12x, +9%,, ®
i %=2;% =
=r"(Acosry +Bsinn/’
X ( ry /. i i‘éxn+§- 2%, , #x 6
29 I, )(l = 4; )(2 i.
M, t S ’ \/ 2 d MJ t S ’ \V} 2
2%, - 3%, %, © () ié4xn+1'12Xn 9%, 9 (3
i%=2% =

Phtong trinh fiaéc tring\CLB IR Phoong trinh fiaéc tréng cula (2) lag:
2. = *
21~ Sl ) 42-12 +9= 0
cou hai nghieam thdicllae 1 vag,= 1/2.

cou nghiedm thdic keupa3/2. Do fiol
Do fiol nghiedm toang quaut cuda (1) lag: nghieam todng quaut cula (2) lag:

. X, = (A + nB)(3/2)
x,= A+ B(L/2p  :




M t s’ v 2

Tog fieau kiedn ban fjga@;xx, = 4 ta suy ra:
A=2
Tg(A+ B =

Suy raA = 2 vag B2/3

——D:

Vady nghieam cula (2)

d

M t s~ vz d
:e'xn+2_2Xn1+4Xn@:

, :
iX=4x =4 0
Phoong trinh fiaéc tréng cula (3) lag:

12-21 +4=0 *

col hai nghieam phétc liean hbig [h;a"i\/t’?,
Ta viedt hai nghieam tredn ddéui daing 166ing
/ =2(co2 9 sin?
3 3
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Do fioll nghiedm toang quaut cuda (3) lag

. N
x, =2"(C, cos% 1C, sm?p
Tog fiieau kiean ban fRaadxx, = 4 ta suy ra:
& 1 \/:__’:

Z(EC1 +7C2) =

1. A8

4G, +7°C,) 4

Suy ra: Clz:]_,C2 J3

— = —— @,

Vdy nghi ' m c, aXn FSZ”(COS% +\/_3SIY%’D
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thufn nhblt
Xeut hea théuc fied qui tuyean tinh khoang thua

'Ip(n—k & fn (1)

Xn= a:I.Xn—l +e

lag: _ -
Xn =" a.I.Xn-l te

ﬂ'xn-k a (2)

Pho6dng trinh fiaéc trong cuda (2) lag:

| k-al k-6 -a.= 0(*)

A 37

H th_ ¢ L’ qui'1

Hea thouc fiea qui tuyean tinh thuaan nhaat toor

H th ¢ L’ qui'1

t"hufn n h blt

Cauch tim moét nghiedm riedng cuda (1) khi vg
phadifcula (1) cdaing fiaéc bietdd sau:

=) pDthg 1: f,=b"P,(n), trong Aol @) lag moat fia
thouc baéc r thedoriag moat haéng soa
m=) pDthg 2: f = P,(n)cosy + Q(n)sinr , trong

theo n;j lag haéngsoa j , Kp).

=) uDthg 3: =1, +f,+ ¥ 4, tfong fiou

R cauc.f, f.,,, ¥, thubac 2 daing fiad xeut 6&tred

H th ¢ L’ qui'1

t"hufn n h blt

Nghiedam toan

7

Nghiedm todng quaut ct

quaut cula (2
I=

\
b 38

Moéat nghieam
rieang cuda (1

H th ¢ L’ qui'1
thufn nhblt
Dthg 1: f,=b"P(n),

Khi fiou ta xeut 3 tré6gng hdip nhod:

Tr€ nag :lene

Tr €hnd

Tr €hn®
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3

H th ¢ L

. qui 't
t hufn

n h blt
Tr€ ng.h"p 1

Ne&ub khoang lag nghieééra phodng trinh faéc
tréng (*) thi (1) cou moat nghieam riedng daing

Xy = b'Q,(N)

(o

H th ¢ L’

i qui
t hufn

n h blt
Tr€ ng.h" p 2

Neau b laemnghieénfion culigphddngtrinh faéc
tréng (*) thi (1) coimoahghiednmieangdaing

X, = Q)

(s

t

H th ¢ L’

- qgui t
t hufn

n h blt
Tr€ ng h’p 3.

Neau b lagnghieanmkeugulahodngtrinh faéc
trong (*) thi (1) coimoahghieanieangdaing

X, = ntb"Q,(n)

43

H

H th ¢ L’

) qui
t hufn

n h blt

Q,(n) = A\n" + ANt +¥+ A ladia thoutoangjuait
cotcugndpaac vouiP,(n), trong fiotA,, A, ¥, A, lag
r+1 he&o&aamauéionh

cCsc h' s’

L°"nh nhe t n"o

2 ( vagecho n nhaanm + 1 gialtro nguyeannagdgiothoaéc
foanghadtatiche&odiong Gungihai vediediiodionoahed

e Raidionhcathedodrearia caanhe, Xy, % Xox Vago

phodngtrinh. Cauhegsodrearaenghieantutaegphdong

trinh nagy

t
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H th_ ¢ L’ qui'1

t"huj-'n n h blt

Dthg 2: f,=P.,(n)cosy + Q(n)sinn

Khi fiotta xeutl , = cog
héipnholi

iSinj . ColR tr66ong

TIr€ ng &k’

H th ¢ L’ qui'1

t"hufn n h blt

Tr€ ng h’ ' p 2.
Neaul , =cog fsinj lagghiedroulgphodng
trinh faéerong (*) thi (1) coimoanhghiednmieang
daing

X, = N(R(n)costi + S(n)sinrj )

‘\‘
. 47

H th ¢ L’ qui'1

t"hufn n h blt

Tr€ ng h' p 1
Nedul , = co§  Isinj khoandpenghiedncula
phddng trinh faéctrong (*) thi (1) coumoat
nghieamieangdaing

X, = R(n)cosn + S(n)sinrj

A =

H th_ ¢ L qui'1

t"huj-'n n h blt

R (), S(n) lagcaudia thoudoangjuadtheo n cou
bad& = max{m,I} voui2k+2 he&o&aaxaugionh

Ri(n) = An+ A nt + é
Sdn) = Bn+ Bnt + €

A =

+ 5 A
o
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H

H  th_ c¢c L
t hufn

Dthg3: f =f, +f, +¥+f

qgui t
n h blt

Baengauchmho trearta tim fiddicnghiedntiedng
Xq (1¢ i ¢ s) culheédthoudiedui:

Tp(n-k & 1:ni

Khi fiol x= X; + X;+ ¥ +,law moat nghiedm riedng cu

a{)Xn + aSLXn-l te

V2 d, :
2Xn_3xn—l 2 4n 1

€x.,- 6x, 9%, @8n 12)3

i

% =2;% 0.

:9'4)%”-12)(” "9)%-1 @12 2en 56)21
i%=1x =2

Xuow 3, 2% sy (@ F2)sinf

X -4x ., 8x, 20 (2 n)2? 34
49 50
|
Vi2 D 1
2% - 3%, X,, 4n 1 1 Baay gidg ta tim moét nghieédm rieang cuda (1).
Heé thOl]C ﬁea QUI tuyeén tl,nh thuaén nhaét |E Vea phadic (1) lag§ = 4n+1 cou daing(h) lag fia thouc baéc r = 1 theo n.
2Xn o 3)%_1 +)§] 2 @ (2) X;h%;mtgiggmzénﬁén culaphdongtrinh fiaédréng (*) nearfl) cotmodt .

Phoong trinh fiaéc trong cula (2) lag:
212-31 +1=0 *)
cou hai nghieam thoicllae 1 vag, = 1/2 .

Do fioli nghieam toang quaut cula (2) lag:
X, = Cy+ Cy(L/2y

51

X, = n(an + b) ()]
Thea (4) vago (1) ta fiddic:
2n(an+b) -3(n-L)[a(n-1)+b] + (n-2)[a(n-2) + b] = 4n + 1.
Cho n laan 1661t nhaangiau tra = 0; n = 1ta fid0ic hea:
gat+b 4;
:' 3a+b =5. =

13



riedng cula (1) lag:

X, = n(2n- 1) (5)

Tog (3) vag (5) ta suy ra nghiedm todng quaut cuda (1) lag:

X,=C; + C(1/2+ n(2n- 1)

Giadi hea trean ta f@&i@; b =-1. Thea vago (4) ta tim fid6ic moat nghieam

53

veny D, 2
€x.,- 6%, 9%, @8n 12)3
|
i%=2,% 0.
Xét he thite @é qui:
X, —6x,+9, , =(18n+12)3".

H¢ thitc dé qui tiuyén tinh thudn nhdt la:
x,., —6x,+9, =0
Phutong trinh ddc tring ciia (1) la:

W -6L+9=0

c6 mot nghiém thuc kép 1la A =3.
Do dd nghigm téng qudt ciia (2) la:

xp=(Cy + nCy).3"

©)

(&)

*)

3
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